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Preface

“Quantum computation is a new conceptual arena
for trying to come to a better understanding of quantum weirdness.”
— N. D. Mermin

HERE ARE MANY BOOKS on the subject of quantum information and, in particular, quan-
T tum computation. The student or researcher can find the one he/she prefers according
to his/her own interests, ranging from the quantum algorithms to the physical implementa-
tions of quantum information processing and computation. In the “Suggested bibliography”
reported at the end of this preface, the reader can find the list of references I considered to pre-
pare the lectures on quantum computing I have been holding at the Department of Physics of
the University of Milan: each book has particular aspects that I appreciated and, therefore, 1
wanted to communicate to my students. However, when the bibliography is always growing, it
is sometimes necessary to provide some useful tools to help the students to follow the lectures
and not to get lost into the flow of information coming from the suggested readings.

Motivated also by the requests of my students, I wrote these lecture notes that, year by year,
will be corrected (sic!), enhanced and improved with further comments to the old material and
by adding new topics concerning quantum computation. Nevertheless, the notes may contain
imprecisions and misprints: comments and suggestions are always welcome!

In order to further help the students, at the end of each chapter I put the references to the
corresponding chapters of the books or to the research articles that inspired my lectures and
should be considered the main resource to begin the advanced study in the field of quantum
computation.

I hope that these pages will bring the reader to better understand and appreciate some as-
pects of our world as described by quantum mechanics.

— Stefano Olivares
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Chapter

Basic concepts of classical logic

C LASSICAL INFORMATION is carried by numerical variables and it is extremely useful to use
the binary representation {0, 1} in order to encode it. An integer number x can be written

in binary notation as follows:

X — X3 X2 X1 Xp,

:x3><23+x2><22+x1><21+x0><20,

where x; € {0,1},k =0,...,3. For instance, 1001 — 1 x 23 +0x22+0x 2! +1x 20 =09.

The amount of information carried by the binary variable is called bit. Each binary variable
can take only two values, thus a sequence of n binary variables can be actually used to name
N = 2" different numbers. The length of a string tells us the space required to hold the number.
We can consider log, N = log,2" = n a measure of the information. Note that a single bit

carries log, 2 = 1 bit of information.

1.1 Abstract representation of bits

Instead of using the symbols “0” and “1”, we will use the abstract symbols |0) and |1), respec-

tively. By using this formalism, the binary string “1001” rewrites as':

1001 — |1)]0)]0)|1),

which represents the state of the four classical bit carrying the information. It is worth noting
that, in reality, each symbol |x), x = 0,1, is associated with a physical entity. Therefore, we can

identify the numerical value of the classical bit with the bit itself. For the sake of simplicity, we

1We will se later on the mathematical framework of this formalism.



2 Chapter 1: Basic concepts of classical logic

can also use the following notation:
[1001) = [1)[0)[0) 1)

or also write:
|1001) = [9),

where we used the decimal notation “9” to represent the binary value “1001” and the subscript
“4” refers to the four bits we used to encode the number (indeed, mathematically, the two binary
strings “1001” and “0000001001” represent the same digital number “9”, but, physically, the first
involves only four bits, the second emploies ten bits!!).

It is possible to associate with |0) and |1) two column vectors as follows:

1 0
[0) — (O)I and |1) — <1>

We clearly see that the two vectors are orthonormal. Now, we note that the symbol |1)|0)|0)|1)

is a short-hand for the tensor product of four single-bit 2-dimensional vector, namely:
[DI0)[0)[1) = [1) ®10) ©10) @ [1).
Let’s focus on a 4-dimensional space, with orthonormal basis:
100, =100) — [ [ 1), =1[01) =

s [2)2 =[10) — B)2 =111) —

S O o =
S O = O
S = O O
— O\O o

where we explicitly evaluated the tensor product?. In this way it is possible to obtain the
2"-dimensional column vector representing any of the 2" possible states of n bits. If x =
(x0, %1, .- .,xn,l)T, xx € {0,1},k =0,...,n—1, is a column vector associated with the binary

representation of an integer 0 < x < 2", then x = ZZ;& 12k and we have®:
X} = [xn—1) ® - ®[x0) = [xp—1 - -+ X1 X0),

i.e., |x), is the tensor product of the single-bit states |xy).

1.2 Classical logical operations

Any logical or arithmetical operation can be obtained by the composition of three elementary
logical operations: “NOT”, “AND” and “OR”. The NOT operation acts on a single bit, while
AND and OR are two-bit operations. Their actions are summarized in the truth tables 1.1, 1.2
and 1.3.
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)0y | 1xAy)
0)10) | 10)
o)1) | 10)
o) | 10)
iy |

Table 1.2: AND operation. We used the alternative notation AND|x)|y) = |[x A y).

It is worth noting that the three logical operations introduced above are not independent:
given NOT and OR it is possible to obtain the operation AND; analogously, given NOT and
AND it is possible to obtain the operation OR. Thus, we can introduce the two universal opera-
tors “NOR” (i.e., NOT OR) and “NAND” (i.e., NOT AND):

AY),
V).

Another useful operator is the XOR, or exclusive OR operator, which corresponds to the

NOR[x)|y) = [xVy) = [x
NAND|x)|y) =[x Ay) = ¥

modulo-2 sum. Its action is summarized in table 1.4. Note that |[X) = |x & 1). As a matter of

fact the XOR can be reduced to more elementary operations as:

xoy) = |(xVy) AlxAY).

1.2.1 Reversible logical operations and permutations

A logical function is reversible if each output arises from a unique input: it is possible to show
that a reversible function should be a permutation of the input bit states. The inspection of the
tables 1.1-1.4 shows that among the presented operations, only NOT is reversible. Reversibility
plays a relevant role in quantum computation, since, as we will see, the general computational

process can be modeled with a unitary operation that is indeed reversible.

O — Exercise 1.1 Prove that NOR and NAND are universal.

2The tensor product of the two column vectors (ay,...,ax)T and (by,...,by)T is a NM-component vector with

components indexed by all the MN possible pairs of indices (v, ), whose (v, u)™
3Note that the binary expansion of the column vector x = (xq, X1, ..., X—1 )T

component is just the product a,by,.
isx — x,-1 -+ X1 Xp.
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)1y | 1xvy)
00) | 10)
o1y | 1)
nloy | 1)
iy |

) | lxey)
0)0) [ [0)
o)1) [ 1)
moy [ 1)
ny | o)

Table 1.4: XOR operation. We used the alternative notation XOR|x)|y) = |x ® y).

1.3 Single-bit reversible operations

The NOT is the only reversible (classical) operation acting on single bits (excluding the identity

operator i, which is a trivial operation). By using the matrix formalism, we can represent NOT

01
x-><1 0). (1.1)

Since X?> = T — 1, = diag(1,1) is the 2 x 2 identity matrix, it follows that X is invertible and
X=X

with the 2 x 2 matrix:

It is also instructive to introduce the operators N, the number operator, and N = T — N:
N|x) = x|x), and N|x)=x|x), x¢€{0,1}.

The corresponding matrices are:

N—>00,andﬁ—>10.
01 0 0

Classically, N and N are just mathematical operators and do not correspond to a physical oper-
ation, e.g. we cannot imagine the meaning of multiplying by 0 the state — not the numerical value

—of a bit. .. However, they could be useful from the formal point of view.
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O - Exercise 1.2 Verify that X|x) = |x).

[ - Exercise 1.3 Verify that N° = N and NN = NN = 0.

1.4 Two-bit reversible operations

1.4.1 SWAP

The SWAP operation exchanges the values x and y of the two bits |x)|y):

S|x)ly) = ly)|x).

If we consider the n-bit state |x),, then we can define the operator Sy, which acts on the bits

and k, namely:

Siklx),, = Snk|Xn—1) -~ |xn) - - |xk) - - - |x0),

=[xn—1) - k) - - [xn) - - - [x0)-

Since S;; Sy = 1, the SWAP is indeed unitary. It is also possible to represent the SWAP as
follows:
Sk = Nj @ Ni + Nj, @ N 4 (X @ X)) (N, @ N + Ny @ Ng ), (1.2)

where Ni, N and X; have been introduced in section 1.3 and act on the k-th bits. Sometimes,

we will drop the tensor product symbol and we will write:
Suk = NhNk+ﬁhﬁk+xhxk (Nhﬁk+ﬁhNk) , (1.3)

The reader can verify the action of the left-hand-side member of Eq. (1.2) by exploiting the
properties of the tensor product and recalling that: (i) given two operators Aj; and By, acting
on the h-th and k-th bits, respectively, one has A;, @ Bi|x;,) ® |xi) = Ap|xy) ® Bylxg); (i) (Ay ®
Bx) (C @ Di) = (ArCp) @ (ByDy).

The matrix representation of Sy is just a single permutation matrix*.

1.4.2 Controlled NOT

The controlled NOT, CNOT, is a “workhorse for quantum computation”. This operation acts
on a target bit according to the value of a control bit. By definition, Cy flips the state of the k-th
bit (target state) only if the state of the h-th bit (control state) is |1). The action of C1g and Cp; is
summarized in table 1.5: we can easily see that they act as permutations on the input basis in

which only two elements are exchanged.

4The explicit form of the permutation matrix associated with Sj; can be obtained starting from the identity matrix

and exchanging the h-th and k-th columns.
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X} |y) ‘ Cio ‘ Con
0)0) | 0)[0) | |0)|0)
0)[1) | [0)[1) | [1)[1)
11)[0) | [1)[1) | [1)|0)
[1)[1) | [1)[0) | [0)[1)

Table 1.5: CNOT operation.

The matrix representations of Cyp; and Cyq are:

Cipo — , Co—

o O O =
S O = O
_ O O O
S = O O
o O O =

respectively.

Note that, in general, we can summarize the action of CNOT as follows:

_ O O O

S = O O

Cuklx),, = Culxn—1) -~ [xn) - - [xx) - - - |x0),

:|xn_1> ‘xh> |xk@xh> ‘x0>,

S O = O

(1.4)

where we used |x; @ xj,) = %) if and only if |x;) = |1). It is clear that CNOT acts as a

generalized XOR.

O - Exercise 1.4 Verify that:
Cpx = Nj, + Nj, X,

where the subscripts refere to the bit affected by the operation.

U - Exercise 1.5 Show that the same action of the SWAP can be obtained by the

application of three CNOT operations, namely:

Sik = CrCran Cix-

Now, we introduce the operator:

_ 1 0
Z=N-N-— )

and XZ = —ZX. It is straightforward to see that:

Z|lx) = (—1)*|x), xe€{0,1}.

(1.5)

(1.6)
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From a classical point of view the action of Z is meaningless: it multiplies by —1 the state |1) —
note that the state of the bit is multiplied by —1 and not its numerical value!
Since, N = 1 (I — Z) and N = }(f + Z) which directly follows from Eq. (1.6), we can write®:

1 . 1.
Chk = E(H + Zh) + E(H - Zh)xk/ (17a)
1 . 1 A
= 5 (04X + 5Zu( - X), (1.7b)

where we dropped the tensor product.

1.4.3 SWAP operator and Pauli matrices

Substituting Egs. (1.7) into Eq. (1.5), one find the following interesting identity for the SWAP

operator:

o 1 A
Sik = (H + thk) + Exhxk(]l + thk),

N =

which may be also written as:

—_

Suk = (ﬁ + X Xy = Y, Y + thk),

2

0 1
Yi=Z Xy — .
k kA Kk (10)

If, however, we introduce the Pauli operators (and the corresponding 2 x 2 Pauli matrices):

0 — 01 0y — 0 0 —i 0, — 0 ro (1.8)
0 Oy = , 0 = , = .
o 10 v i 0 = 0 -1

we have:

where®:

1 /4
Sie = 5 (T+ "o + oo} +olelV),
where the superscripts refere to the target bits.

Pauli matrices, together with the identity matrix, form a bais for the 2 x 2 matrices and have

the following properties:

or, by introducing the totally antisymmetric tensor ey, (07, 0] = 2i€jx07.

5In order to simplify the formalism, we use the following convention:
Ay @ L(|xn) ® i) = An(ln) ® [xi)),

ie. Ay @1 =A,.
61t is worth noting that in our formalism if k # h we have A B, = Ay ® By, since the two operators refer to different

physical entities; the symbol A; By represents the composition of the two operators.
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1.4.4 The Hadamard transformation

The Hadamard transformation is defined as:

1 1 (1 1
|-|=\/§(x+2)—>\/§<1 _1>. (1.9)

Though, classically speaking, the action of H on |x) is meaningless, since H transforms a single-

bit state into a linear combination of states, namely:

0) + (=D)|1)

H|x) = A

or, explicitly:
0)+11 0)—11
woy— 104Dy -
V2 V2
this transformation is useful when applied recursively to other operators, as the reader can see

from the exercises 1.6 and 1.7.

O - Exercise 1.6 Show that:
HXH=2Z and HZH =X,

that is, the Hadamard transformation allows to transform X into Z and vice versa.

0 — Exercise 1.7 Show that:
Cix = HyHCy,H, Hy, (1.10)

where the subscripts have the usual meaning — the Hadamard transformation allows
to exchange the roles of the target bit and of the control bit of a CNOT, i.e., Cpp — Cyy,.

Bibliography

* M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information (Cam-
bridge University Press) — Chapter 1.

¢ N. D. Mermin, Quantum Computer Science (Cambridge University Press) — Chapter 1.



Chapter

Elements of quantum mechanics

IN THIS CHAPTER we briefly review the structure of quantum mechanics. In particular, the
reader can find the postulates of quantum mechanics and the description of the measure-
ment through the positive operator-valued measures (POVMs). The quantum operation will be

discussed in chapter 6.

2.1 Dirac notation (in brief)

Throughout this chapter we use the Dirac braket notation. An n-dimensional complex vector
(or state) is represented with the symbol |¢),,, that is called “ket”. Given two vectors |¢), and
|¢),,, we use the following symbol for the inner product (we drop the subscript n): (|(|¢)) =
(p|¢p) € C. Indeed, (P|¢) can be seen as a linear functional associated with the vector |¢) that
takes |¢) into a complex number. This functional is (|¢))t = (|, where the symbol (---)*
represents the adjoint operator, and (¢p| is called “bra”. As usual, the inner product satisfies the

following properties:

@) (plg) = (olp)*;
(i) (¢|(alg) + Bl7)) = a(ylg) + B(¢lr), Yo p € C;
(iii) (p[y) = 0 & [) = 0.
We can expand the (2"-dimensional) vector |¢) as follows:
2"—1
¥) = ) alx),

x=0

where (x|y) = dyy and dyy is the Kronecker delta. By using the same association between kets

9
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and vectors introduced in section 1.1, we have:
X0
&1 * % *
l) — ) , and  (Pp| = (ag,af,...,a501),
Kon_1

where (x|¢) = ay and the basis the vectors |x), 0 < x < 2", have been introduced in section 1.1.
It is now clear that, with this association, the inner product between bras and kets corresponds
to the standard inner product between the corresponding vectors.

Let us now consider the linear operator A which acts on a ket |¢) leading to a new vector,
namely A|p) = |¢'). We have (A|yp))t = (p|A* and:

(@lAly) = ((plA) ) = (9| (Al)).

D

(%))’

The outer product between |ip) and |¢) is an operator|y) (¢| whose action on |7y) reads:

) (@l(17) = [){¢l7) = (¢l [¥).
Furthermore, we have:

&

X1

W@l | | (BB B ) =M,

Non_q

where M is a 2" x 2" matrix with entries [M]y, = axf]}, and we wrote |) = Y, ax|x) and
9) =X, Buly).

The operator Py = |x) (x|, 0 < x < 2", is called projector onto the vector |x) (indeed, one can
define a projector Py = [¢) (1| onto the state |¢p)). Since {|x)} is an orthonormal basis for the
2"-dimensional vector space, we have the following completeness relation: Y, |x) (x| = T, that is
we have a resolution of the identity operator. The completeness relation may be used to express

vectors and operators in a particular orthonormal basis.

O - Exercise 2.1 Exploiting the completeness relation Y |x) (x| = T, write the ex-
pansion of 1) in the basis {|x)}.

O - Exercise 2.2 Exploiting the completeness relation Y, |x) (x| = 1, write the ex-

pansion of a linear operator A in the basis {|x)}.
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2.2 Quantum bits - qubits

We consider the complex vector space generated by the two column vectors associated with the
bit states |0) and |1) (that is a 2-dimensional complex Hilbert space). Since the two states form

a basis for this space, any linear combination, or superposition:

[$) = a]0) + BI1) — (ﬁ> , (2.1)

where a, 8 € C, belongs to the space. If |a|? + |B|? = 1, i.e., if |¢) is normalized, we will refer
to the state (2.1) as quantum bit or simply qubit. Of course, if « = 0 or § = 0, then |¢) = |1) or
|) = |0), respectively' The basis {|0),|1)} is called computational basis and the information is
stored in complex numbers « and B: it follows that in a single qubit it is possible to encode an
infinite amount of information. At least potentially. .. In fact, in order to extract the informa-
tion we should perform a measurement on the qubit: as we will see in the next sections, it is a
fundamental aspect of Nature that when we observe a system in the superposition state (2.1),
we find it either in the state |0) or |1) with a probabilities p(0) = |a|> and p(0) = |B|?, that's
why |2 + B2 = 1.

Since |a|? + |B|?> = 1, we can use the following useful parameterization for the amplitudes

of the qubit sate®:

obtaining:
6 ; 6
lp) :cos§|0) +e'? sin§|1). (2.2)

We will address in the chapters 8 and 9 some examples of the physical realization of qubits.

221 The Bloch sphere
We can associate with the qubit the following three real numbers:
ry =sinf cos¢, ry=sin6 sing, r;=cosb, (2.3)

which can be seen as the components of a 3-dimensional vector, i.e.:

Tx sinf cos ¢
r=| ry, | =| sinfsing
Tz cosf

IThe reader may observe that one should write |¢) = ¢/¢|1) or |¢) = ¢/|0), but we will see in section 2.3 that a global
phase, as ¢/, does not have a physical meaning.

2Here we are assuming that the measurement allows to observe as outcomes the state |0) or |1), i.e., the compu-
tational basis; of course one may choose a different basis for the measurement, for instance one can also use other
computational basis, e.g., {|-+),|—)}, where |+) = 271/2(|0) + |1)).
i6

3More in general one should have a = ¢ cos % and B = € sin %, but this is equivalent to add a global phase to the

state and, thus, we can set 6 = 0.
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Figure 2.1: The Bloch sphere is represented by the yellow unit sphere, while the red vector represents a
pure state, i.e., a state belonging to the surface of the sphere). We also show the two angles 6 (magenta)

and ¢ (blue) which identify the quantum state.

Furthermore, since /72 + r; +rZ = 1, r represents a point on the surface of the unit sphere,
that is the so-called Bloch sphere. In figure 2.1 we show the Bloch sphere and the vectorial
representation of a quantum state (the red vector).

In particular we have:

0)=1| 0 |, and [1)= 0 1,
-1

namely, |0) corresponds to the north pole of the Bloch sphere, whereas |1) to its south pole. The
state |) = 271/2(|0) + €'|1)), with ¢ € [0,277), corresponds to equatorial states.

2.2.2 Multiple qubit states

A n-qubit state reads:

21 21
[¥), = Y ax|x),, with ) x> =1,
x=0 x=0

as usual, the subscript n refers to the number of physical entities (qubits) used to encode the

information. In particular, the state of two qubits can be written as:
“Y>2 = 0&00|00> + o1 ‘01> + a10|10) + a1 |11>, (2.4)

with |ago|? + |a10]? + |ag1|* + |a11|*> = 1. In this case, each |ay,|? corresponds to the joint proba-
bility to find the two qubits of the state (2.4) in the state |x y).
2.3 Postulates of quantum mechanics

In this section we introduce quantum mechanics more formally. The postulates of quantum

mechanics are a list of prescription to summarize: (1) how to describe the state of a physical
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system; (2) how to describe the measurement performed on a physical system; (3) how to describe

the evolution of a physical system.

Postulate 1 — States of a quantum system. Each physical system is associated with a com-
plex Hilbert space H with inner product. The possible states of the physical system correspond
to normalized vectors |¢), (|¢) = 1, which contain all the information about the system. For a
composite system we have |i) = |¢); ®...® [¢)y € H, where H = H; ®...® Hy is the tensor
product of the Hilbert spaces #j associated with the k-th subsystem. If |) and |¢) are possi-
ble states of a quantum system, then any normalized linear superposition [¥) = a|y) + B|¢),
(¥|¥) = 1, is an admissible state of the system (note that, in general, ({|¢) # 0, therefore one
may have (¥|¥) = 1but |a|> + |8]? # 1).

Postulate 2 — Quantum measurements. Observable quantities are described by Hermitian
operators A, thatis A = Af. The operator A admits a spectral decomposition A = Y, a,P(ay)
in terms of the real eigenvalues a4y, which are the possible values of the observable, where
P(ay) = |uy)(uy| and Aluy) = ay|uy). Note that the orthonormal eigenstates {|uy)} form a
basis for the Hilbert space. The probability of obtaining the outcome a, from the measurement
of A given the state |¢p) is:

p(ax) = (p|P(ax)|p) = |(uxl9)|?, (2.5)

and the overall expectation value is:

(A) = (p|Alp) = Tr [|p) (p| A]. (2.6)

This is the Born rule, the fundamental recipe to connect the mathematical description of a quan-
tum state |¢) to the prediction of quantum theory about the results of an experiment. It is now
clear that an overall phase has not a physical meaning: the two states |{) and e?|y), when
inserted in Egs. (2.5) and (2.6), lead to the same results and, thus, represent the same physical

state!

Postulate 3 — Dynamics of a quantum system. The dynamical evolution of a physical sys-
tem from an initial time ¢y to a time t > t; is described by a unitary operator H(t, tp), with
U(t, to) Ut (t, to) = Ut (t,to) Ut tg) = . If |ypy,) is the state of the system at time to, then at
time t we have [¢;) = U(t, ty) |1, ). Furthermore, given U (t, ) there exists a unique Hermitian

operator H such that (Stone theorem):
U(t, tg) = exp [—iH(t — to)], (2.7)

and the form of H can be obtained from its identification with the expression for the classical
energy of the system, that is the Hamiltonian of the system.
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[ — Exercise 2.3 (Two-level system) Given the (quantum) Hamiltonian:
H = h[wp|0){0] + w1 1) (1] + ¥ (|1){0] + [0} (1])], (2.8)

where we used the computational basis {|0), |1) }, find the eigenvalues and the eigen-

states of H and calculate:
U(t)|1) = exp (—iHt/R) [1).

(Hint: express the Hamiltonian in its matrix form. . .)

2.4 Quantum two-level system: explicit analysis

Since two-level systems are of extreme interest for quantum mechanics and, in particular, for
quantum computation, in this section we explicitly solve exercise 2.3 (however, we suggest the
reader to study and solve it before reading what follows!).

The 2 x 2 matrix associated with the Hamiltonian of Eq. (2.8) is (without loss of generality

we assume the coupling constant y € R):

N E
H— 0 8
g b

where E; = hiwy, k = 0,1, and g = fivy. The eigenvalues are:

E. — (Eo + E1) & \/(AE)? + 42
— Y )

with AE = E1 — Ey, and the corresponding eigenvectors |1 ), H|+) = E4|¢1), can be written

as:

|P+) = co,+]0) +c1,+(1),

whose coefficients i 1, k = 0,1, satisfy the conditions:

Co,+ 8 2 2
= and |c +lc =1.
( Cli) E |co, [ + |e1,+
After few calculations we find:
4 Ei —Eg

CO,:I: = and Cl,i =

(E+ — Ep)* +g° (Ex —Eo)2+g8%

Since U(t)|¢+) = exp(—iwst)|P+), where hwy = Ey, it is straightforward to calculate the
time evolution of the computational basis {|0),|1)}. The time evolution of the generic state
|90) = c|9p+) +c[p-), e+ + [c-|> = 1, reads:

) = U()|o) = e ey ipy) +e ™ =e_|p_).
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p(t)
1

0.5¢

0 72 T 312 27

Figure 2.2: Probability p(t) given in Eq. (2.9) to find an evolved state in the corresponding initial state as
a function of Awt for |c|?> = 1/4 (red, solid line) and |c|?> = 1/2 (blue, dashed line).

The probability p(t) = |{¢o|¢:)|> = |(¢o|U(t)|¢o)|? to find the evolved state in the initial state
|¢o) at the time ¢ is given by:

p(t) =1— 4|, (1 - \c+|2) sin? <A2“’t> ) (2.9)
~——’

N —
o2
where we introduced Aw = w; —w_ = h™'\/(AE)? + 4¢2 and we used |c |2 + [c_|? = 1. In
figure 2.2 we plot p(t) for two different choices of the coefficient c. The last term of Eq. (2.9)

represents the interference of the probability amplitudes, whose visibility is:
V= 4lc, (1 - |c+\2) . (2.10)

It is worth noting that the ) reaches its maximum 1 if |c4|?> = |c_|?> = 1/2 (see the blue dashed
line in figure 2.2): the initial state should be a balanced superposition of the eigenstates |+ ) of
the Hamiltonian (2.8), namely:

_ ) +e90po)
|$o) = NG ,

in this case at times t, such that Aw t, = 2nm, n € N, one has p(t,) = 0 and the evolved system
is in the state: )
L\ ) — ey

on) = [o5) = =7

where (@5 |¢o) = 0.
In order to calculate the time evolution of the states |0) and |1), we rewrite them as functions
of |+ ), namely:
0) = (Ey — Eo)y/(E- —Eo)> + g% |p-) — (E- — Eo)v/(Ey — Eo)* + & [¢+)

§(Ey —E-) '

_ V(Ey —Eo)* + 8% 1) + V(E- — Eo)* +8*[¢-)

§(Ex —E-)

1)
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0.5¢

AE/g

1 2 3 4 5
Figure 2.3: Visibility V = V; = V), of Eq. (2.11) as a function of the ratio AE/g.

or, in a more compact form:

0) =ay [p) +a [y} and |1)=by[py) +-[p-),

where:
(Ei — EO) (Ej: — E0)2 +g2 . gay
§(E+ —E-) Ex—Ey

Exploiting Eq. (2.10) we can easily calculate the corresponding visibilities of the probability

aL =+ and b4

amplitudes due to the time evolution, Vy = 4|a|?|a—|? and V| = 4|b|?|b_|?, which are the
same for both the computational basis states, namely:

, 2.11)

that are reported in figure 2.3.

O - Exercise 2.4 Prove Eq. (2.11) and plot the probabilities pi(t) = |(k|U(t)[k)|?,
k = 0,1, as functions of time.

2.5 Structure of 1-qubit unitary transformations

Any 2 x 2 complex matrix M can be written as:
M=rl+r- o,

where r = (ry,1y,12), withro, 7, € C, 0 = (o7, oy, 0y)T, 0 are the Pauli matrices introduced in
Egs. (1.8), k = x,y,z, and r- ¢ = Y r;0%. Here we are interested in unitary transformations,
namely, M'M = MM" = 1, where M" = r§1 + #* - ¢. Since M is unitary, also €M is unitary,
thus we can assume ry € R without loss of generality.
We have:
MM = (rol + 7" - 0)(rol +7- o)
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that is equivalent to write:
1=rl+r( +r)-c+ @ o)(r-0).

By using the identity (a- ¢)(b- o) =a-b1l+i(axb)-c,Va,b € C?, we obtain the following
two conditions:

Baror=1, (2.12a)
ro(r* +71)+i(r* xr) =0. (2.12b)
Since we can write r* +r = 2Re[r] and i(r* x r) = —2Re[r] x Sm[r], Eq. (2.12b) requires

roRe[r] = Re[r] x Sm[r|, and we have two possibilities. If 7y = 0 and, thus, Re[r] is parallel to
Sm|r], then r = ey with v € R3 and, being M unitary, we can simply write r = iv. The second
possibility is ry # 0 and, in this case, Re[r] should be parallel to Re[r] x Sm]r]. Therefore,

Re[r] = 0 and, again, r = iv. Summarizing, for an unitary 2 x 2 matrix we have:
M=ryl+iv-o,
where v € R3. Furthermore, the condition in Eq. (2.12a) allows us to write:
M=cosyl+isinyn-o,
with n = v/\/v - v. Finally, we have following useful identity:

exp(iyn-o) =cosyl+isinyn-o. (2.13)

O - Exercise 2.5 Prove Eq. (2.13) by using the expansion:

o) 1 k
exp(iyn-o) =Y (i7) (n- o)k

2.5.1 Linear transformations and Pauli matrices

The Pauli matrices introduced in Egs. (1.8) are a basis for 2 x 2 matrices. By using the prop-
erty %Tr[ahak] = 26y, we have M = ):izo Moy, where 0y = 1 and (01,02,03) = (0x,0y,0z).
Furthermore, by using Tr[0},0%] = 20y, o, if separate the three Pauli matrices from the identity:

1
M = 5 {Tr[M]]l +ZMk(7k}, (2.14)
k
that explicitly reads:
M — Mmoo Moy ) (2.15)
mio My

7m00+m111+m01+m100 4 Mo — Mo o Moo — M1 (2.16)

= " Y 5 o .

2 2 2
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2.6 Quantum states, density operator and density matrix

Let us consider the following statistical ensemble { py, |¢x) }, in which each state |i;) is prepared

with probability pi. Given the observable A and the orthonormal basis {|¢s)} we have:
4) = ZPX <¢’x|A|¢X>
X
=) px (YulA <Z|4’S><¢S|> [¢x)
X S

=Y px (@slwpx) (x| Al ps)

=) (¢s] (pr |¢x><¢x|) Algs)
0
Z ¢S|QA|‘PS =Tr[o A]

The linear operator ¢ is calles density operator. More in general a linear operator:
0= Z On,m|Pn) (Pm|,
nm

with 04m = (¢u|0|dm), is a density operator describing a physical system if ¢ = 67, ¢ > 0 and
Tr[¢] = 1. The matrix o of the coefficients 0y, is the density matrix of the physical system. Of

course, ¢ is diagonal if we write it in the basis of its eigenstates.
U - Example 2.1 The two density operators:
o1 R
00 = 5 (10){0[ +[0) (L] + [1)(O + [1)(1]), and gy = [+){+], ~ (217)

with |+) = 27V2(|0) & [1)), represent the same statistical ensemble written in
different basis. In fact the two orthonormal states |+) are obtained by applying the
Hadamard transformation, which is unitary, to the basis {|0), |1) }.

O - Exercise 2.6 Write the density matrices of the states in Eqs. (2.17) in the com-
putational basis {|0), |1) } and in the transformed basis |+).

U - Exercise 2.7 Write the density operator and the density matrix of the state
.1
6 =5 () +1-)(=), 218)

in the computational basis {|0),|1) } and in the transformed basis | £).



2.6 Quantum states, density operator and density matrix 19

2.6.1 Pure states and statistical mixtures

Note that 2 = ¢, while ¢? # 0., where ¢, and . are given in Eqgs. (2.17) and (2.18), respectively.
Therefore we also have Tr[9,] = Tr[¢2] = 1 but Tr[¢?] = 1/2 < 1. Given a density operator ¢, in
general one has:

ulel =Te[e*) < 1,
where the real, positive quantity p[d] is the purity of the state ¢. In the case of a n-dimensional
state we find:

1

— <ulgl <1.

<ol <
If u[0] < 1 then the state is a “statistical mixture”, otherwise, i.e., if u[0] = 1, itis “pure”. In fact,
in the latter case, we can always write § = |i) ({|. It is now clear that the state §. of Eq. (2.18) is

the maximally mixed state for a qubit, i.e., a 2-dimensional state.

2.6.2 Density matrix of a single qubit

In the case of a single qubit the density matrix ¢ is a 2 X 2 matrix and, thus, by means of Eq. (2.14)
we can write:

1
=3 {Tr[o]1 + Tr[o o] ox + Tr[o 0y] 0y + Tx[o0z] 02 } .

A similar relation holds for the density operator:
s 1 P An 1A An 1A An 1A
0=3 {Tr[0)I + Tr[0 0] 0% + Tr[0 6] &y + Tr[0 6% 0 } .

From now on, we can focus on the matrix representation of the operators, but we have the same

result using the operator formalism. Since Tr[¢] = 1, we find:

Q:%(]H—rwr),

where we used the same formalism introduced in section 2.5. Note that, from the physical point
of view, the elements of the Bloch vector are the expectations of the Pauli operators, namely,
ry = (o) = Tr[o 0%, k = x,y, 2.

Let us now consider ¢?, which explicitly reads:

szi[1+2r~0'+(r-a)(r~o')].

Since (r-o)(r-c) =r-rl —i(r x r)- o = |r|*1 we have the following expression for the purity:
g1 2
ulel = 5 (1+1r2), (2.19)
and, being p[0] < 1, we have the following condition on the Bloch vector :
7 <1, (2.20)

which is needed in order to represent a physical state.
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2.7 The partial trace

Let [43) € Ha ® Hp and let us consider the measurement of the observable A = ¥, a, P(ay)
on the system A. The overall observable measured on the global system A-B writes A ® T and

we have the following probability for the outcome a, (see the Postulate 2 in section 2.3):

a

p(ax) = Trap [0ap P(ax) ®1], (2.21)

with 04p = | aB) (Yap|. As a matter of fact, the Born rule should be valid also for the single

system A, thus neglecting system B, namely, we can write:

plax) =Tra [04 P(ax)], (2.22)

where (4 is the density operator describing the subsystem A. It is possible to show that the
unique map O ap — 04 that allows to maintain the Born rule at the level of the whole system and
subsystem is the partial trace:

04 = Trp[0aB]. (2.23)
Note that Tra[04] = Trap[0ap] = 1. In fact, by introducing the orthonormal basis {|¢S(K)>} of
the system K = A, B, we have:

P(ax) = TrgTry [@AB (ax) ® H}

U - Exercise 2.8 Given the density operator § op describing the state of a bipartite
system A—B and the observable A = Y, ay P(ay) on the system A, show that:

(A) =Tra [04 4],

where 04 = Trp[0aB]-
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0p(x) conditional state

Figure 2.4: Conditional measurement performed on one qubit of a two-qubit state § 4p. See the text for
details.

2.7.1 Purification of mixed quantum states

Any quantum state § 4 can be written in the diagonal form choosing its eigenvectors { ‘¢§A)>

) (9l

Ayx > 0 are the eigenvalues. Let us now consider another Hilbert space Hp with dimension at
6,(63) >} a basis of Hpg. We have

as the basis for the corresponding Hilbert space H 4, thatis 64 = Y, Ax , where

least equal to the number of nonzero eigenvalues A, and let {

that the following pure state:

[Fag) =) VA

)

o™,

is such that:
Trg [|[¥ap) (Yasl] = ) Ax
X

POV =

thatis |¥ ) is a purification of § 4.

2.7.2 Conditional states

The figure 2.4 shows a quantum circuit* in which the qubit belonging to the system A of the input
state 9 43 undergoes a projective measurement Py. Given the outcome x from the measurement,

the conditional state of system B reads:

p(x)

05(x)
with p(x) = Tr[o4p Py @ 1.

0 - Exercise 2.9 Given the following 3-qubit state (the bit order 1-2-3 is from left to
right as usual):
|¢) = «|010) — B|101) + |110),

with |a|? + |B|? + |7|? = 1, write the conditional state of qubits 2 and 3 and the cor-
responding probability of obtaining it, when one performs a measurement involving
only the qubit 1. (Note that the final state should be normalized!)

4The representation of quantum evolution and measurement by means of quantum circuits will be discussed in the

next chapter.
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2.8 Entanglement of two-qubit states

A pure state of two qubits belonging to the Hilbert space H 4 ® Hp which can be written as the
tensor product of the two single-qubit states, namely, |(4)|¢pp) is called factorized or separable

state. A state which is not separable is called entangled, as the following state:

_ 104)[08) +[14)|18)
7 ,

which cannot be written as a tensor product of the two single-qubit states. In particular the

¥ aB) (2.24)

state (2.24) is a maximally entangled state. Entanglement is a key ingredient in many quantum
protocols and the characterization of entangled states as well the quantification of this resource
is of extreme relevance. A measure Mg[{4p] of the entanglement of the state § 4 should satisfy

the following two conditions:
* MEg[0ag] =0 < dap = 04 ® 0p (factorized state);

e given two local unitary operations U4 and Up acting the sub-system A and B, respectively,
ME[HA ® HB@ABCI; & Cl{;] = ME[@AB]-

2.8.1 Entropy of entanglement

In the presence of pure states, the simplest measure of entanglement is given by the entropy of
entanglement E(045) = S[04] = S[05], where

Sle) = —Tr[olog, 0]

is the von Neumann entropy. In the presence of a pure state § = |¢)(¢|, one finds S[¢] = 0.
On the other hand, given a N-level system the von Neumann entropy reaches its maximum
Smax = log, N for ¢ = N ~11, that is the maximally mixed state. Note that, because of the
definition of the von Neumann entropy, this measure is independent of the Hilbert space basis
and invariant under local unitary operations.

We focus on two two-level systems and start our analysis from the factorized state:

1
= (2.25)

[¥a8) = 7= (104} + 1)) © == (0) + 1)) = 5

= e

Since the state (2.25) a tensor product of two pure states, its entropy of entanglement is null,
namely E([¥4p)) = 0. Now we consider the two-qubit unitary operation CPh(¢) associated
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with the following 4 x 4 matrix (we drop the null elements):

1

CPh(g) =
(9) cos@/2 —sing/2

sinp/2 cos¢/2
which corresponds to a controlled phase shift: a phase shift ¢ is applied to the qubit B is the
qubit A is is the state |1,4). If ¢ = 7, the action of CPh(7) is similar to that of the CNOT, up to
a phase [see Eq. (1.4)]. We have:

|CDAB>ECPh(§0)|TAB>:% Rk (2.26)

C+

where ¢+ = cos ¢/2 £ sin ¢ /2. The two sub-systems are described by the density matrices:

1 1 cos /2 1( 1-1Lsin cos? ¢/2
oA =73 P72, and o= 2ome R :
cos ¢/2 1 2\ cos*@/2 1+ 5sing

which both have the following eigenvalues: A+ = 1 (1 + Jcose/ 2). The corresponding en-

tropy of entanglement is:

which vanishes for ¢ = 0,27 and reaches the maximum E(|®45)) = log,2 = 1 for ¢ = 7. Itis
then clear that for ¢ # 0,27 the operation CPh(¢) is an entangling gate.

2.8.2 Concurrence

Another measure of entanglement is given by the concurrence. Given the two-qubit pure state:

[YaB) = Y axy|xa)|ys), (2.27)
XY

withax, € €, x,y € {0,1},and L, , |axy|* = 1, the concurrence is defined as:
C(|¢aB)) = 2|woox11 — o1210]- (2.28)
If C = 0, the state is factorized, whereas if C > 0, the state is entangled. Since:
4fagoary — agragl® = 4 [|04000611|2 + lagraro]* — aoorr1ag gy — aéo“T1ﬂé01alo} ’
=4 { (|¢’<00\2 + |0601|2) <|0¢10|2 + \“11|2) — |aroagy + “01“T1|2}

<4 (|l’400|2 + \“01|2) [1 — Jago|* + (|0¢01|2)} <1,
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1.0

E 0.5}

0.0

Figure 2.5: Plots of the entropy of entanglement E (red solid line) and concurrence C (blu dashed line) of
the state |® 4p) of Eq. (2.26).

we have 0 < C(|pap)) < 1.

The concurrence (2.28) can be written as a function of the purity of the sub-system states.

For instance, the density matrix of the sub-system A of the state in Eq. (2.27) reads:

ool + o1 > woondy + aoraf
0A =
aforor +afyann  |agol® + g |?

therefore we have C(|p4p)) = 2+/det[o4]. Furthermore, using the results of section 2.6.2, we
can write 04 = % (L +74-0), where |r4|? = 2Tr[0%] — 1, and, thus, we obtain the following
expression for the concurrence C(|43)) = /1 — |ral?

In figure 2.5 we plot the entropy of entanglement and the concurrence of the state (2.26).
It is clear that the numerical values of the two entanglement measures are different, but they
reach the maximum (E = C = 1) in the presence of a maximally entangled state while they both

vanish fora factorized state.

Though the entropy of entanglement is a good measure only in the presence of pure two-
qubit states, the concurrence can be extended also to mixed states. In this case, given the two-

qubit density operator ¢ 4p, the concurrence is given by:
C(0ap) = max(0,A1 — A2 — Az — A4),

where A1 > Ay > A3 > A4 are the eigenvalues of the operator:

R:\/\/@AB@'AB\/@A ,

with ¢y = 0y © 00% 30y ® Oy,
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2.9 Quantum measurements and POVMs

In the previous sections we have seen that a projective measurement with outcome x is described
by the operators Py = P2 > 0, that is Py is a positive operator. Given the state ¢, we have the
following expressions for the probability of the outcome x and the corresponding conditional

state Qy:
p(x) =Te [P o P] = Tr [0 52| = Tr [0 Pi],
and: P
@x = Px é le
p(x)
respectively.

A generalized measurement, not described by projectors, is a positive operator-valued mea-
sure (POVM), i.e., a set of positive operators {ﬁx}, I, > 0, such that Yoy [T, = 1. In this case
we can have 12 # IT, and the probability of the outcome x and the corresponding conditional

state 0y read:

~ A~

p(x) = Tr [T, = Tr [N g NIE],
where I'T, = M}Mx or M, = \/I1,, and:

o, = MM,
oplx)

respectively.
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Chapter

Quantum mechanics as computation

IN THIS CHAPTER we introduce the basic framework of quantum computation as an abstract
extension of the classical logic. Quantum logic gates and their quantum circuit represen-
tations are given. Furthermore, we address the Deutsch, the Deutsch-Josza and the Bernstein-

Vazirani algorithms.

3.1 Quantum logic gates

A quantum logic gate transforms an input qubit state as that given in Eq. (2.1) into an output
state |¢') = a/|0) + p|1). Since the condition |a/|?> 4 |8/|> = 1 should be still satisfied, it is
possible to show that the action of any quantum logic gate can be represented by a linear unitary

transformation associated with the unitary operator U, namely:

lp) = |¢') = Uly), (3.1)

where UTU = UU'T = 1. Being U unitary, not only the normalization of the qubit state is
preserved during the transformation, but the operation is intrinsically reversible. In figure 3.1
the unitary transformation (3.1) is schematically represented by means of a quantum circuit: the
horizontal lines are “wires” representing the time evolution (from left to right), and they connect

the “gates”, represented by means of boxes labeled by the corresponding unitary evolution.

) )

logic gate

Figure 3.1: Example of a simple quantum circuit involving a single input qubit |} and a unitary (quan-

tum) logic gate U: |¢’) correspond to the output state..

27
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(@) ) x®1) = %)
(b) p) a[1) + B|0)

Figure 3.2: Quantum circuit for the NOT acting on: (a) the bit |x); (b) the qubit |i) = «|0) + B|1).

(a) x) —{A}— |0>+(\g)xll>

Figure 3.3: Quantum circuit for the Hadamard transformation: (a) action of H on a single bit |x); (b) action
of H on the qubit #|0) + B|1).

3.1.1 Single qubit gates

In chapter 1 we explained that the only reversible classical operation is the NOT operation.
In the quantum logic scenario it is represented by the Pauli matrix ¢, and the corresponding
quantum circuit is sketched in figure 3.2. Note that due to the linearity of the transformation

we have:
0x(a]0) + B|1)) = ad+|0) + Box|1) = a|1) + B|0),

as represented in figure 3.2 (b).

In general, a single qubit gate is a linear combination of the Pauli operators. Since any
unitary transformation acting on a qubit can be seen as a quantum logic gate, we have infinite
single-qubit gates!

Hadamard transformation — In particular, the gate associated with the Hadamard transforma-
tion H = %(frx + 0,) defined in Eq. (1.9) not only makes sense (now superpositions of qubit
states are allowed!), but it transforms a bit |x) into a superposition and, as we will see, this is a
key ingredient of many quantum algorithms. In figure 3.3 we can see the schematic representa-
tion of the action of H on a bit and on a qubit, respectively.

Phase shift gate — The Pauli operator &, adds a 7t phase shift between the computational states

|0) and |1), since &|x) = e~¥™*|x). More in general, the phase shift gate acts as the phase shift

- . —ip 0 (1 0
—ipt, _ e N e _ o —ip
e =cos¢pl —ising o, — ( 0 it ) =e ( 0 o2 ),

which adds a relative phase shift 2¢ between the computational basis states. Note that in the

operator:

last equality we can drop the global phase factor e ¢.
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Cio Cio
|x) |x) _ == 1w
ly) ly & x) B ly) —b— |y x)

Figure 3.4: Two equivalent circuits representing the action of the CNOT gate Cy. The filled circle is placed
on the control qubit wire, while the XOR symbol & recall the action of the gate on the target qubit.

T gate or § gate — This gate, usually referred to as T gate, represents the action of a phase
shift gate with ¢ = 77/8, namely:

e—in/8 0 1 0
(7 )= 2 -

There are two important gates that can be built starting from the T gate, namely:

1
T2 = ( 0 0 ), (phase gate)
i

4 1 0 .
T - O 1 _>0-2.

3.1.2 Single qubit gates and Bloch sphere rotations

and:

As a single-qubit pure state can be represented as point on they Bloch sphere (see section 2.2.1),
the action of a quantum gate maps point to point and, thus, can be written as the unitary trans-
formation U = e/*R, (), where R, (0) = exp(ifn - o) is a rotation of 26 around the unit vector
n. Due to the properties of the rotations, we can decompose R, (6) as the combination of rota-
tions around the principal axes z and y axis (or, analogously, x and y). Therefore, the unitary

transformation U can be written as:
U = e™ R.(B) Ry(7) R (6), (3.3)

where the values of the angles 8, v and J depend on n and 6.

3.1.3 Two-qubit gates: the CNOT gate

In chapter 1 we have seen that any logical or arithmetical function can be computed from the
composition of NOR or NAND two-bit gates, which are thus universal gates. However, these
operators are not reversible and, thus, they cannot be represented by means of unitary opera-

tors. The irreversibility, in fact, can be seen as a loss of information.
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Co1
lx) —@— |x®y)
y) —+—1y)
Figure 3.5: Circuit representing the action of the CNOT gate Cy;.

SWAP Ci0 Co1 Cyo
|x) ly) |x) P v)
y) |x) ly) —© S— |x)

Figure 3.6: Quantum circuit representing the SWAP operation acting on two qubits composed from three
CNOT gates.

The prototypical multiple qubit gate is the CNOT gate we introduced in section 1.4.2 and
whose quantum circuit is shown in figure 3.4 for what concerns the action of Cyg and in fig-
ure 3.5 for Cp;. It is worth noting that CNOT is a reversible operation on two qubits. In the next
sections we will see how any multiple qubit gate may be composed from CNOT and single-
qubit gates. Figure 3.6 shows the quantum circuit of the SWAP operation and its equivalent
realization based on three CNOT gates [see also Eq. (1.5)].

The unitary matrix associated with the CNOT (from now on we consider the first qubit as

1 0
Ucnot = 0 o )
X

More in general, the unitary matrix cU describing the conditional application of a unitary trans-

control) reads:

formation U to a qubit, namely, cU|x)|y) = 1 ® U*|x)|y) writes:

1
cU = 0 .

How can we implement the two-qubit gate cU with single-qubit gates and CNOT? We assume

that U can be recast in the form (3.3) and introduce the three auxiliary unitary gates:

m_&@RNp,@_&Qgﬁgc?v,mdeR4ﬁf)

sich that UoUgUc = 1. Furthermore, since x0,0x = —0; and oy, 00, = —0y, we also have:
_ 1) o+p
o'quo'x*Ry(z Rz( 5 ’

and, thus, Up o UgoUc = e 1.
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%) eibi-an ] o)

ly) —{ Uc |- Us]

Figure 3.7: Quantum circuit acting as a cU, where UgoUpoUc = e .

fan)

b Ua (e7™ U)*|y)

p(0) = |a> — |0)
p(1) = [BI* — [1)

Figure 3.8: Circuit representing the measurement on the qubit |¢): though the input is a superposition
state, the outcome is either |0), with probability p(0) = ||?, or |1), with probability p(1) = |B|?.

|¢) = «[0) + B[1)

measurement

3.2 Measurement on qubits

As we mentioned, the measurement is a critical point. As sketched in figure 3.8, the result of
a measurement on the qubit (2.1) is a single bit |0) or |1) (the double line after the “meter”
represents the classical wire carrying one bit of classical information) with a probability given
by |a|? and |B|?, respectively. As a matter of fact, during the measurement process performed
onto a qubit there is a (huge!) loss of information, which makes the measurement an irreversible

process.

3.3 Application and examples

3.3.1 CNOT and No-cloning theorem

One of the peculiar aspect of quantum information is that an unknown quantum state cannot
be perfectly cloned. This is a consequence of the linear nature of the operators acting on the
quantum states.

In figure 3.9 it is shown how a CNOT gate can be used to clone a (classical) bit |x), x = 0, 1.
In this case the state of the input bit |0) is converted into the state |x), so that the whole process

can be summarized as |x)|0) — |x)|x): we end up with two copies of |x). However, if we try to

%) —o— [x)

0) —b— 0@ x) = |x)

Figure 3.9: CNOT gate acting as a cloner of the classical bit |x).
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%) K 0y) + (~1)*[17)
,Bx =
) o) v2

Figure 3.10: Quantum circuit to generate the Bell state |By,) from the separable state |x ).

—{H—AF 1Y)
> A=)

Figure 3.11: Quantum circuit to perform the Bell measurement: the maximally entangled state }ﬁxy> is

|Bxy)

a

transformed into the separable state |x y) and then measured.

use the same circuit to clone the qubit |i) of Eq. (2.1), we obtain:
Cio[1)|0) = «[00) + B11),

which is indeed different form the state |)|¢) = a2|00) + «B(|01) + |10)) + B2|11), unless « or
B vanishes, but this is exactly the classical case depicted in figure 3.9!

3.3.2 Bell states and Bell measurement

As we have seen in section 2.8 the pure state:

_ 00) + 1)
-5

is entangled since it cannot be written as a tensor product of the two single-qubit states. The

|Boo) (3.4)

state (3.4) is one of the four maximally entangled “Bell states”:

_ oy +(=1)"1p)
|Bxy) = 7 , (3.5)

which can be produced starting from the separable state |xy) as depicted in figure 3.10. Note

that the Bell states are a basis for the two-qubit space.

Indeed, the circuit to generate the Bell states is reversible and its inverse can be used to
transform the Bell basis into the usual two-qubit computational basis {|00), |01),|10),|11)}, as
sketched in figure 3.11. We use both the Bell generation and the Bell measurement in the next

section to implement the so-called “quantum teleportation” protocol.

3.3.3 Quantum teleportation

As we pointed out, if we measure in the computational basis {|0),|1)} a qubit in a unknown

quantum state, we will loose any information about it, obtaining as outcome just a classical bit
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Bell measurement

- - - - 1
(1) [#) R AR 1m)
- = \ \
(2) \0>T(E ; L?,,,,@T‘M”
(3) 10) —— o et 1)

Bell state generation

Figure 3.12: Quantum circuit to perform quantum teleportation.

|x) with a certain probability. However, it is sometimes necessary to transfer the state of a qubit
from one part of a quantum computer to another. In this case, the state can be teleported, i.e.,
the unknown state ) = «|0) + B|1) of an input qubit can be reconstructed on a target qubit.
The teleportation protocol requires two bits of classical information and a maximally entangled
state.

In figure 3.12 we sketched the quantum circuit to implement quantum teleportation. The
protocol takes as input the three-qubit state |¢)|0)|0). The first step is to create an entangled
state: following the procedure described in section 3.3.2, we create the Bell state |Bgg) on the
qubits 2 and 3 (see figure 3.12): this furnish the entanglement resource. At this stage the overall

three-qubit state reads:
[$)100) + [¢)[11)
V2

Then we perform a Bell measurement (see again section 3.3.2) on qubits 1 and 2 by applying the

gate Cy, followed by H acting on qubit 1. After these transformations (but before the measure-
ment!) the three-qubit state writes:
1
2
that we can rewrite as (we used the properties of the tensor product; note that the order of the

[« (]0) +[1))]00) +a(]0) + [1))[11) + (|0) — [1))[10) + B(]0) — [1))]01)]

qubits is left unchanged):

% [100) («[0) + B[1)) +[01)(«[1) + B[0)) + [10)(«[0) — B[1)) + [11)(a]1) = BIO))]  (3.6)

Equation (3.6) is a superposition of four orthogonal states and can be written in the following

compact form:

iMZMMZOl (M My) @ 03202 (w0) + BJ1) |, (3.7)

where 6226 acts on the qubit 3. It is now clear the a measurement carried out on qubits 1

and 2 with outcomes |M;) and |My), respectively, leave the qubit 3 in the state:

oy 202" (a]0) + BI1)) = 070 |y). (3.8)



34 Chapter 3: Quantum mechanics as computation

Thus, in order to reconstruct the state of the input qubit onto the qubit 3 we should apply to
Eq. (3.8) the unitary transformation oMM,

It is worth noting that:
* only information is teleported, not matter;
¢ the input state is lost during the measurement (no-cloning theorem holds);

* no information about the input state is acquired through the measurement (the four out-
comes |M; M;) do not contain any information about & an d p since they occur with the

same probability, i.e., 25 %);

¢ the teleportation protocol is not instantaneous (one should send to the receiver by a clas-

sical channels the information about the two output classical bits |M;) and |My));

* in order to reconstruct the state of a qubit we need two bits of classical information and

the entanglement resource.

3.4 The standard computational process

The goal of a computational process is to calculate the values f(x) of some specified function f
where 0 < x < 2 is encoded, with an accuracy which increases with k, in the computational-
basis state of k qubits.

Since a quantum computer works with reversible operations, while f(x) in general isn’t, we
should specify x and f(x) as an n-bit and m-bit integers, respectively. Then we need at least
n 4+ m qubits to perform the task. The set of n qubits, the input register, encodes x, the set of
m-qubits, the output register, represents the value f(x). Having separate registers for input and
output is standard practice in the classical theory of reversible computation.

In order to perform the calculation of f(x), we should apply a suitable unitary transforma-
tion ﬁf to our set of n + m qubits. The standard computational protocol defines the action of
l:lf on every computational basis state |x),,|y),, of the n 4+ m qubits making up the input and
output registers as follows:

Up[x),[y) = [X)0ly © £(2))
where @ can be seen as a generalized XOR acting on the single bits belonging to the two strings
of bits y and f(x). Indeed, U¢|x),[0),, = |x),[f(x)),,: by initializing the starting output register
to |0),,, after the computation it represents the actual value f(x).

3.4.1 Realistic computation

The computation of f(x) may require more than the n 4+ m qubit introduced in the section 3.4.

In figure 3.13 it is sketched a more realistic quantum circuit to carry out the calculation of f(x),
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|‘Ij>r ] [ |‘Ij>r
|x>n ] Wf — |x>n
W —_— ly® f(x)),
r-—-- -~ -~ -~ -~ - - - - - - === == 1
|T>r J‘_ A |q)>n+r7m At L |T>r
4 _ £l
), = |f (X)) — c f (%)) — - 1),
) L Ly ® f(x),,

Figure 3.13: Realistic view of the structure of an unitary transformation Wf to carry out the calculation of
f(x). See the text for details.

where an additional register of r qubits and a unitary transformation Wf actingonn +m+r
qubit is used. As shown in the lower circuit of figure 3.13, the unitary Wf act as follows: the
additional r-qubit state |¥'), interact with the input register |x), through the unitary operation

Vf obtaining the evolution:

Vf|\P>r|x>n = |<D>n+r—m|f(x)>m'

Now, m controlled-NOT gates perform, bit by bit, the addition modulo 2 with the state of the
output register (the control qubits are in the state |f(x)),,):

Conl FC) )i = 1f (D) uly © £(x)) 50

A final unitary V; is used to obtain the transformation 17; D) e F (X)), = [F) %),

3.5 Circuit identities

In figure 3.14 we report useful circuit identities that can be used to better understand the
behavior of the quantum circuits described in the following sections. The reader can easily
verify them. Here we explicitly considerk the identity (f), namely, H ® HCjpH ® H. Since
Cpo=3{T+6)®1+ 11— 0.)® 0y itis straightforward to verify that:
~ 1. R P
H® HC;)H® H = H®§(H+&z) +0’x®§(]1—(fz) = Cop1,
where we used the identities (b) and (c) of figure 3.14.

3.6 Introduction to quantum algorithms

As we have mentioned, a quantum algorithm involves two registers: the input register |x),,

and the output register |y), . This is due to the reversibility of quantum operations: in general,
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@  AH——H] = ————
®)  AHH& A =
©  —HHe A} =

© Jj -
10z ]

0
Ox
(d) = i
—{H}—o—{n}-
5]
) =
—{H—o—{n- ——

Figure 3.14: Useful circuit identities.

a logical operation is not reversible, while the unitary operations indeed are. In this view, a
quantum algorithm is similar to a classical reversible computation (of course, in the last case we
cannot exploit the quantum features of qubits!).

We recall that the standard computational process that calculates f(x), can be always rep-
resented as a suitable unitary operator Uy acting on the state |x),|y),,, that is Uf|x),|y),, =
Xy @ F()

Given a single qubit |x), x = 0,1, the action of the Hadamard transformation H can be

summarized as:

H|x) — 0>+(\ﬁ) ‘1 201 xz|Z

Therefore, given an n-qubit state |x),, with 0 < x < 2" and x = Y~ kak with x; € {0,1}, we

HonLe) <|o> - <;£x"l|1>) - (D)

2n/2 Z xz‘

where x - z = @]'_  x3z (mod 2).

have:

It is also useful to note that:

@ e R = ) LERLZLOFD) () 0~ 11
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) HH THHE 1)

Uy
1) —HH_ HH}- (1)

Figure 3.15: Quantum circuit to solve the Deutsch problem (Deutsch algorithm): if f(0) = f(1) then

ly) = |x), otherwise |y) = |X), thus measuring the input register after the query we can discriminate

between the two possible kind of functions.

We will see that the factor (—1)f(¥) is extremely important for quantum algorithms.

3.6.1 Deutsch algorithm

The first pedagogical algorithm we consider has been proposed to solve the so-called Deutsch
problem. Given a function f : {0,1} — {0,1}, suppose we are not interested in the particular
values f(0) and f(1), but rather in a relational information, that is whether f(0) = f(1) or
f(0) # f(1). Form the classical point of view, the only way to solve this problem is to evaluate
f(x) twice. We are going to show that a quantum algorithm can tell us the answer by using just
one evaluation of the function. The circuit implementing the algorithm is shown in figure 3.15.
The first step of the algorithm is to apply the Hadamard transformations to the qubit initial

states:

He ) - ) (R

z

where z = 0,1. Now we apply ﬁf:

oS () - g (252

Finally, we apply again the Hadamard transformations, obtaining the following whole evolu-

tion:
(H®H) Uy (H® H)[x)|1) Zcf x,s)

where s = 0,1, and we introduced the coefficients:
c(x,5) = 2 (~1/O [14 (-1 (1) 0O

After the computation the output register has been left unchanged, since it is still in the state

|1), while the input register has undergone the transformation:
x) — Zcf(x,s)|s>.
S
It is straightforward to verify that:

—-if f(1) = f(0) = |cf(x,x)|2 =1 and |cf(x,f)|2 =0,
—-if f(1) # f(0) = |cf(x,x)|2 =0 and |cf(x,7)|2 =1,
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|0>n H®n R |1/J>n

Uy

1) ——H}—_ —{H}— )

Figure 3.16: Quantum circuit to solve the Deutsch-Josza problem.

therefore, if a measurement on the input register gives a result |x), we can conclude that f(1) =
£(0), if it leads to |¥), we have f(1) # f(0). This happens after a single query of U;. Note
that we do not know the actual value of f(1) and f(0): this is a typical quantum tradeoff that

scarifies particular information to acquire relational information.

3.6.2 Deutsch-Josza algorithm

Now our function is f : {0,1}®" — {0,1}, thatis f(x) € {0,1} but 0 < x < 2". We assume to
know that f can only have the following two mutual exclusive properties:

e or f is constant: f(x) = f(0), Vx;
e or f is balanced: f(x) = 1, for half of the possible 2" values of x, otherwise f(x) = 0.

The problem is to decide if f is balanced.

In the best case a deterministic classical computer may solve the problem with just two
queries [if f(0) # f(1) then f is indeed balanced]. However in the worst case it could hap-
pen that the first 2" /2 = 2"~ queries give the same output, then we need one more query to
answer the problem: if we have still the same result f is constant, otherwise it is balanced.

A classical randomized algorithm can indeed do better. This algorithm randomly chooses
m < 2"~ values of x, obtaining the set {x(1),...x(")}, and compare the value f(x*)) with that
of f(x1)),1 < k < m. Given a balanced f and the value f(x(1)), the probability that f(xX)) =
F(x(M) is 1/2. Therefore the probability of failure, that is the probability that f(x(1)) = f(x(*)),
Vk, is:

P U SV B
Pfail _2 2 %_27}1—1’
_—_

(m—1)-times

where we consider only m — 1values of x because the first one is used as control. We thus obtain
that after m queries, the probability of success, i.e., we find that f is balanced, is psucc(m) =
1 — pgair (m).

In figure 3.16 we can see the quantum circuit to solve the Deutsch-Josza problem. The input
states is the n + 1 qubit state |0), |1), and, after the application of the Hadamard transformations
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and the query of Hf, we have:

2"n—1 1>
U;(H®" ®H 0),|1) =U ( —| >
£ )10),[1) = Uy Z %)y 7

1 2'=1

- Ly @y (10—
= 5 L (-0, ().

Now we should apply the Hadamard transformations:

12” 12"-1

(H®" @ H) Up(H®" @ H)|0),,|1) = Z Z 1)=¥H)z) 1)
= [9),[1),
where:
2n 1
), = Y, cr(@)2) (3.9)
z=0
with
i — zx+f
> X:: (3.10)
We can focus on:
12
=5 2 (3.11)

xX=
On the one hand, if f(x) is constant, namely f(x) = f(0), Vx, we have c¢(0) = (=1)/(), and,
since [), should be normalized, i.e., Y. |c¢(z z)|? = 1, we obtain cf(z) = 0, Vz # 0. On the
other hand, if f(x) is balanced we get c¢(0) = 0, since the sum in Eq. (3.11) contains 21 times
the value “+1” and 2"~! times the value “—1” and, thus, the corresponding state |¢), does not
contain |0),,.
Summarizing, the Deutsch-Josza algorithm leads to the following evolution of the n-qubit

input register:

y2! cf(z)|z), if fisbalanced,

therefore, just after a single call of Uy, a measurement of the evolved state of the input register

|0),, if f is constant,
10} —

allows us to decide if f is constant (we obtain |0),,) or balanced (in this last case we have |x),,
x #0).

It is worth noting that: (i) there is not any known practical application of this kind of algo-
rithm; (ii) the method used to evaluate f(x) is different in the classical and in the quantum case;
(iii) the probabilistic algoritms can find the solution of the Deutsch-Josza problem with high

probability just after few (random) evaluations of f(x).

O - Exercise 3.1 Let us consider the Deutsch-Josza problem. Calculate the probabil-
ity of finding a given x # 0 in the case of balanced f.
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[xo) —{ = |x0)
input register R
: a; :
|xn71> ] - |xn71>
0) == [a-x)

Figure 3.17: The Bernstein-Vazirani problem.

3.6.3 Bernstein-Vazirani algorithm

Let a be an unknown integer number, 0 < a < 2" and consider the function:
f(x)=a-x=apxo®--- S a, 1%, 1. (3.12)

The problem is to find the unknown a given a subroutine that evaluates f(x) for an integer
0 < x < 2". Classically the only way to solve the problem is to evaluate f(2") = a,, for
m=0,1,...,n— 1, which, thus, requires n evaluations of f(x).

Figure 3.17 shows the quantum-circuit representation of the Bernstein-Vazirani problem.
The input register encodes the n-qubit state |x), = |x,_1) ® ... ® |xp) while the output register,
which is initialized to |0), after the evolution through the unitary operator l:lf associated with
the function defined in Eq. (3.12), becomes |a - x).

The quantum circuit we need to solve the present problem with just one call of Uf is the
same of the Deutsch-Josza problem (see figure 3.16). Since, now, the action of f is given in
Eq. (3.12), the coefficients of the state in Eq. (3.9) read:

rle) = & T (i = LY et
/ ; 2" x=0 a 21 x=0
1 n—1 1 n—1
=3 [T & (-0l = ST [+ (-]
k=0 x;=0,1 k=0

Form the last equality we conclude that if there exists k such that z; # ay, then c¢(z) = 0.

Therefore we have:

0 ifz#a,
cr(z) —
1 ifz=a,

that is, the evolution of the input register can be summarized as:
0),, = |a),, (3.13)

and the measurement of the evolved input register in the computational basis directly gives the
unknown value of a.
A further investigation of the quantum circuit implementing Hf may explain the mechanism

underling the Bernstein-Josza algorithm. In particular, in figure 3.18 we illustrate the quantum
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Figure 3.18: The quantum circuit to implement the Bernstein-Vazirani problem for a = 1101: if g = 1

then the bit k-th bit acts as control for the NOT operation on to the output register (lowest wire).

0) A HA o)
0) —{r Y A o)

0) —+—ap=1—p —— lao)
|0) —‘hﬂl =0 l |a1)
0) f‘az =1 S l |a2)
0) —a3 =1 Hr— |as)
1) L 77777777 J 1)

Figure 3.19: (Top) Quantum solution of the Bernstein-Vazirani problem. (Bottom) The equivalent quan-

tum circuit to solve the problem for a4 = 1101: we used the identity Cj; = H;HCy, HyHy.

circuit, based on CNOT gates, used to calculate f(x) = a - x in the case of n = 4. It is clear that
the value y of the output register is flipped only if a; and x; are both equal to 1, since the CNOT
taking |xx) as control bit is present in the circuit only if ay = 1. As depicted in figure 3.19 (top),
the solution of the problem consists in the application of the Hadamard transformation before
and after the unitary Uy. But since C = Hj,H;Cy,H, H (see exercise 1.7 and section 3.5), the re-
sulting circuit is equivalent to the one depicted in figure 3.19 (bottom): it is now straightforward
to see that by taking |0), and |1) as initial states of the input and output registers, respectively,
one has [0),, — |a),
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) W)z) | T w)lz)
10)10)10) | 10)/0)0)
0)10)11) | 10)]0)1)
0)[1)10) | 10)]1)0)
0)[1)11) | 10)]1)11)
11)0)j0) | 11)]0)]0)
0)11) | [1)]0)11)
L) | 11)1))
I | 1)]1)0)

Table 3.1: The action of the Toffoli gate.

|x) —— |%)
y) —— Iv)
2) —&— lz0xy)

Figure 3.20: Quantum circuit for the Toffoli gate.

3.7 Classical logic with quantum computers

3.7.1 The Toffoli gate

Any arithmetical operation can be built up on a reversible classical computer out of three-bit
controlled-controlled-not (ccNOT) gates called Toffoli gates. The Toffoli gate, represented by

the unitary operator T, acts on a 3-bit state as follows:

TX)[y)z) = %)y} |z © xy),

where xy corresponds to the arithmetical product between the values x and y. The action of
the Toffoli gate onto the the computational basis is summarized in table 3.1. As one can see,
T leaves unchanged the third bit, unless the state of the control bits are in the state |1)|1), in
this case the value of the target bit is flipped (see the last two lines of the table). Of course T is
reversible and its action on the computational basis is a permutation. The quantum circuit for
Toffoli gate is shown in figure 3.20.

As we mentioned in chapter 1, all the logical and, thus, arithmetical operations can be built
up out of AND and NOT. By using the Toffoli gate one can calculate the logical AND of two
bits, which corresponds to the product of their values, and the NOT, namely:

AND = T|x)[y)[0) = [¥)|y)[xy) = |0)|y)[x Ay),
NOT = T[1)[1)|z) = [D]y)[z0 1) = [1)[1)[2),
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%) |x)

ly) = Jj D—e— |y)
2 {a—a] @Lkz@xw

Figure 3.21: Quantum circuit acting as a controlled-controlled-U? gate based on CNOT and controlled-U

gates. If we choose U = /8y (the square root of NOT) we can reproduce the effect of the Toffoli gate..

respectively. We demonstrated the universality of the Toffoli gate. Furthermore, we have:

XOR = T[Dy)|z) = [1)|y)[z D y),
NAND — Tlx)[y)|1) = |x)|y)[x Ay),

We can conclude that it is possible to do any computation reversibly.

We have seen the importance of the Toffoli gate. However, this gate cannot be realized by
means of one- or two-bit classical gates. Fortunately, there exist quantum gates! In figure 3.21
is depicted a quantum circuit that acts as a controlled-controlled-U? gate, where U is a unitary
operator (UU' = U'U = 1), that involves only CNOT and controlled-U gates. The reader can
easily verify that the circuit applies the U operator to the state |z) of the output register only if
the two-bit input register is |x)|y) = |1)|1), namely:

)W) = T le [a5 (00| x)|y)2).

If we now introduce the unitary operator:

- 1 1 i

U=+Voy— . square root of NOT
T ( i 1 ) (5q )

such that U? = \/6x\/6x = 0y, then the ccNOT can be obtained with the quantum circuit of

figure 3.21. Note that /0, does not exist as a classical gate, but it exists as quantum gate, since:

- B, -2

3.7.2 The Fredkin gate

The Fredkin gate is another three-bit gate which can be used to build a universal set of gates.
This gate has one control bit and two targets: when the control bit is 1 the targets are swapped,
otherwise they are left unchanged. The action of the Fredkin gate, represented by the unitary
operator F, is summarized in table 3.2, whereas we show the corresponding quantum circuit in
figure 3.22.
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) [)1z) | Fl)ly)lz)
0)0)10) | 10)[0)[0)
0)0)11) | [0)]0)[1)
0)1)j0) | [0)[1)[0)
0)1)11) | [0)[1)[1)
1)[0)j0) | [1)[0)[0)
o)1) | [1)[1)[0)
L) | [1)]0)[1)
I |

Table 3.2: The action of the Fredkin gate.

|x) —o— |x)
ly) —x— [xy ®xz)
|z) —*%— [xz @ xy)

Figure 3.22: Quantum circuit for the Fredkin gate.
By suitably setting the input bits it is possible to implement any logical operation. For in-
stance we have:

AND — F|x)|y)[0) = [x)[x Ay)|x Ay),
NOT — F|x)[0)[1) = [x)[x)[x),

therefore the Fredkin gate is universal. Note that in the last case we implemented both the
COPY and the NOT operations at the same time.
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Chapter

The Quantum Fourier Transform

and the factoring agorithm

N THIS CHAPTER we introduce the Quantum Fourier Transform (QFT) which is a key ingre-
dient of many quantum protocols. We apply the QFT to the phase estimation problem and
we address the factoring algorithm.

4.1 Discrete Fourier transform and QFT

The discrete Fourier transform maps a vector (x1,...,xy) of N complex numbers into a new

vector (y1,...,yn), where:
1 g hk
=—=) exp|2mi — | x.
Yn N k:Zl P ( N ) k
In a similar way we can define the QFT. Given the n-qubit state |x), = ®"_} |[xn) =

|xn—1)|%n—2) ... |x0), where x is an integer number, 0 < x < 2", and x,_1X,_2...xg is its bi-

nary representation, namely, x = Y'_ xk 2k, with x; € {0,1}, we have:

. 1 23!
Folx), = T X:O exp <2m —) 1Y), (4.1)
y=

Since |y), = @4 |ym) and y = Y"1 ym 2™, we can write (4.1) as:

PQ|X

Z Z ® exp (Zm T m) [Ym) (4.2)

zn/z Yn-1=0 =0m=0
1 n—1 Cx
= 572 @ 10 +exp (2mi g ) )] = ,?90 ), 43)

45
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[x0) —{ T o)
x1) — 1)
; Fo ;
[Xn—2) = [ [¥n-2)
[Xn-1) —___— [¥n-1)

Figure 4.1: Quantum Fourier transform: the input n-qubit state |x), = ®Z;& |x%) is transformed into the

output n-qubit state ®Z;& |t). See text for details.

where we defined:
¥m) = 5 [|o> +exp (27 5 ) )] -

In Fig. 4.1 we show the action of the QFT on the state |x),,.
In order to find the quantum circuit implementing the QFT, instead of the transformation
(4.3) it is better to consider the following one (for the sake of simplicity we use the same symbol

Fy for both the operations):

Folx), = zm ® [|o ) + exp (Zm )|1>} = é)lhpnm), (4.4)

The subtle difference between (4.3) and (4.4) is that the overall action of the first one can be

summarized as:
lxo) = [to),

lx1) = |g1),

|Xn-1) = [Pn-1),

while in the second case we have:

|x0) = [Yu-1),
lx1) = [Yn-2),

[¥n-1) = |%o),

or, in a more compact form:

) = [$nmr) = 7 [10) +exp (27 5 ) )]

Note that we can also write:

x n—l . x2k
exp (Zm 2m+1) = k]})exp <2m it |
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where we used x =}/ kak By introducing the function:
4 .
exp (2711 W) if0<k<m,
Fu(z k) =4 (<1) itk = m
1 ifm<k<mn,

with z € {0,1}, we have:

|2tm) — 7 10) +Hfm Xk k >]
1 m
%\ﬁ |0>+H)fm(xk,k)|1>].

If we now define the operator Rj,(z), such that:

Ri()[0) = [0), and  Ry()[1) = exp (27 3 ) 1),

which corresponds to the 2 x 2 matrix:

we can write (for m > 0):

75 10+ TLAC08) 1| = Ro) R0 . Ra) DI
Hixn)

where H is the Hadamard transformation (see Section 1.4.4). In summary:
e if m=0:|xo) — Hlxp);
e if0 <m < n|xy) — szc)l Rkt (xx) H|xp)-

As a matter of fact, R,(0) = 1, thus we can see Rj(x;) as a controlled gate, which applies a
phase shift to the corresponding qubit only if the control qubit |x) assumes the value x; = 1.
Therefore, the corresponding quantum circuit involves single-qubit gates (Hadamard transfor-
mations) and two-qubit gates [controlled R;, = Rj,(1)], as depicted in Fig. 4.2.

In order to reverse the order of the outputs, one should apply at most n/2 SWAP gates
(recall that three CNOT gates are needed to implement a single SWAP). Besides the SWAPs, the
total number of gates involved in Fig. 42isn+ (n —1) +---+1 = n(n+1)/2 ~ n?. Note

that the classical Fast Fourier Transform algorithm needs ~ 12" gates (since it ignores trivial
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|x0)

|x1)

=
=»

n—2 [

X0 2) @,g holl o ————————— |P1)
o) THR] - R R - m

Figure 4.2: Quantum circuit implementing the QFT (we do not implement the final SWAP gates).

operations such as the multiplication by 1), while the direct calculation of the discrete Fourier
transform requires ~ 22" gates! However, there are two main issues we should point out: (i)
the final amplitudes cannot be accessed directly; (ii) there is not an efficient preparation of the
initial state. Finding applications of the QFT is more subtle than one might hope. ..

4.2 The phase estimation protocol

The phase estimation procedure is a key ingredient for many quantum algorithms. Suppose that

U is an unitary operator and |u) is one of its eigenvectors, such that:
Ulu) = exp (27ig) |u), (4.5)

where ¢ € [0,1) is unknown. The binary representation of ¢ is given by 0.¢1¢2¢3 ..., where
¢r € {0,1}, and ¢ = Y, ¢ 27K, Since ¢ is an overall phase, we cannot directly retrieve it.
However, if we have “black boxes” (the oracles) capable of preparing |1) and of performing the
controlled-U12"* operations, namely lel,%nik, which use the k-th qubit as control, we can succeed
in the estimation of ¢. Note that since we cannot access U (for this reason it is represented as a
“black box”), the phase estimation procedure is not a complete algorithm in its own right.

At first, we assume that ¢ can be exactly specified with n bits: in this case the estimation
procedure allows us to obtain the actual value ¢. The protocol uses two registers: the first one
contains n qubits prepared in the initial state |0),; the second one contains many qubit as is
necessary to store |u) (without loss of generality we assume that only one qubit is needed). The
first step of the procedure applies n Hadamard transformations to |0),,, generating a balanced
superposition of all the states |x),, 0 < x < 2". Then we apply controlled-U?" to |u) with
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|01>@ e

¥ (@),

Lo

Figure 4.3: Quantum circuit representing the first step of the phase estimation procedure. The expression
of the state [¥(¢)),, is given in Eq (4.6).

control qubit corresponding to the k-th qubit of the first register (see Fig. 4.3).
Since cﬁ%nik |xk) |u) = exp <2m¢ Xk 2””‘) |x¢)|u), we have (we write only the evolution of
the k-th qubit of the first register and the second register):
1
V2

Therefore, after the first step of the procedure, the first register evolves as follows (since the

on—k

U (H @ 1)[0g) ) = — [10) +exp (272" (1) | ) = i) ).

second register is left unchanged, we do not write it explicitly):

10}y = [$n)[$n1) .. [th1) = [T),,.
As in the case of Eq. (4.3), we can write:

2n—1

1 )
¥ (@) = 5072 ;0 exp (27ti ¢x) |x),,. (4.6)
Now we apply the inverse of the QFT to [¥(¢)),,:
. 1 21 o2l ux
FS[¥(9)), = 7 o exp (2711 ¢x) Z}) exp (—Zm g—n) 1), (4.7)
x= y=
1 2'=12"-1 ' _on
= o Y exp [—ZmX(yZn@} ), (4.8)
y=0 x=0
2” 50,]/*2;1#7
= |2n4)>n = ‘q)>n (4.9)

where in Eq. (4.8) we defined the integer number ¢ as:

n n—1
2% =2"Y 027" =Y ¢, 42" = ¢, (4.10)
k=0

m=1
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01) —{H] — |1 =0)
02) —{H] FL g2 = 0)

03) —[H]—o — |3 =1)
) )

Figure 4.4: Phase estimation with the T or § gate. See text for details.

and we recall that both y and ¢ are integers less then 2" [otherwise we don’t have the Kronecker

delta, see Eq. (4.11) below]. Finally, since:

[®)y = @) Pn-1) - - |p1),

we can retrieve the value of each bit ¢, by measuring the corresponding qubit in the computa-

tional basis.

U - Example 4.1 It this example we consider the T gate defined in Eq. (3.2). It is straightforward
to verify that T|1) = 2™ |1) with ¢ = 1/8 or, in binary notation, ¢ = 0.1 @23 = 0.001 (where the
subscript 2 refers to the chosen basis). The quantum circuit to implement the phase estimation is drawn
in figure 4.4. The state of the input register after the inverse of the QFT reads (the proof is left to the

reader):
1 7.7 oy =23
FQ|‘F = Y. Y exp —2omix? > ly)5-

y=0 x=0

23(50,]/_234)
Since 2¢ =1 = 0013, we obtain E5|'¥) = |2°¢), = [01)|02)[15).
If the actual value of the phase, say ¢*, cannot be exactly written with an n-bit expression,

then the estimation does not give its actual value, but just an approximation. In fact, in this case

2"¢* is not an integer and Eq. (4.8) becomes:

2211 1 —exp [-27i (y — 2"¢*)]
FQ‘T( ) = 2” 1 —exp [—2mi (y — 2"¢p*)27"] Y}

21
= L f@un)ly), (4.11)
y=0
that is a superposition of all the possible outcomes |v),,, each with probability:

|2 _ 1 1—cos 27 (y —2"¢*)]
221 1 — cos 27 (y — 2"¢p*)27"]"

= |fy(¢* (4.12)
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4-bit approximation (exact) 3-bit approximation 2-bit approximation
py) py) py)
1.0 ¢ =0.6875 - 1.0 1.0
0.8 0.8 ¢ =075 0.8 ¢=075 .
0.6 0.6 ¢ = 0625 0.6
0.4 0.4 o 0.4
0.2 0.2 0.2
. . s ? ? (]
0 2 4 6 8 10 12 14 7 0 1 2 3 4 5 6 77 0 1 2 3V

Figure 4.5: Plot of p(y) given in Eq. (4.12) for the estimation of the phase ¢* = 0.6875, that has the exact
binary expansion 0.1011,. We used a different number 7 of qubits for the input register, from left to right:
n=4,3and 2.

3—bit approximation 4-bit approximation 8-bit approximation

py) py) py)

1.0 1.0 1.0

. =0.187 =0.199219 -

0.8 0.8 ¢ = 0.1875 0.8 ¢ = 0199219

0.6 . ¢=025 0.6 0.6

0.4 0.4 0.4

02f 0.2 0.2

0o 1 2 3 4 5 6 7Y 0 2 4 6 8 10 12 12 Y 16 47 48 49 50 51 52 53 54 557

Figure 4.6: Plot of p(y) given in Eq. (4.12) for the estimation of the phase ¢* = 0.2, that does not have
and exact binary expansion (0.00110011. . .,), using an increasing number 1 of qubits for the input register,

from left to right n = 2,4 and 8.

The reader can check that p(y) > 0 and 251:61 p(y) = 1. In the figures 4.5 and 4.6 we plot the
outcome probability p(y) for two values of the unknown phase and a different number n of
qubits of the input register.

Among the possible outcomes of the measurement there will be a particular integer ¢(*),
0 < ¢®) < 2", such that ¢(t) = 27791, is the best n-bit approximation of the actual value ¢*.
One of the interesting features of the phase-estimation procedure we described, is that, given
a positive integer ¢ representing the tolerance to error, the probability to obtain as outcome of
the measurement an integer ¢ corresponding to the phase ¢ = 27" ¢, such that |¢ — p®] > t,
decreases as t increases. It is possible to show that this probability is given by:

p(’(p—(p(b)‘ >t) < 2(t1—1)

and, thus, the probability to get an estimation of ¢ within the tolerance ¢, the is the success

probability, reads:

p(lo=—o"| <t)>1- 57

Furthermore, the higher is the number of qubits 7, the better is the approximation. For instance,



52 Chapter 4: The Quantum Fourier Transform and the factoring agorithm

suppose we want to approximate ¢ to an accuracy 277, 0 < g < n, namely:
’qy — ¢(b)‘ <27,
or, equivalently, multiplying both sides by 2":
oo | <t =211,

(note that 2”79 — 1 corresponds to the maximum integer which can be encoded using only n — gq
bits). If we require p(|¢ — ¢(¥)| < t) =1 —¢, for a given ¢ > 0, then the number 7 of required
qubits for the first register should be at least:

n=gq+ [log2 (2 + 218)—‘ , (4.13)

where [z] is the ceiling function, which represents the smallest integer not less than z € R.

4.3 The factoring algorithm (Shor algorithm)

The aim of a factoring algorithm is to find the nontrivial factors of an integer N. In this section
we show that the factoring problem turns out to be equivalent to the so-called order-finding
problem we just studied, in the sense that a fast algorithm for order finding can easily be turned
into a fast algorithm for factoring. The algorithm is essentially based on two theorems and it is

useful to recall the following concepts. Given three integer numbers a, b and N, we have that:
a="b(modN) = 3q € Zsuchthata —b=gN.

Suppose, now, to have two integers, x and N, x < N, with no common factors. The order of x

modulo N is defined to be the least positive integer r such than x"(mod N) = 1.

0 - Example 4.2 Given x = 5 and N = 21, we have:

5(mod21) =5,  5%*(mod21) = 16,
52(mod?21) =4, 5°(mod21) =17,
53(mod 21) =20, 5°(mod21) = 1.

Therefore the order of 5 modulo 21 is r = 6.

0 - Example 4.3 Given x = 3 and N = 10, we have:

3(mod10) =3, 33%(mod10) =7,
32(mod 10) =9, 3*(mod 10) = 1.

Therefore the order of 3 modulo 10 is v = 4.
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U - Exercise 4.1 Prove that given the integers x, y and N, one has:

[x(mod N)] [y(mod N)] = [xy(mod N)] . (4.14)

Note that if 7 is the order of x modulo N, then x("+5)(mod N) = x*(mod N), with 0 < s < 7.

We can now state the two theorems that are at the basis of the factoring algorithm:

Theorem 4.1 Suppose N is an L-bit composite number, and x is a non-trivial solution to the equation
x? = 1(mod N) in the range 1 < x < N, that is, x # £1(mod N). Then at least one of gcd(x — 1, N)
and ged(x + 1, N) is a non-trivial factor of N that can be computed using O(L3) operations.

Note that if x € [1, N], then we have:
x#1(modN)=x#1, and x# —1(modN)=x#N—-1.

The problem is thus reduced to find a non-trivial solution x to x> = 1(mod N). This second

theorem can help us.

Theorem 4.2 Suppose N = py' ... py" is the prime factorization of an odd composite positive integer.
Let y be an integer chosen uniformly at random, subject to the requirements that 1 <y < N — 1 and
y is co-prime to N, namely gcd(y, N) = 1. Let r be the order of y modulo N, that is the least positive
integer such that y" (mod N) = 1. Then the probability that r is even and y'/? # —1(mod N) satisfies:

1
p(revenandy/? # —1(mod N)) > 1 — TR (4.15)
Therefore, the factorizing problem is equivalent to find the order r of random number y modulo
N [note thatif y = 1, its orderisr = 1, being 1"(mod N) = 1, Vr > 0]: if riseven and x = yr/z is
not a trivial solution of x> = 1(mod N, and this is quite likely according to Theorem 4.2, then
we can apply Theorem 4.1, that is, one of gcd(x — 1, N) and ged(x + 1, N) is a non-trivial factor

of N.

4.3.1 Order-finding protocol

To find the order of x(mod N) is a hard problem on a classical computer, since there is not an
algorithm to solve this problem using resources polynomial in O(L), where L = [log, N is
the number of bits needed to specify N. In the following we investigate the performance of a
quantum algorithm.

We start from a unitary operator Uy such that:

Uyly), = |xy(mod N)),,
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(@) W) [xy(mod N))

(b) ly); x(mod N) — [xy(mod N)),

Figure 4.7: (a) Quantum circuit representing the action of the U, gate acting on the input state |y) L of L

qubits. (b) For the sake of simplicity we can substitute to the symbol Uy the expression x(mod N).

where 0 < y < 2F. In Fig. 4.7 we report the quantum circuits representing the action of Uy. Let

us now consider the state:
AN
|us(x, 1) Z exp (—Zm r> ‘x (modN)>L

with 0 < s < r integer and r is the (unknown!) order of x modulo N, namely, " (mod N) = 1
Note that | (u¢(x,7)|us(x, 7)) = 6. We have:

Uy |us(x,7) Z exp( 27i — ks ) ‘ 1 (mod N)>L (4.16)
which can be rewritten as:

Uy |us(x,7) 2 exp { 27i (k= 1)5] ‘xk(modN)>L (4.17)

.S 1 r . ks k
=exp (27'[1 ;) —rk;exp (—27‘[1 r) ’x (mod N)>L (4.18)

sy 1 ks | g
= exp (Zm ;) —rk:oexp (—Zm r> ’x (mod N)>L (4.19)

|us(x,7)) 1

= exp (27‘(1 ) lus(x,7)); = exp [2mi¢ps(r)] |us(x, 7)) (4.20)
wherev and to pass from Eq. (4.18) to Eq. (4.19) we used |x"(mod N)) ‘x (modN)), =1

and introduced ¢s(r) = s/r. It follows that |us(x,7)); is an elgenstate of U, with eigenvalue
exp (271i2). Therefore, we can estimate the ratio ¢s(r) = s/r applying the phase-estimation pro-
cedure described in section 4.2. The quantum circuit implementing the order-finding procedure
is sketched in Fig. 4.8.

Indeed, we should be able to implement the controlled-UI?* gates, and this is fine. The issue

could be the preparation of the eigenstate |us(x,7));. However we note that:

7; us(x,7) _ 17 Z Zexp( 27 — ) ‘xk(modN)>L = [1),. (4.21)

r 5](,0
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0), —/— H®n @ E):

1), x*(mod N)

Figure 4.8: Quantum circuit implementing the order-finding procedure. After the Hadamard transforma-

tions the first register is 27"*/2 Z?:Bl |z),,-

Therefore, if we prepare the state |1); = |1(mod N));, we are also preparing a balanced su-
perposition of all the r states |us(x,7));, 0 < s < r, each with probability 1/r. Let 1 — ¢ be
the success probability for the estimation of s/r for a given |us(x,r)), then the overall success
probability (we do not know the actual value of s since we have a superposition) is (1 —¢) /7.
Now we investigate how to implement a quantum circuit for the order-finding procedure.
As for the usual phase-estimation protocol, we start from the input state |0),,|1); and apply H*"
to the first register, that is to |0),, obtaining the balanced superposition of all the integers from

0Oto2" —1:
1 21

/2 Y 12,0
z=0

We can calculate the action of the controlled U%k, k=0,...,n—1, on |1);, where, for a given

|z), = |zn-1) ---|20), 2 = ZZ;[l) z;,2", the control qubit is |z;). In general we can write:

AT 2n71 ~ 20
2 aly)y — |2), 0 Uy,
|Z>n xz,,,12"’]+...+2020y(m0d N)>L

12)u|x*y(mod N)) ;.

Therefore, after the Controlled-U,%k we have the final state (before the inverse of QFT):

1 2n -1
2n/2 Z |Z>n|xz(mOdN)>L' (4.22)
z=0

Since |x*(mod N)); = U%|1); and |1); can be written as a balanced superposition of |us(x, 7)),
as show in Eq. (4.21), we can rewrite the state (4.22) as follows:

1 r—1

7 ;) ¥ (s (1)]) |14 (x,7)) 1, (4.23)

where :
21

¥ = gz L P Rrizgs()] [2)

that has the same form as in Eq. (4.6). If we now suppose to measure (implicit measurement) the

output register and to find as outcome the state |u;(x,r)); (with probability 1/r), then the input
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register is left in the state [¥[¢s(r)]),. It is now clear that ﬁ(5|T[¢s(r)])n leads to an estimation
of ¢s(r) as shown in the next section.

We have seen how the order-finding problem is reduced to a phase estimation process,
where the unknown phase to be estimated is ¢s(r) = s/r. Of course, at the end of the pro-
tocol we obtain an estimated value ¢ of ¢s(r), where both s and r are unknown, thus we should

find a way to retrieve this information starting from ¢. This will be shown in section 4.3.2.

4.3.2 Continued-fraction algorithm

First of all we recall that the continued-fraction algorithm describes a positive real number z in

terms of positive integers [ag, a1, . .., ap], where ay > 0 and a; > 0, k > 0, namely:

1
z — [ag,aq,...,apm] =apt ———g (4.24)

a1 + 1

e+ —
am

The m-th convergent to the continued fraction [ag, a1, ..., ap] is [ag, ..., am], with 0 < m < M.
Furthermore, if z = S/R, where S and R are L — bit integers, then the algorithm requires O(Lg)

operations.
O - Example 44 z =293 — [2,1,13,3,2].
U - Example 4.5 Decomposition of a fraction as a continued fraction.

z= % =2.384615 — [2,2,1,1,2].
In order to find the fraction s/r corresponding to the estimated phase ¢ of ¢s(r), we can use

the following theorem:

Theorem 4.3 If
s 1
-9 < 4.25
‘r (P‘ = 272 (4.25)
then s/r is a convergent of the continued fraction for ¢ and can be computed with O(L3) operations

using the continued-fraction algorithm.

In order to apply the Theorem 4.3 we should satisfy the condition in Eq. (4.25); in our case
N is an L-bit integer, r < N < 2L and we, thus, have:
1 1
Therefore, if we use n = 2L + 1 bits for the register involved in the estimation of ¢ (r), on the

one hand the accuracy in the estimation of the best ¢(?) is 2~ 2L+1) that is:

09| < e
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and, on the other hand, Inegs. (4.26) allow us to write:

o — g < 217 (4.27)

and, thus, we can apply the Theorem 4.3 finding the two integers s and r such that:

In particular we obtained the order r and we can check whether x"(mod N) = 1.

4.3.3 The factoring algorithm
We can now summarize the procedure to factor an integer N:
1. If N is even, return the factor 2.

2. Determine whether N = 4 for integers a > 1 and b > 2, and if so return the factor a (this

can be done with a classical algorithm).

3. Randomly choose an integer y € [1,N —1]. If ged(y, N) > 1 then return the factor
ged(y, N).

4. If gcd(y, N) = 1, use the order-finding subroutine to find the order r of y modulo N (here

quantum mechanics help us).

5. If ris even and x = y'/2 # —1(mod N), then compute ged(x — 1, N) and ged(x + 1, N),
and test to see if one of these is a non-trivial factor N, returning that factor if so (see

Theorem 4.1). Otherwise, the algorithm fails.

4.3.4 Example: factorization of the number 15

The smallest integer number wich is not even or a power of some smaller integer is the number
N = 15, thus we can apply the order-finding protocol in order to factorize it.

Since N = 15, we have L = [log, 15| = 4. Therefore, if we require a success probability of
at least 1 — ¢ = 3/4, corresponding to an error probability of at most ¢ = 1/4, the number of

qubits needed for the first register is:

n=2L+1+ [log2 (2—1—21‘6)—‘ =11,

where the term 2L + 1 is needed to apply the continued-fraction algorithm (see section 4.3.2).

We proceeds as follows.

1. We generate the random number y € [1, N — 1] = [1, 14], for instance, we gety = 7.
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2. We use the order-finding protocol to find the order r of y(mod N). The initial state is
|0)11/1), and after the application of the Hadamard transformations and the controlled-
a2 gates (but before the inverse of the QFT, see Fig. 4.8), we obtain the state:

1 2047

5048 Y [2)11]y*(mod N)),
z=0
which explicitly writes:
1
V2048 (|0>11|l>4 + 1 D1117) 4+ 12)11[4) 4 +13)11/13)4

+ 412 1) 4 + 5012174 + 1)1 14)4 + [7)1213)y + ... )

or, in a more compact form:

1

-
Q1
S

(4K} 11 [1) g+ |1+ 4k)11[7) 4 + |2 4 4k) 11 |4), + [3 + 4K)1113),),

N =

512

»
Il

0

where we put in evidence four contributions. Now we should apply 155 to the first regis-
ter. However, since the second register does not undergo further transformations, we can
assume that it is measured before the application of the inverse of the QFT: this does not
affect the success of the protocol but simplifies the theoretical calculations. The measure-
ment outcome will be one of the four possible states |1),, |7),, |4), or |13), with probability
1/4. Suppose we get |4),, thus the first register is left into the state (similar results follows

from the other outcomes):

511

= — 2+ 4k)qy.
/—5121(_;)| 1

After the inverse of the QFT the previous state of the first register is transformed into the

[¥¢s ()11

superposition:

" 1 511 1 2047 2 4 4k
F5|¥ (s (r = exp | —2miz z

2047

= Z cz|z)19
z=0

_ 1013 — 1512)4; +[1024), — [1536);
5 :

where we introduced:

1 2+ 4k ez nz\ sin(7z)
= — -2 1 = - _—,
“ L oxp < "% 2048 ) 1053 (512) &im (%)
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which is non null only if z is an integer multiple of 512, namely, z = 0,512,1024, 1536.
Therefore we have:

4 |0)1; — |512)4; + [1024); — |1536)

FS I [ps(r)]yy = PP 2 =

The measurement on the first register gives with probability 1/4 one of the four states
and let’s suppose that we obtain [1536),; (similar results are obtained for |512),;). Since
211 = 2048, our outcome leads to the continued-fraction expansion 1536,/2048 = 3/4 and,
therefore, the order of y = 7 modulo N = 15is v = 4 (the denominator of the fraction),

which is even!

3. Since the order r is even and y'/2 = 72 = 49 # 14 = —1(mod 15), x = y'/? is a solution of
x?> = 1(mod N) and we can apply the Theorem 4.1 obtaining:
ged(x —1,N) = ged(48,15) = 3,
ged(x +1,N) = ged(50,15) = 5.

Finally: 15 = 3 x 5.

In the other two cases, namely, [0);; and [1024),;, the algorithm fails. In fact, if |0);
it is not possible to retrieve the information about r. In the case of [1024);; we have the
continued-fraction expansion 1024/2048 = 1/2, therefore r = 2, that is even, x = y’/ 2 -7
but 72(mod 15) = 4 # 1 and the algorithm fails.
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Chapter

The quantum search algorithm

N THIS CHAPTER we address the quantum solution to the search problem. In particular we
focus on the search through a search space of N = 2" elements, where each element is
identified by an integer index x € QO = {0,1,...,N — 1} and, thus, by the state |x),, and we
assume that the search has M solutions. We can represent the instance of the search problem by
means of a function f : {0,1,...,N — 1} — {0,1} such that:

f(x) =0 = xisnot a solution,
f(x) =1= xis asolution.

Indeed, we also need an oracle able to recognize the solutions to the search problem. As usual,

we assume that the oracle acts as follows:

2),10) S x)lg @ £(x)),

where O is the quantum operator associated with the oracle and |q) is the oracle qubit, g €
{0,1}. Note that |g) — |7) only if f(x) = 1, namely, only if x is a solution. Due to the linearity,
we also have:
0)—11) o 0@ f(x)— 16 f(x 0) — 1
|x>n| > | > _>|x>n| f( )> | f( )> E(_l)f(x)|x>n‘ > | >
V2 V2 V2

Since the state of the oracle qubit is left unchanged, we can focus only on the |x). We have:

|x),, o, |x),, if x is not a solution,

|x),, ©, —|x),, if x is a solution,
that is, the oracle marks a solution x to the problem by shifting the phase of the corresponding
qubit state |x). It is worth noting that the oracle does not know the solution: it is just able to

recognize a solution.

61
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5.1 Quantum search: the Grover operator

We start our search procedure with the n qubits prepared in the state |0), and, then, we apply

n Hadamard transformations in order to generate a superposition of all the possible states:
N 21
n
H™"|0), = = /2 Z |x)

Now we apply the so-called Grover iteration or Grover operator G which consists in the following
steps:

apply the oracle (this needs also the additional oracle qubit that we do not consider ex-
plicitly): [x),, & (~1)/)|x),,;
* apply H®";

e apply the conditional shift [x), — (—1)'%0|x), , i.e., all the states but |0),, which is left

unchanged, undergo a phase shift;
* apply H®".

Note that the conditional phase shift can be described by the unitary operator 2|0), (0| — 1.
Furthermore, we have:
H®"(2|0),,(0] = D)H™" = 2[y), (9| —

therefore, the Grover operator can be written as:
= (@)l -D)e1] 0.
In the following we see that by applying G a certain number of times, one obtains a solution to

the search problem with high probability.

5.1.1 Geometric interpretation of the Grover operator

By definition, the state |), is a superposition of all the possible states |x),, x € (). However,
we can introduce the two sets A and B, AUB = Q) and AN B = &, such that:

if x € A then f(x) = 0 = x is not a solution,

if x € Bthen f(x) =1 = x is a solution.

Therefore we can define the two orthogonal sates:

|‘X>n \/7}(; |x and |:B>n = mx;; ‘x>n’
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initial state after the oracle after the operator
20y, |1

[3

n

\
V)
| In

|a“‘l7

Figure 5.1: Geometric representation of the action of the Grover operator onto the state |1),, (gray vector):
(left) initial state; (center) after the oracle call the initial state is reflected across the direction of the |a),,;
(right) after the application of the operator 2|y}, (| — I the final state is nearer to the vector of solution
|B),,- The overall effect of a single application of the Grover operator is a counterclockwise rotation of

amount § applied to the initial state |¢),,.

where |«), represents the superposition of all the states |x), which are not solutions, while |B),,

is the superposition of all the states |x), which are solutions to the search problem. Of course

00 = M, + M ),

Since we reduced our N-dimensional system to a two-dimensional one, we can also introduce

we have:

the following parameterization:

0 . 0
[9), = cos 5 [a), +sin - |B),,

with:

N-M .0 M

0S5 =\ Ty and sin 5=\VN
We can represent the states |«),,, |B), and |i), in a two-dimensional (real) space, as shown in
the left panel of figure 5.1. This allows us to obtain a geometrical interpretation of the action of
the Grover algorithm. After the query to the oracle we have |8), — —|B),,, therefore, the state
|p),, is reflected across the direction of the vector associated with |«),, (figure 5.1, center panel).
Now we should apply 2|¢), (| — I, which corresponds to a reflection across the direction of
the vector associated with |¢p), (right panel of figure 5.1). Overall, the action of G on |y), after
a single iteration can be summarized as follows (recall that we are not explicitly considering the

oracle qubit, which is indeed necessary to apply O):

— cos? in 18y S lpM) = cosd in 29
[}, = cos 5 |w),, +sin 2 [B), = |9)) = cos == |a), +sin - |B),,

thus, from the geometrical point of view, the action of the Grover operator onto a state is a
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counterclockwise rotation of an amount 6, described by the matrix:

G < cosf —sinf > (5.1)

sinf  cos@

After k iterations we find:

),

lp(k)>n = cos (Zk;l 9) |a),, + sin (Zk;_l 9) 1B) -

It is worth noting that 0 is a function of both N, the total number of states, and of the number of

solutions M.

O - Exercise 5.1 By using the geometrical representation, prove that 2|), (| — 1
corresponds to a reflection across the direction of the vector associated with |1p),,.

5.2 Number of iterations and error probability

As a matter of fact, we have a best number R of Grover iterations, which bring the initial state
|Y),, as nearer as possible to the state |B),: further iterations would drive the state away form
|B),- Thanks to the geometrical interpretation (see again the left panel of figure 5.1) we find
that in order to obtain exactly |B), we should rotate |¢), by an amount ¢ = arccos/M/N.
Therefore the number of needed iterations is:

R —CI (arccong/N) ’

where CI(z) corresponds to the closest integer to the real number z. After this number of it-
erations, one measures the final state in the computational basis and obtains a solution to the
search problem with a high probability.

In particular, if M < N, we have that the angular error in the final state will be at most
0/2 ~ +/M/N, and the probability of error is thus given by:
o M

sin—-| ~ — 1.
> <

Perr = N

Furthermore, since:
arccos v M/N T
= PV T < | =
R=d < 0 ) - [29-‘ !

assuming M < N/2 we find 6/2 > sin(6/2) = /M/N and we have the following bound on

the best number of iterations, i.e.:

R= (5= 5]
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M

0 N2 N

Figure 5.2: Plot of the rh.s. of Eq. (5.2) .

thatis R ~ O(v/N/M), while a classical algorithm would solve the search problem with O(N)
steps. It is worth noting that since:

2/M(N — M)

ing — ,
s N

(5.2)

on the one hand if M < N/2, then 6 grows with the number of solutions M, thus requiring less
iterations; on the other hand, if N/2 < M < N, then 6 decreases as M increases, namely, more
iterations are required (see figure 5.2). This is a silly property of the quantum search algorithm,
which can be solved by increasing the total number of state from N = 2" to 2N = 2"*1, that is,

we just add one qubit.

5.3 Quantum counting

Up to now we addressed the search problem assuming that the number of solutions, and, thus,
6, was known. In general this is not the case. Nevertheless, it is possible to estimate both 6 and
M, and this allows us to find a solution quickly and also to decide whether or not a solution
even exists!

In section 5.1.1 we have seen that in the space spanned by |«), and |8),, G behaves as a
rotation described by the 2 x 2 matrix of Eq. (5.1). Itis straightforward to see that e’ and e!(27—?)
are the eigenvalues of G, therefore we can apply the phase estimation protocol described in
section 4.2 in order to estimate § and M. For ease the analysis, we double N by adding a qubit
in order to be assured that the number of solution M is less then the half of the possible states,
that is 2N. Now, we have sin?(0/2) = M/(2N).

Following section 4.2, if we want an accuracy to m bits, namely, |Af| < 2™, with success
probability 1 — ¢, we need to use a register with at least a number of qubits given by Eq. (4.13).
By using sin?(0/2) = M/(2N) one can show that:

|AM]| < (2\/W+ N) 27,

m+1
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5.4 Example of quantum search

As an example of quantum search we consider a 2-bit search space, that is N = 22 and we
assume to know that there is only one solution to the problem, thatis xo € {0,1,2,3}. From the
classical point of view one would need on average 2.25 oracle calls. What is the performance of
the quantum algorithm?

We start, as usual, with the superposition:

[$), = % Yo v, = ?\@2 + %|5>2/ (5.3)

where [a), =3712Y, . |x), and |B), = |x0),. Since sin(6/2) = 1/2, we have § = 71/3, and,
therefore, we need just one iteration of G with 6 = /3 obtaining the following evolution:

é
[¥)2 = [x0),- (5.4)
We get the right solution with only one oracle call!

U - Exercise 5.2 Draw the quantum circuit which implement the quantum search

addressed in section 5.4.

5.5 Quantum search and unitary evolution

Suppose that xy € {O, 1,...,2" — 1} is the label of the only solution. We guess the Hamiltonian
which solves the problem of [¢), as initial state and |xg),, as solution. Formally, we want a

Hamiltonian H such that (we use natural units, i.e., i — 1):

exp (7”:“) |¢>n = |x0>n’ (5.5)

after a certain time evolution t. As a matter of fact, { should depends on both |¢), and |xp),,.

Therefore, the simplest Hamiltonian we can consider is:

H = [x0),, (%ol + [4), (¢ (5.6)
For the sake of simplicity and to use the qubit formalism, we define the two following orthogo-
nal states: .
0) = [x0),, and [1) = PIRCI (5.7)
N =17

and we write:

¥}, = [0) + B[1),
witha = /(N —1)/N and g = v/1/N. We have:

A = (a® +1)[0){0] + B[1){1] +ap (|0)(1] + [1){0]). (5.8)
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that is:
A=T+a(Boy+ad). (5.9)
It follows that [see Eq. (2.13)]:
exp (—iHt) = e " [cos(at) I —isin(at)(Boy +adz)], (5.10)

and we find the following evolution (we neglect the overall phase e ~):
exp (—iHt) [¢), = cos(at) [¢), — isin(at) |x0),,. (5.11)

By choosing t = 7/(2a) we have, up to an overall phase, |¢), — |x0),,-
The Hamiltonian of Eq. (5.9) can be easily simulated using standard methods based on the

result known as “Trotter formula”:

Theorem 5.1 Let A and B be Hermitian operators. Then for any real t we have:

k
lim {exp (iAli) exp <11§£>} =expli (A+B)t]. (5.12)

k—o0
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Chapter

Quantum operations

THE QUANTUM OPERATION formalism allows us to describe the evolution of a quantum sys-
tem in a wide variety of circumstances. In general, a quantum operation is a map £ that
transforms a quantum state described by a density operator ¢ into a new density operator ¢/,

ie.
£(0)=d. 6.1)

A quantum operation captures the dynamic change to a state which occurs as the result of some
physical process. The simplest example of quantum operation is the evolution of a quantum

state ¢ under a unitary operator U, which can be written as £(9) = U U*.

6.1 Environment and quantum operations

Suppose that we have a system S described by s which interacts with another system E, which
we call “environment”, described by §r. We assume also that the interaction is described by
the unitary operator U. Physically, this corresponds to describe the interaction by means of a
Hamiltonian that couples the two systems, leading to their unitary evolution. If S and E are
initially uncorrelated, and we are interested just in the evolution of the system, then its evolved

state can be represented by the following map:
05 — £(0s) = Trp [Hés ® Or tl*] . 6.2)

Without lack of generality we assume that §g = |eg)(eg|, where {|e)} is an orthonormal

basis of the Hilbert space associated with the environment. Now the quantum operation in

69
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Eq. (6.2) can be written as:

E(0s) = Trg [U@s ® |eo) (eo U*}
=Y (ex|Uds ® |eo) (eo| U™ |ex)

k
= ZE" 0Os E" (operator-sum representation) (6.3)
k

where we introduced E; = (ex|Ulep), that is a linear operator acting on the state space of the

system S. Indeed, in order to have a quantum state we should require that Vg, Trg[¢] = 1:
1=Trg[€(0)] = Trs [Z Ero EZ}
k
_ e sl
=) Tis [Ek Q} = [(Zhﬂ) ] ,
k

therefore one should have ) E; E, = 1. More in general one may have ) E”;{r Er < 1, and when

the inequality is saturated the map is referred to as trace-preserving.

6.2 Physical interpretation of quantum operations
Suppose we measure the environment in the basis {|¢x) }. The conditional state ¢y of the system,

corresponding to the outcome k from the measurement, is (we set 05 = 0):

1 . U
Ok = ﬁTrE {UQ@ |€0><€0|U+H®Pk]

1 . A 1 . . .
= — (ec|Ud @ leo) (eo| U |ex) = — ExO Ef,
Pk Pk
where Py, = |e;) (ex| and:

€0><€0|U+ ﬁ X pk} ,

o],

Pk = Trsg [
= TI‘S [E

is the probability of the outcome k. Therefore we have:
£(6) = Y ExQEL =) pii

k k

and the action of £ is to replace ¢ with the conditional state ¢y with probability py.
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Figure 6.1: Effect of the bit flip operation on the Bloch sphere: we have a contraction of the z—y plane by
a factor 1 — 2p.

6.3 Geometric picture of single-qubit operations

As we have seen in chapter 2, we can associate the density operator ¢ with a 2 x 2 density matrix

0, which can be written as:

1 1 1471, ry—ir
¢—e=51+r0)=3 S P
2 2 ret+iry  1—r;

wherer = (ry,1y,12), ¢ = (0%, 0y,0;) are the Pauli matrices corresponding to the Pauli operators
[see Egs. (1.8)], and r - ¢ = rx0x + 10y + r,0;. Therefore a trace-preserving quantum operation is
equivalent to an affine map of the Bloch sphere into itself and can be writtenasr — #' = Mr + v,

M being a 3 X 3 real matrix and v a 3-dimensional real vector.

6.3.1 Bit flip operation

If p, with 0 < p < 1, is the probability that a bit flip occurs to a qubit, that is |[0) — |1) and

|1) — |0), the corresponding quantum operation reads:
&pf(Q) = (1= p)@ + pox 4 %,
and the corresponding elements of the operator-sum representation are:
Ey = \/H]AI, and E; = /P Ox.
The transformation of the vector r is (the proof is left to the reader):

ry — Ty,
ry — (1=2p)ry,
r; — (1=2p)ry,

that is we have a contraction of the z—y plane by a factor 1 — 2p, see figure 6.1.
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Figure 6.2: Effect of the phase flip operation on the Bloch sphere: we have a contraction of the x—y plane

by a factor 1 — 2p.

6.3.2 Phase flip operation

The quantum operation corresponding to phase flip occurring with probability p is:

Epe(0) = (1= p)@ + p0= 00, (6.4)

and the corresponding elements of the operator-sum representation are:

Ey=\1-pl, and E = p0.
The transformation of the vector r is (the proof is left to the reader):

re — (1=2p)ry,
ry — (1—2p)ry,

v, — Tz,

now we have a contraction of the x—y plane by a factor 1 — 2p, as shown in figure 6.2.

6.3.3 Bit-phase flip operation

When both bit flip and phase flip operations occur with probability p, the process is described

by the quantum operation:
Eopr(0) = (1 —p)d+ poy 00y,
and the elements of the operator-sum representation are:
Eo=+1-pl, and E = VP Oy

The vector r trasforms as follows (the proof is left to the reader):

e — (1=2p)ry,

ry = 1y,

r — (1-=2p)rs,

and, thus, we have a contraction of the x—z plane by a factor 1 — 2p, see figure 6.3.



6.3 Geometric picture of single-qubit operations 73

Figure 6.3: Effect of the bit-phase flip operation on the Bloch sphere: we have a contraction of the x—z

plane by a factor 1 — 2p.

6.3.4 Depolarizing channel

The so-called depolarizing channel describes a process in which ¢ is replaced by /2, that is the

maximally mixed state, with probability p, namely:

N

R R I
€ac(@) = (1= p)o+p5.

In order to obtain the operator-sum representation of the depolarizing channel, we use the
following identity (the proof his left to the reader):

it 1, .
5 = 3 (0 0x00x+0y 00y +0:00z).
We find:
R 3p\ . N
Sdc(e)—( —f)e+z Y 0300k
k=xy,z
or:

facld) = (1-qo+1 ¥ ocoa

with g = 3p/4, which tells us that the depolarizing channel leaves ¢ unchanged with probability
1 — g, while with probability q/3 one of the Pauli operators is applied to it. The vector r evolves
as follows (the proof is left to the reader):

re = (1=p)ry,
ry — (1-p) ry,
r; — (1—p)rs

therefore, we have a contraction of the whole sphere by a factor 1 — p. Note that the maximally
mixed state, in the Bloch sphere formalism, corresponds to the center of the sphere. Figure 6.4
shows the uniform contraction of the Bloch sphere under the effect of the depolarizing channel.
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Figure 6.4: Effect of the depolarizing channel on the Bloch sphere: we have a uniform contraction by a

factor p — 1. The center of the sphere corresponds to the qubit maximally mixed state /2.

6.4 Amplitude damping channel

Amplitude damping describes the energy dissipation (e.g., an atom which emits a photon,
losses during the propagation of light, a system approaching the thermal equilibrium). The

map which describes this process is:
£ad(8) = EodEf + E10E], (6.5)

with:

Eo=;[(1+\/m)ﬁ+(l—\/71—7)&z}—>((1) \/10—77> (6.62)

E = v (0% +i6y) — < 8 VT ) (6.6b)

1 < <0. Note that we can also write ,/ = sinf and /1 —y = cos 6.
O — Exercise 6.1 Write the amplitude damping map E,4(0) as a function of the Pauli
operators.

Since Eg = [0)(0] + /T — 7 [1)(1| and E; = \/7|0)(1], it is easy to verify that:

Eol0) =10), and Eo|1) = /1 —|1),
and:
E1|0) =0, and Eq|1) = /7|0),

therefore 7y can be thought as the probability of loosing a quantum of energy. We have the
following effect on the Bloch sphere:

Ty — 1—qry,
ry = 1—ry, (6.7)
r, = Y+ (1—=79)r.
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Figure 6.5: Effect of the amplitude damping channel on the Bloch sphere with g = |0)(0]|, that is the
north pole of the unit sphere.

In order to describe the dissipative dynamics affecting a qubit, we make the following sub-

stitution:

v qt) =1—et7, (6.8)

where t is a parameter corresponding to the time evolution and 7 is a characteristic time of the
system (here we assume that f = 0 represents the initial time). Inserting () into Eq. (6.5) we
obtain a quantum operation describing a dissipative time evolution. In particular, since:
li =1, 6.9

Jm () (6.9)
as time increases the system evolves toward the state |0) (the north pole of the Bloch sphere),
which is the lowest energy level of the qubit: we can now easily understand why the map
of Eq. (6.5) represents dissipation. .. at least for a quantum system at zero temperature. Fig-
ure 6.5 shows the deformation of the Bloch sphere due to the amplitude damping channel (with

asymptotic state §oo = |0)(0]).

6.5 Generalized amplitude damping channel

In general, quantum systems may have a nonzero temperature T and, in this case, the asymp-
totic state does not correspond to the lowest energy one. This fact is described by means of a
generalized amplitude damping channel which involves the two operators £y and E; of Egs. (6.6)
and the following two further operators:

E

N —

[(1+\/1+7)ﬁ—(1—\/1—7)&z}—>( Vi=v 0), (6.10a)

0 1

5)11>
Il
o

0 O
Oy — 10 , 6.10b
[0 —i0y] — ( /7 0 ) ( )
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which represent a phase insensitive amplification process. In fact, Since E; = /T —(0)(0| +
|1)(1| and E5 = /7 [1)(0], it is easy to verify that:

E>|0) = /1—7[0), and E;|1) = 1),
and:
E30) = \/7]1), and E3|1) =0.
The whole map reads:
Egad (0) = p (EoQE] + E10E]) + (1 — p) (E20E] + EsQEY), (6.11)

where 0 < p < 1. If we perform the same substitution given in Eq. (6.8), we find that the
stationary state for t — +co is:

O - Exercise 6.2 Find the evolution of the vector r under the effect of the generalized
amplitude damping channel.

6.5.1 Approaching the thermal equilibrium

When the quantum operation of Eq. (6.11) describes the evolution of a qubit state toward the
termal equilibrium, the probability p is a function of the temperature T. If & is the energy of the
state |x), x = 0,1, then one has that the state occupation probability is given by the Boltzmann

distribution, namely:

1 &Ex
pe() = 3 e (~or ).
where Z = po(T) + p1(T) is the partition function and kg is the Boltzmann constant. Therefore

the stationary, equilibrium state writes:

R po(T) 0 _ 1 [ exp[=&/(kpT)] 0
Gl ( 0 1-po(T) ) -z < 0 exp [~& / (kpT)] )

which represents the statistical mixture describing a two-level system at termal equilibrium at

temperature T. The purity of the state 0o (T) is:

1[0 (T)] =1 —=2po(T) p1(T).
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6.6 Phase damping channel

This kind of channel describes the loss of quantum information without loss of energy. We can
derive the quantum operation of this channel addressing a single qubit system subjected to a

rotation around the z-axis of the Bloch sphere, namely:
. R efil9/2 0
R;(¥) = cos ¥l —isind o, — 0 w02 )

where ¢ is random (this is a random kick). We assume that ¢ is randomly distributed according

to a Gaussian distribution with zero mean and variance 2A%. We have the following evolution:

X X too  exp(—gaz) . .
0 = Epac(@) = /_oo dﬁ\/gm) R (8) 0 Rz (9)" (6.12)
= EooEf + EodL}, (6.13)
with:
_A2 . _ _A2
By = 1+exg( A)ﬁ, and Fy = 1 exg( A)&Z.

It is worth noting that the quantum operation of Eq. (6.13) corresponds to the phase flip oper-
ation addressed in section 6.3.2 with p = [1 + exp(—A?)]/2. The effect on the Bloch sphere is
analogous to that of the phase flip operation:

v

'y — € Yx,
—A2
Ty — € Ty,
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Chapter

Basics of quantum error correction

7.1 The binary symmetric channel

In a classical binary symmetric channel (BSC) the information is encoded into the bits |0) and
|1) and we assume that a bit flip error may occurs with probability p. The probability of error,
that is the probability that |x) — |x), with x = 0,1, is simply given by the bit flip probability,
that is:

Pt =, (7.1)

where the superscript tell us we are using just one bit to encode the information.

7.1.1 The 3-bit code

One of the classical codes used to correct the bit flip error is the 3-bit code. Here the information
is encoded onto three independent copies of the original bit and the correction strategy is based
on the majority voting: if, among the received three bits, at least two have the same value x, then
we decide that the sent bit value was x. Indeed, here we are also assuming that only one bit
undergoes bit flip and, thus, we have the following error probability, which is the probability of
having two or more bits flipped:

S =paa=p> 4321 —p) =3p — 2" (7.2)

As one can see from figure 7.1, we have that pg’z < pgz ifp<1/2.

7.2 Quantum error correction: the 3-qubit code

A quantum state cannot be cloned. Therefore we cannot have three identical copies of an un-

known quantum state |) (see section 3.3.1). Furthermore, in contrast to the classical case, we

79
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Perr
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Figure 7.1: Plot of pgr) (dashed, red line) and pg‘;’r) (solid, blue line) as functions of the bit flip probability

p. For values of p less than 0.5 the 3-bit code has a better performance with respect the single bit encoding.

)
0) —b
0) —&—

Figure 7.2: This quantum circuit implement the transformation |¢)|0)|0) — «|000) + B|111), where |¢) =
a[0) + B[1).

cannot measure the state in order to get information about the error, since the measurement de-
stroys the quantum state. . . We should find a quantum circuit able to “detect” the eventual error
(the bit flip) and to correct it without destroying the quantum state. The solution to this problem is

given by the 3-qubit code, that is the analogous of the classical code

7.2.1 Correction of bit flip error

As we have seen in section 6.3.1, the evolution of a quantum state ¢ through a bit flip channel

can be described by the quantum map:
€(0)=(0-p)o+poxdbn, (7.3)

where, now, p is the bit flip probability. In the following we assume that the information is
encoded in the qubit state |p) = «|0) + B|1) and we also have dy|p) = a|1) + B|0). The basic

idea of the 3-qubit code is to encode the information onto three qubits as follows:
lp) — [¥) = «]000) + B|111), (7.4)

where, as usual |xyz) = |x)|y)|z). The reader can verify that this task is obtained by means of

the quantum circuit of figure 7.2. It is worth noting that |¥) is an entangled state.
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¥)

bit
0) —€

U

flip

|
|
0) 2 O

Figure 7.3: The dashed box encloses the quantum circuit implementing the 3-qubit code for quantum

error correction against single bit flip operation.

As in the classical case, we let the bit flip channel affect independently each qubit (uncorre-
lated channels). After the noisy evolution we should implement the error diagnosis and correc-
tion: in figure 7.3 we can see the quantum circuit achieving this goal.

In order to understand how the 3-qubit code works, let us assume that after the bit flip
channel the state is [¥') = ¢, @ T®@ T|¥), i.e,, the first qubit has been flipped. The first CNOT

gate performs the following transformation:
[¥") = «[100) + B[011) — a|110) + B|011), (7.5)
thereafter, we have the second CNOT gate which leads to:
«|110) + B|011) — «|111) + B|011). (7.6)

The last gate is a Toffoli gate which takes the second and third qubits as control and the first

qubit as target, we obtain:
a|111) + B|011) — «|011) + B|111) = («|0) + B|1)) |11). (7.7)
————
¥)

We conclude that the error has been corrected since the state of the first qubit is still |¢p).

U - Exercise 7.1 Verify that the 3-qubit codes depicted in figure 7.3 works as follows:

fTelel|¥) — |¥)|00),

) )11),
Tooy@T[¥) — |¢)[10),
Toleo [¥) — |p)01).

o @iel|y) — |y

The code may fails if more than one qubit is flipped. Since the probability that at most one

bit is flipped reads:

pi=(1=p)P+3p(1—p)° = (1-p)*(1+2p), 78)
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Figure 7.4: Quantum circuit describing the strategy to implement the 3-qubit code for quantum error

correction against single phase flip operation.

we have the following probability of error at the output:
3
P =1~ p1 =3¢ = 2¢°, 79)

the same obtained in the classical 3-bit code.

7.2.2 Correction of phase flip error

Phase flip error does not have classical analogue, since the transformation |1) — —|1) does not
exist in classical logic. The quantum map describing a channel in which phase flip occurs with

probability p reads (see also section 6.3.2):
EW)=00-p)o+p0z00. (7.10)

It is worth noting that since 0;|x) = (—1)*|x), we have:

oz|£) = |F), (7.11)
where:
|+) = =11 |1>, (7.12)

V2
and we conclude that the phase flip channel acts as a bit flip channel on the basis |£). Therefore,
recalling the action of the Hadamard transformation on the computational basis |0) and |1),
it is easy to prove that the quantum circuit represented in figure 7.4 corrects a single phase
flip error. Actually, the first Hadamard transformations physically change the computational
basis in order that the phase flip channel behaves like a bit flip channel; the second Hadamard
transformations transform back to the original basis in order to apply the same correction code

described in the previous section.

7.2.3 Correction of any error: the Shor code

As a matter of fact, in a realistic channel both bit and phase flip errors may take place. It is
possible to protect the qubit against the effects of an arbitrary error by means of the Shor code,
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) H] &—H} &— )
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Figure 7.5: Quantum circuit implementing the Shor code to protect a qubit |) against an arbitrary error.

which is a combination of the 3-qubit bit flip and phase flip error correction codes. In figure 7.5
we sketched the quantum circuit implementing the Shor code. The reader can investigate its

action applying the results obtained in the previous sections.
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Chapter

Two-level systems and basics of QED

ﬁ NY TWO-LEVEL QUANTUM SYSTEM is associated with a Hilbert space spanned by two or-
thonormal states and , thus, can be seen as a qubit. In this chapter we will focus on %—spin
particles and two-level atoms, which are the simplest example of qubits. We also explain how

it is possible to manipulate spins and atoms in order to implement quantum logic gates.

8.1 Universal computation with spins

A typical two-level system is a %—spin particle which can be used as a qubit and manipulated

by means of electromagnetic fields.

8.1.1 Interaction between a spin and a magnetic field

The operator associated with the spin magnetic moment of a %—spin particle is given by:
- 89 &
=_o1§
# 2m
where g is the gyromagnetic factor (for an electron g ~ 2.002), g and m are the charge and the
mass of the particle, respectively, and S= % &, where ¢ = (0, &y, 0) is, as usual, the vector of
the Pauli operators.
The Hamiltonian describing the interaction between the 1-spin particle and the (classical)
static magnetic fiels B = (By, By, B;) is:
a 1

- h
Hlnt:_”B:WE(TB

N

which can be written as:
Hint =5 n- 0-/ (81)
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Figure 8.1: Precession of a spin (red arrow) under the effect of a magnetic field B directed along z-direction.

The tip of the vector representing the spin rotate counterclockwise around the z-direction.

where we introduced the Larmor frequency w = ¢q|B|/(2m), and n = B/|B|.
Without lack of generality, we assume B = (0,0, B), that is we take the magnetic field along
the z-direction and, accordingly, n - & = . Given the initial state (as we mentioned, any two-

level system can be considered as a qubit, see section 2.2):
0 0
lpo) = cos 5 |0) +sin§ 1),

with 6z |x) = (—1)*|x), x = 0,1, we have the following time evolution under the effect of Hi:

A

-Hin
) = exp (=i 1) o)

0 _; 0
= cos Eef“"t/2|0> +sin 5 ew/21)

, 9 0 .
— e iwt/2 (cos 3 |0) + sin 3 e""t|1>) ,

—iwt/2

where, in the last equation, the overall phase e can be neglected. Following section 2.2.1,

the Bloch vector r; associated with |¢;) reads:

sinf cos wt
= sinf sinwt |,

cos

that is we have the Larmor precession of the spin around the direction of the magnetic field
(here the z-direction), as illustrated in figure 8.1.

More in general, the unitary evolution operator associated with the Hamiltonian (8.1) reads:

A

.Hint _ ﬂ s wit A
exp< i a t)—cos(2>II zsm<2)n g, (8.2)

and we can implement single qubit gates by suitably choosing the time ¢ and the amplitude and

orientation of the magnetic field B.
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8.1.2 Spin qubit and Hadamard transformation

If we orient the magnetic field along the x-z direction, i.e., B = Bn withn = 2~V 2(1, 0,1), and

set the evolution time such that wt = 7, form Eq. (8.2) we have:

A

-Hint i I A —
exp< i~ t) — ﬁ(ax—kaz) = —iH, (8.3)

that is, up to an overall phase factor “—i”, we have the quantum operator describing the action

of the Hadamard transformation introduced in section 1.4.4 [see Eq. (1.9)].

U - Exercise 8.1 Starting form Eq. (8.2), explain why it is possible to reproduce the
action of any single-qubit gate by using a single spin and a suitably chosen classical

magnetic field.

8.1.3 How to realize a CNOT gate

The CNOT gate involves two qubits and the corresponding operator, taking qubits 1 and 2 as

control and target, respectively, may be written as the following operator:
1 /4
Crp =5 (T+o" +o -5}, (84)

where ?Téh), k =x,y,zand h = 1,2, represent the Pauli operators acting on the h-th qubit (see

section 1.4.2). However, as mentioned in section 3.5, &; = H ¢ H, therefore we can focus on the

operator:
Z;p = (IoH)Cp (ToH) (8.5)
1 /4
= > (1+0) +o —5Mal?), (5.6)
which is symmetric with respect the exchange of the two qubits. Since (Z13)? = I we have:
, >, (i)
exp(i2026) = ). 0N (zpn)!
k=0 ™

=cosOi+iZ, sinb,
and, setting 8 = 77/2, we find:

Z) = —iexp (i Z g)

= —iexp [i (T+0V +6l —6lVol?)]
= exp (—i%) exp [ig (e + 68 — oV,

Therefore, we can implement the Z;, gate by letting the two qubits interact through the Hamil-
tonian:
AoV 4ol Ve, 8.7)
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and by choosing a suitable time f for the corresponding unitary evolution. As we will see, the
term Hy o [7751) + @@ is the free Hamiltonian of the system of the two qubits, while &751)&2(2)
represents a highly anisotropic interaction that couples the z-components of the qubits, known
as Ising interaction.

Physically, the Hamiltonian F may be realized with %-spin particles. In this case the free
Hamiltonian is Hy = %h (ffél) + [Téz)) and the interaction « &Z(l)ﬁ§2) couples the spins along
the z-direction subject to an uniform magnetic field, whose amplitude is proportional to the
strength of their coupling. However, Ising interactions are hard to arrange and it is better to
consider exchange interactions between spins. As we will see in chapter 8 (section 8.1.4), by
applying suitable magnetic fields to the spins, with the same direction but different magnitudes

and signs, we can build a Z;; gate.

U - Exercise 8.2 Prove that the operators Cip and Z15 as defined in Egs. (8.4) and
(8.6), respectively, act on |x)|y) as a CNOT and a controlled-Z gates, where 0|x) =
(=1)|x) and bx|x) = |X).

8.1.4 Exchange interactions and CNOT gate

In section 8.1.3 we have seen that CNOT may be implemented with two 3-spins by using the
Ising interaction, that is a kind of interaction which couples spin along z-direction. However, we
pointed out that Ising interactions are hard to arrange and it is better to use exchange interactions

between two spins, whose interaction Hamiltonian is:

(1) 5(2) | 5(1)5(2)

1) 2) A(l)’\(z)—ﬁ—ﬁy &y + oy oy,

I:Iexocé'( ol =0y 0Oy

where 6% = (&,Ek), &y(k), &Z(k) ), k = 1,2, is the vector of the Pauli operators acting on the Hilbert

space Hy, of the k-th spin.

The system we are considering here consists of two %-spins particles of mass my and charge
gr, k = 1,2. We assume that each spin interacts with a magnetic field By whereas they are
coupled through exchange interaction. The corresponding Hamiltonian reads (we use the same
formalism introduced in the previous sections):

A= h% ny - o) +h% ny- 6@ 1o . 6@, (8.8)

where wy are the corresponding Larmor frequencies and | is the strength of the exchange inter-

action. Note that if ] = 0, then Eq. (8.8) reduces to the Hamiltonian of two uncoupled spins each

interacting with the corresponding magnetic field, that is we have just two single-qubit gates.
Without lack of generality we can set By = (0,0, Bx) and Eq. (8.8) becomes:

% ol 4 h% 0P 1o . 5@, (8.9)

-

H=h

HO Hex
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where Hj is the free Hamiltonian of the two-spin system, while Hey is the interaction Hamilto-
nian. In the following we show that, starting form the Hamiltonian in Eq. (8.9), we can build the
two-qubit quantum gate Zj,, that can be converted into a CNOT gate by means of Hadamard
transformations realized through Eq. (8.3) (see section 8.1.3). In particular, we show that for a
suitable choice of wy and t, given ], we may have Z;, = exp(—i Ht/h). First of all, we recall
that:

Z), = % (i+el +5l —olVe?),

and this is its action on the triplet states |00), [11) and |¢1) = 271/2(|01) + [10)) and on the
singlet state |_) = 271/2(|01) — |10)):

Z12/00) = [00), Zy[11) = —[11), (8.10)
Zp|ps) = [¢4), Zplp-) = [p-). (8.11)

It is worth noting that the four states {|00), |11), |¢+) } form a basis of the Hilbert space H1 ® H,,
‘Hy being the Hilbert space of the k-th spin. Therefore, it is enough to find the conditions on the
involved parameters in order to have exp(—i Ht /) acting as cZ on such a basis.

The first step is to find the eigenvectors and eigenvalues of Eq. (8.9) and we proceed as fol-
lows. Since the SWAP operator may be written as S = %(f[ + 61 . 52)), therefore the following

states are eigenstates of the operator o .52, namely:
o . 5100y = |00), oW 6@11) = [11),
oV 6@)p) = [py), oV 6@y ) = 3]y,

Furthermore, we can write:

> (68 40 J00) = 00), > (68 o) joo) =0,
> (6 o®) iy = ), S (6 —o®)py =o,
3 (67 +0) sy =0, 3 (61 = 0) lyp) = 9.

Therefore we have:
A w A w
Aj00) =1 (] + 7*) 100), A|11) :h(]—%) 111), (8.12)

Alys) = 1llys) + 1S [g-), Alp-) = =3nJ[p-) +h"=[gs), (8.13)
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that is [00) and |11) are eigenstates of H, while H transforms |ip+.) is a linear combination of

|¢;) and |¢_). Thereafter, we have the following matrix representation of H in the chosen

basis:
J+iwy 0 0 0
P 0 J—iwy 0 0
0 0 ] tw-
0 0 Jw_ =3]

The matrix has a block-diagonal form and, to find its eigenvectors and eigenvalues we can

consider only the 2 x 2 block [the other block is with eigenvectors and eigenvalues given in

Eg. (8.12)]:
J %w,
fw_ =3]

that has eigenvalues —J = {/4J2 + tw?, corresponding to the eigenstates [¥+) = at|p;) +
B+|p—), where we do not explicitly calculate the expression of the coefficients a4 and S+. Now,
since |i+) are eigenstates of Z;, with eigenvalue 1 [see Eq. (8.11)], the states |¥ ) are still its

eigenstates with the same eigenvalue. Therefore, we have found that the four states:
|00), |11), and |¥+),

are eigenstates of both Z;; and H and, thus, of the evolution operator Uex (t) = exp(—i Ht/H).
In order to have Z1; = Uex(t), their eigenstates should have the same eigenvalues, up to a

constant phase factor which should be the same for all the states, namely:

Uex(£)]00) = exp [—z’t (1+ }mﬂ 00) & Zp/00) = [00),

U (011 = exp | it (1 = 30+ )| 11 Gzt = ),

Uex(t)[¥+) = exp [—it <—I+ \/ 4%+ iaﬂ_)] ) © Zpp[Yy) =[¥y),
Uex(t)[¥-) = exp [—it (—] — /42 + iaﬁﬂ ¥-) < Zpp|¥Yo) = |Yo).

This happens by setting w = 4], w_ = 41/3] and t = 71/ (4]), which also leads to the overall
constant phase factor exp(—i37/4) equal for all the states. Indeed, one can change the value
of w+ by changing the values of the two magnetic fields. In fact, the previous conditions are
equivalent to require wy = 2(1+ V/3)] and w, = 2(1 —1/3)], and, thus, we find (for the sake of
simplicity we assume the two %—spin particle to be of the same species, i.e., m, = m, gy = g and
G =9,k =1,2):

By = 4(V3 + 1)’"J, and B, = —4(V/3— 1)’”J,
89 89
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Note that the two magnetic fields are directed along z-direction but have opposite sign; though
Zy; is symmetric, its physical implementation by means of exchange interaction requires dif-
ferent magnetic fields acting on the two spins. However, if we set w; = 2(1 — v/3)] and
wy = 2(1+ /3)] we obtain the same result, that is, the symmetry is still present!

Let us now focus on the order of magnitude of the involved quantities. The Bohr magneton

and the Nuclear magneton are:

_eh
2,

_ ] _eh 7]
=927x 10 L and = 5 = 5051077 7

HB

respectively, where e is the charge of the electron while m, and 1, are the masses of the electron
and of the proton, respectively. Typical 3-spin nuclei are 'H, 1*C and !°F and the J-coupling
magnitudes are | ~ 108 Hz (~ 100 MHz). Since w ~ 108 Hz, we have that the involved
magnetic field amplitudes are ~ 1072 T for the electronic spin and ~ 10 T for the nuclear spin,

leading to a time-scale  ~ 1078 sec.

U - Exercise 8.3 Draw the quantum circuit to implement the CNOT gate involving
%—spin particles by using single-qubit gates and the two-qubit gate based on the ex-
change interaction. Explain how the involved magnetic fields should be directed, write
their magnitude and the interaction time for each gate. Is it important to control the

overall phases appearing on the quibit after the gates? Why?

8.1.5 Further considerations

The exchange interaction Hamiltonians are typical of NMR systems and molecules. The inter-
action between the spins is an indirect interaction mediated by the electrons shared through a
chemical bond. The magnetic field seen by the nucleus is perturbed by the state of the electronic
cloud, which interacts with another nucleus through the overlap of the wave-function with the
nucleus (Fermi contact interaction), that is a through-bond interaction.

The same Hamiltonian of Eq. (8.8) describe the excess of electron spins in pair of quan-
tum dots, which are linked through a tunnel junction (Heisenberg Hamiltonian). This effective

Hamiltonian can be derived from a microscopic model for electrons in coupled quantum dots.

8.2 Interaction between atoms and light: cavity QED

In this section we address a two-level atom, throughout the section |¢) and |e) represent the
states associated with the ground and the excited state, respectively. The free Hamiltonian of

the two-level atom can be written by means of the Pauli operators as follows:

~ w
Ha = h% (3‘2,
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where fiwey = hw, — hwy is the energy difference between the two levels and we have the
following association with the usual computational basis: |e) — |0) and |g) — |1).

In the two-level approximation, the electric-dipole moment operator of the atom can be

written as:
D =d (e 0 +€i04) (8.14)
where we introduced 6— = |g)(e| and & = |e)(g|, the lowering and raising operators, d is the

matrix element of the atomic transition and &, is a complex vector which represents the atomic

polarization transition.

8.2.1 Interaction picture

Given a Hamiltonian H = Hy + Hiny, Hy and Hips being the free and interaction Hamiltonian,
respectively, it is sometime useful to use the so-called interaction picture. If |i;) represents the

state of the system at the time ¢, its evolution is governed by the Schrédingier equation:

. 0 -
ihar 1) = Hlgr).
Now, we apply the following unitary transformation:
() = ) = To(®) ) = [yr) = Uo(B)lyh)
where Uy (t) = exp(—iHpt/h). Substituting into the Schrodinger equation we have:
iz [Go(t)|9)] = (Ho + Hine) Uo(t)]91)
A A 9 A AN A
Hollo()|¢1) +iflo(t) = |91) = (Ho + Hint) Uo (£)[41)
and, after some algebra and applying U () to both sides, we obtain:
., 0 -
2 19l) = Al (0)141),

(t) = U (t) HintUy (t). Therefore, by using the interaction picture with
1

where we introduced H},

respect to the free Hamiltonian" one can focus on the (transformed) interaction Hamiltonian:
this is extremely useful in the presence of oscillatory terms as we will see in the next section

where we will investigate the interaction of a two level atom with an oscillatory electric field.

8.2.2 Interaction between a two-level atom and a classical electric field

The interaction between a two-level atom and a classical electric field is formally equivalent to
the interaction between a %—spin particle and a magnetic field discussed in the previous sec-

tion. The quantum Hamiltonian describing the interaction between the atomic electric dipole

More in general, one can perform the interaction picture considering a different Hamiltonian which, in the case

under investigation, allows to simplify the description of the system.
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moment and the classical field E(w,t) = i Eg (gre ! ~1? — gf e/“!*i¢) with real amplitude Eo,
frequency w and polarization &g, is:

A

Hy = —D-E(w,t), (8.15)

and the whole hamiltonian is thus given by:
Weg
2

In order to focus on the interaction, we consider the interaction picture wither respect to the

Hiot = h—= 0. — D - E(w, t). (8.16)

Hamiltonian Hy = hwd, /2 (note that here we use the frequency w of the field). Following
section 8.2.1 we have:

Bow — A = U§() Aol (1) = 22, 3 — 0§ (1D - E(eo, )0 (1), (5.17)
where Aw = weg — w, that is the detuning between the two-level atom and the field. Since
Ul (1)o1 U (t) = 0 e, the last term of Eq. (8.17) contains terms proportional to e*¢ and to
et20IEi9; these last terms are fast rotating and if we assume that the time-scale of the system
is 1/w, then their effect on the time evolution is negligible. This corresponds to perform the

rotating-wave approximation (RWA) or secular approximation. Therefore, Eq. (8.16) reduces to:

oY
A=hon-o, (8.18)

where: .
n=a (—Qp sin ¢, O cos ¢, Aw).
with Q' = /(Aw)? 4+ O3 and we introduced the Rabi frequency:

QO = i Eo 8: - &f. (8.19)

In the resonant case (Aw = 0) we have (we can assume ()y € R and set ¢ = 0):

which has the following eigenstates |y+) = 271/2(|0) £ i|1)). More in general, if ¢ # 0, we

obtain the following time evolution (still in the resonant case):

ot -~ .. Qot . n A
= cos (2) I—isin <2> [—sing oy +cos o],
and, by using the 2 x 2 matrix formalism (in the computational basis):

cos ( Lot —e P gin (Lo
Up) = | 0 ol g\
e'? sin (TO) cos (TU)
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It is now straightforward to see that:

We have three following relevant cases.

7-pulse: in this case one sets (gt = 71/2 and we have the following evolution starting

from |g) or [¢):
o) 272 (Je) +e(g)), and [g) =272 (|g) —eTle)),  (820)
and, for ¢ = 0, we obtain the Hadamard transformation.
nt-pulse: now (gt = 7t and we have:
le) = €'?|g), and |g) — —e e, (8.21)
that is, besides and overall phase shift, the NOT gate.
2m-pulse: for Qpt = 271 we get:
le) = —le), and [g) = —g), (8.22)

i.e.,, we add a phase shift to the input state. This phase shift is a well-known properties of

27-spin rotations.

O - Exercise 8.4 Represent the evolution of the two-level atom interacting with a

classical electric field by using the Bloch sphere formalism, in the case of % -pulse, -

pulse and 27t-pulse. Assume that the initial state is |e), that is the north pole of the

unit sphere.

8.2.3 Fabry-Perot cavity

The main interaction between light and atoms in quantum electrodynamics (QED) is the dipolar

interaction. On the one hand, the dipole moment is fixed by the nature of the atom: usually

experimentalists use the Rydberg states (that is states with very high principal quantum number

n in order to obtain a high electric dipole moment) of alkali atoms, such as Rb atoms. On the

other hand, one can realize a very large electric field in a narrow band of frequencies and in a

small volume of space by means of a Fabry-Perot cavity.

A Fabry-Perot cavity consists of two semi-reflecting mirrors with reflectivity Ry and Ry, re-

spectively. In order to find the field inside the cavity, we consider what happens when two
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R

(in) (in)
E a E b
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(out) (out)
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-

Figure 8.2: Input and output fields at a semi-reflecting mirror with reflectivity R.

Rl R2
(in) (cav)
_— >
E(out)
—

(rfl) (cav)

E E bwd
i

L,

Figure 8.3: Scheme of Fabry-Perot cavity. See the text for details.

classical fields Ef(lin) and El(,in) are mixed at a semi-reflecting mirror with reflectivity R (see fig-

ure 8.2). If we denote with Ef({out) and Eéout) the output field, we have the following linear

transformation:
Y ( VR Vi-R) [ EM™
EloY VI-R —VR E™
that is:

EP" = VREM™ + vI—RE™,
E — —VREM™ + VT—REM.

The scheme of the Fabry-Perot cavity is sketched in figure 8.3: two mirrors with reflectivity

R; and Ry, respectively, are placed at a distance L. The cavity is pumped with an input field E (™)

of frequency w, which impinges on the first mirror. The transmitted part undergoes multiple

reflections between the two mirrors leading to an overall forward and backward field inside the
av)

cavity, E f(;:j (;’ ) and E}()iv 4 » respectively, an overall transmitted field E(©u) and an overall reflected
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Pcav/Pin
6F

Free spectral range

B S E—
5k
4F
— -
F 2 Aw
= Sre
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Figure 8.4: Ratio between the input power and the power of the field inside the cavity as a function of the

)

N

—_

w

input field frequency w. We set Ry = Ry = 0.8. See the text for details.

field E), as depicted in figure 8.3. If we define ¢ = 2Lw/c, then we have:

E(cav) _ V 1 — R E(in)
fwd 1 4+ €9\/RiR, ’

(cav) _ _ip/2 (cav)
Epwd = e'?’2\/R, Efwa's
Elew) — ¢i9/2, /TR, EY,
E(rﬂ) — ol? (1 _ R1)R2 Ef(‘ii;’) + /R1 glin)

In particular, if we assume R; = Ry = R and choose L such that ¢ = (2m + 1) (field-cavity

resonance condition), m € N, we obtain:

(cav) _ _E0Y (8.23a)
fwd — TR’ ’
(cav) . \/E (in)
E = EVfY, 8.23b
bwd =P UTTR (6:20)
glout) — jp(in)  p(fl) _ g (8.23¢)

A quantity usually considered to investigate the behavior of the cavity is the ratio between

the input field power and the forward cavity field power, namely:

2
Pav _ |Eo [ _ 1R (8.24)
Py El(in) 1+ RiRy +2y/R1R; cos ¢ '

In figure 8.4 we plot P.av/Pin as a function of the input field frequency: it is clear that near
resonance we have a high field amplitude inside the cavity. In order to better understand the

behavior of the ratio defined in Eq. (8.24) we introduce 6 = ¢ — 71, i.e., the resonance is obtained
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for 6 = 0, and consider the limit 4 < 1. We obtain the following expression for Eq. (8.24):

@ _ 1- Rl A2<R1/ R2) (8 25)
P (1—VRiRz)? 6% + A%(Ry, Ry) '

that is a Lorentzian function where the half-width at half-maximum (HWHM) is:

(1 - VRiRy)?
VRiR,

A%(R1,Ry) =

which, assuming R; = Ry = R, reduces to:
1-R
AR) = —,
(R) =~
and corresponds to a spectral bandwidth HWHM:
_ ¢ 1-R
2L R

Finally, the cavity finesse is the ratio between the free spectral range, and the full-width half-

Aw

maximum (FWHM) of Eq. (8.24) at resonance. In the present case the free spectral range is
27tc/(2L) (see figure 8.4), while the FWHM is 2Aw, thus the cavity finess is given by:
Foe 1 VR
2L 2Aw 1-R
The reader can obtain a quantitative analysis of the cavities involved in typical cavity QED
experiments considering that R =~ 1 and L ~ 1 cm: this is why we have a very high field
amplitude inside the cavity in the microwave domain, and, remarkably, microwaves are the
characteristic transition frequencies of the Rydberg states involved in these experiments.
We now focus the attention on plain waves and assume that the axis of the cavity is aligned
with the z-axis of a reference frame, where the mirrors are placed at z = 0 and z = L, respec-
tively. In side the cavity we have two counter propagating waves [here we also assume to be at

resonance and we use consider resonance and use Egs. (8.23)]:

(in)

Ef(vcjo‘l’) (z,w,t) = \/EliR cos(kz — wt),
(in)

ElaY) EMVR sin(kz + wt),

bwd (2@, 1) = — VTR

therefore, inside the cavity we have the following wave:
E(in)
v1-R

If we now perform the time average of the intensity of the field inside the cavity, we find:

Ecav(z,w,t) = [cos(kz — wt) — VR sin(kz + wt)} .

w [/ 1+ R — 2/R sin(2kz 2
<|EC&V(Z)|2> = E 0 |Ecav<zzw/t)|2dt = 2(1 — R) ( ) ’E(m)
1+ R —2VR sin [(2m+1)7‘c£] o
= L ‘E(m)
2(1 —R) ’
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where, in the last equality, we used the resonance condition for the wave vector k = w/c,
namely k = (2m + 1)7t/(2L). In the case of optical frequencies m ~ 10° and if we consider the
average over the z direction we find:

<‘Ecav|2> ~ ;;R ‘E(in)

2
(1-R) '

8.24 The quantum description of light

The quantum Hamiltonian of the single-mode electromagnetic field in the cavity corresponds
to that of a harmonic oscillator with the same frequency w, namely:

N~ P21, 1

H=—>+ szgf = hw <a+a+ 2>

where we introduced the position- and momentum-like operators:

Q:\/Z(ﬁ++ﬁ)’ and ﬁ:i\/?(fﬁ),

respectively, [Q, P] =i, and:

a” w A p A w A_.BA
”_’/2h<Q+lw)’ and 4 _\/Zh(Q lw)’

are the annihilation and creation bosonic field operators respectively. Note that [2,41] = 1. At
each mode of the radiation field corresponds a bosonic field operator.
If we denote with {|n)},c the set of the eigenvectors of the self-adjoint operator N = 43,

namely, N|n) = n|n) we have:
aln) = njn—1) and af|n) =vVn+1ijn+1),

and, thus:

) = <} 0),

where the state |0) represents the vacuum state. The set {|n) } ;e is sometimes called Fock-state

basis or photon-number basis.

8.2.5 The Jaynes-Cummings model

The full quantum model to describe the interaction between light and matter involves the quan-
tum description of light. Now the classical electric field appearing in the interaction Hamilto-

nian of Eq. (8.15) is replaced by the corresponding quantum operator?:

E =iE (efﬁ — sfﬁ*) ,

2We consider a stationary, time-independent cavity field and, for the sake of simplicity, we also assume that the atom

is placed at the center of the cavity.
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free Hamiltonian A free Hamiltonian
energy levels |1pm;; \ energy levels
gnt1) :::j:/Ign—Qom e
lg.2 le, 1
g, 1) e le.0)
g, 0) ——

“dressed” energy
levels

Figure 8.5: The blue and red lines refer to the energy levels corresponding to the eigenstates of the free
Hamiltonian given in Eq. (8.26) with w = weg: it is clear that the states |g,# + 1) and |e, n), with n > 0, are
degenerate. The only non-degenerate level is the ground state |g,0). The Jaynes-Cummings interaction
removes degeneracy and couples the dressed states ]‘I’,jf ), whose corresponding energy levels (green lines)
have an energy difference equal to iQ), = hQgv/n + 1.

where 4 and 4* are the annihilation and creation field operators introduced in section 8.2.4. The

free Hamiltonian of the system reads:

N w 1
Hy = h—2 ¢, + hw (a*a + ) (8.26)
atom field

and we have the two families of eigenstates of Hy, i.e.:

N 1
Folgn) = |~ o (e 3)] g

Hoyle,n) = h [+w6g +w <n+ 1)} le, n),

2 2
where {|e), |g) } are the eigenstates of 0, {|n)} is the photon-number basis and |x,y) = |x)|y).
As we can also see in figure 8.5, if w = w,g the states |g,n+1) and |e,n), with n > 0, are
degenerate.
The interaction Hamiltonian reads:
Hin = -D-E, (8.27)

where D is still given by Eq. (8.14). By performing the interaction picture with respect to the
Hamiltonian A’ = hiw(ata + % + %@'Z) and the RWA (see sections 8.2.1 and 8.2.2), we obtain the
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following interaction Hamiltonian:

Ay = hg 0, — ih% (?T+ a—0_ ﬁ*) , (Jaynes-Cummings Hamiltonian) (8.28)
where () is the Rabi frequency defined in Eq. (8.19) and § = weg — w is the detuning. It is in-
teresting to note that Hi,; couples the two-dimensional manifold spanned by {|g,n + 1), |e, 1)},

with n > 0. In fact, we have:

((ﬁ a—0_ ﬁ*) lgn+1) =vn+1len), (absorption of one photon)
<ﬁ+ a—0_ ﬁ+) le,n) = —vn+1|g,n+1). (emission of one photon)

Note that the ground state of the free Hamiltonian, namely, |g,0), is also an eigenstate of Hip;.
Upon introducing the operator N’ = a%a + % + %(Afz, the total Hamiltonian may be written as

follows (after the RWA but not in the interaction picture):
H:hw/(/+hg&z—ih% (&+a—a_a*). (8.29)

If we focus on the resonant case § = 0, besides the ground state, we find the following eigen-

states of the total Hamiltonian for n > 0:

. 1
H|Y¥:)=nh [(n +w+ 20,1] ¥,

E;
where:

¥E) = é (le,n) +ilg,n+1)),

and Q, = Qpv/n +1 is the Rabi frequency for n photons. The states |¥;") are called dressed
states and AE, = E;} — E,; = hQyv/n + 1. Of course we can also write:

le,m) = é (%) +[¥;)), and |gn+1)= 1\1@ (%) — [¥5)).

O - Exercise 8.5 Assume that the system is initially prepared in the state |e, n), n >

0. Find the probability to find the atom in the excited state after an interaction time t

assuming 6 = 0.

The physical meaning of the solution of the exercise 8.5 is that the atom and the field mode
exchange one single photon with frequency ().

It is worth noting that the Jaynes-Cummings Hamiltonian of Eq. (8.28) can be also written

as: O
Hine = hTO (‘AT—s- a+0- ﬁ+) ,
where we perform the following unitary transformation of mode @ — i4, which, of course,

preserves the commutation relations, since [(i4), (ia)t] = [4,a"] = 1.
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Figure 8.6: Quantum circuit implementing vacuum Rabi oscillations.

8.2.6 Vacuum Rabi oscillations: quantum circuit

If the atom is initially in the excited state |e) and the field is in the vacuum state |0), we have

the vacuum Rabi oscillations. In particular we find:

e m-pulse (Ut = 7):
le,0) — |g,1), and |g,1) — —le,0);
* Z-pulse (Qot = 71/2):
1 1
V2 V2

that are maximally entangled states of the atom and the cavity field.

e,0) = —=(le,0) +1g,1)), and [g1) = —(|g,1) —[e,0)),

O - Exercise 8.6 Find the effect of a 2rt-pulse (Yot = 27t) on |e,0) and |g, 1).

The figure 8.6 shows how we can describe the vacuum Rabi oscillations by means of CNOT

gates and controlled unitary operation:

. . Qot Qot ~ .. (Ot .
R(t) = exp (120@) = cos (;) I—isin (;) oy,

where we should use the following association between the physical states and the computa-

tional basis:
lg,0) <> ]00), g, 1) <> ]01), e, 0) <> ]10), and |e 1) <> [11).

The reader can check that the quantum circuit of figure 8.6 acts on the computational basis as

follows:
100) — [00), [11) — [11),
101) — cos (Q;t) 101) — sin (ont> 110),

110) — cos <ont> 110) + sin <02°t> 01),

that is the same evolution obtained with the Jaynes-Cummings Hamiltonian of Eq. (8.28), except

for what concerns the state [11) = |e, 1), since, in this case, we have:

A

exp <—iH;lm t) le,1) = cos <021t> le,1) + sin <021t> |g,2).
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As we have seen in the previous section, Hiy; couples the states |e, 1) and |g,2), but |g,2) does
not belong to the computational space spanned by the two qubits. . .

In order solve this problem, we should modify the evolution as follows:

exp (—iH;lnt t) — exp (—iH;lnt t) [B; — le, 1) (e, 1] + le, 1) (e, 1],

where we introduced the projector operator B; = ¥ A=ge Lr—01 | A, F)(A, F|, which projects the
state onto the 4-dimensional space spanned by the 2-qubit computational basis.

We close this section showing how we can map an atomic superposition state |14) = ce|e) +
cg|g) onto the cavity field state. To this aim it is enough to prepare the field in the vacuum state
and then apply a 7-pulse, namely (note that, here, 0 and 1 represent the number of photons):

nt-pulse

(cele) +¢g8))10) ——— [8)(ce[1) +cg[0)),

i.e., the atom is left in the ground state while the cavity is a superposition state with the same
complex amplitudes of the input atomic state. On the other hand, when we try to map the state
|pa) = c1]1) + ¢0|0) of the field onto an atomic state, we obtain:

mt-pulse

[8)(c1]1) +¢0[0)) —— (—c1le) +c0[£))]0),

i.e.,, we have a phase appearing in front of |e). It is worth noting that the field considered
throughout this chapter is inside a cavity and, thus, is not directly accessible: one should mea-

sure the atom after the interaction in order to have some information about the cavity state!
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Chapter

Superconducting qubits:

charge and transmon qubits

N THIS CHAPTER we explain how it is possible to obtain a two-level system starting from su-
I perconducting circuits. In particular we consider the Josephson junction and the SQUID and
we focus on the charge qubit and the transmon qubit. We also describe the coupling between
a charge qubit and a 1-D transmission line resonator leading to a coupling Hamiltonian similar

to that obtained in cavity QED experiments.

9.1 The LC circuit as a harmonic oscillator

We consider a circuit involving an inductor (with inductance L) and and a capacitor (with ca-
pacity C). If we indicate with V the voltage at the ends of the capacitor and with I the current
flowing in the circuit, the energies stored in the capacitor and in the inductor are:
1 Q? 1 P2
Ec=-CV?== Ep =L = —
c=5CV =3¢ and EL=7 T

respectively, where Q = CV is the charge of the capacitor and ® = LI is the magnetic flux in
the inductor. The classical Hamiltonian Hy = E¢ + EJ is:

2 CDZ
Hy = Qf"i_ir

that is the classical Hamiltonian of a harmonic oscillator with “mass” C, momentum Q, position
@ and frequency wy = 1/+v'LC.

103
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9.1.1 Quantization of the LC circuit

The quantization of H is achieved by the substitution (see also section 8.2.4):

Q%Q—i@(f—ﬁ), and q>—>ci>—ﬁ(ﬁ*+d),

where we introduced the impedance Zy = +/L/C and the annihilation and creation operators 4

and 4", respectively, [4,4%] = 1. Note that & and Q are conjugated quantum variables, namely:
[®,Q] = 9.1)
As usual, the quantum Hamiltonian reads:
Hic = hwy <ﬁ+ﬁ + ;) , Hic|n) = Eq|n),

where |n), n € N, are the corresponding eigenstates with eigenvalues E, = hiwg(n +1/2).
Since the difference between two levels AE = E, 1 — E, = hwyp is independent of n, we

cannot select only two particular levels in order to obtain a qubit. To make the energies of

the quantized levels different enough to obtain a two level system, we should introduce some

nonlinearity, which leads to a nonlinear oscillator.

9.2 The Josephson junction and the SQUID

A Josephson junction consists of two superconductors connected via a tunneling barrier. It can
be described by its critical current I., which depends on the SC material and the size of the
junction, and the gauge invariant phase difference ¢ across the junction. Furthermore, the two

Josephson equations:

Ij(t) = I sing(t), (1%t Josephson equation) (9.2)
aL(t) = 2—TEV, (ond Josephson equation) (9.3)
ot D

allow to describe the time evolution of the Josephson current I; and of ¢ as a function of the
applied voltage V. In Eq. (9.3) we introduced the superconducting flux quantum &g = h/(2e) =
2.07 x 10715 Wb, where 2e¢ is the charge of a Cooper pair. The time derivative of Eq. (9.2) gives:

I = Iccosq7?)—(f,

and, using Eq. (9.3) and since I =V /L, we can introduce the following nonlinear inductance:

1 @
~ cosg 2nl,’

Ly
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Ce

“(D
@ e

1 reservoir

Figure 9.1: A SQUID embedded in a circuit with a gate voltage V.

The energy associated with L is obtained as follows:

t
EjL= / dtI;(t) V = Ej(1 —cos ),
0
where: ol
01c
Ef=—
I 2r
is the Josephson energy, which is a measure of the coupling across the junction. Since a Joseph-
son junction has also a capacitance C;, we can calculate the corresponding energy:

2
E = —,
Ic ZC]

where Q is the charge of the junction.
The classical Hamiltonian of the Josephson junction can be written as (we neglect the con-

stant term):
2

Hy = =
1= 2¢

Since Q = (2¢)N, where N € (—o0,+0) is the excess of Cooper pair in the Junction, N =

— Ejcos ¢. 94)

N1 — N, where N; and N, represent the numbers of Cooper pairs present at each side of the

junction, we can define the capacitive energy E. = ¢?/(2Cj), and Eq. (9.4) becomes:
Hj = 4E.N? — Ej cos ¢. (9.5)

Instead of a single Josephson junction we can consider two Josephson junctions connected in
parallel on a superconducting loop: this system is called SQUID (Superconducting QUantum
Interference Device). If the inductance of the loop can be neglected, then the corresponding

Hamiltonian is the same as in Eq. (9.5), but now:
C; =209, E; = Ej(@) = 2B cos [ e
] ] 7 ] ] c) — ] @0 7

where C}S) and E}s) are the single Josephson junction capacitance and energy, respectively, and

®, is the (eventual) external flux: changing ®. one can modify Ej.
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From now on we assume that our system is a SQUID embedded in a circuit and a gate
voltage V; is applied through a capacitance Cq, as shown in Fig. 9.1. The presence of V, simply
shifts N in Eq. (9.5) by Ng = C¢V,/(2¢), namely:

H = 4E(N — Ng)? — Ej cos ¢, (9.6)

where, now:

o2

Ec= .
©2(C+C)
If we associate 4E.N? with the kinetic energy and —E| cos ¢ with the potential energy, then

(9.7)

H represents the Hamiltonian of a nonlinear oscillator, where the conjugated variables are N

(corresponding to the momentum) and ¢ (corresponding to the position).

9.2.1 Quantization of the Josephson junction and SQUID Hamiltonians

We can now obtain the quantum analogue of the Hamiltonian Eq. (9.6) associating with ¢ and
N the corresponding quantum operators:

¢»—¢ N-—=N,
and the quantum Hamiltonian reads:
H = 4E(N — Ng)? — Ej cos §. (9.8)

It is worth noting that N is the operator associated with the excess of Cooper pairs N, where
N € (—oo,+0c0), and does not correspond to the number operator of the quantum harmonic
oscillator, as the one considered for the electromagnetic field in section 8.2.4. We can write the
relation between ¢ and N as:

e?Ne i = N —1.
However, since ¢ and N are conjugated variables, being [¢, N] = if, in the basis of the eigen-
states of ¢, we have the following association:

¢ — ¢, and N — iaaq),

and the Hamiltonian rewrites:

A ) 2
H =4E, (_la(P — Ng> — Ejcos ¢. (9.9)

The solutions of the differential equation Hp, (@) = E;u (@) are given in terms of the Floquet-

type solutions me, (g, x) as follows:

1 E; ¢
m(p) = 75 2Ny f(m Ny <_2E.:’2> ,
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Figure 9.2: E,, as a function of Ng (in each plot, from bottom to top m = 0,1,2 and 3) normalized with
respect to Egy = miny, (E1 — Ep) for different values of the ratio Ej/E.. (Top left) Ej/E; = 1.0; (top right)
Ej/E. = 5.0; (bottom left) E;/E. = 10.0; (bottom right) E;/E. = 50.0. The zero point of energy is chosen

as the bottom of the m = 0 level.

with:
f(m,Ng) =} [int(2Ng + k/2) mod 2]
k=+1
x {int(Ng) — k(—=1)"[(m + 1) div2 + m mod 2]},

where int(x) rounds to the integer closest to x, x mod y denotes the usual modulo operation,

and x divy gives the integer quotient of x and y. The corresponding eigenvalues are:

Ej
Em = Eca_a[Ng— f(m,Ng)] C2E. )’

where a,(g) denotes Mathieu’s characteristic value. In Fig. 9.2 we report the behavior of E,,;,
m = 0,1,2, and 3, as a function of N, and normalized with respect to transition Eq;, which is
the minimum energy separation between the levels E; and Ey, for different values of the ratio
E;/E..

As shown in Fig. 9.3 we can identify two regimes: the charge regime (E. > Ej) and the
transmon regime (E. < Ej). In each of these regimes we can define a two level system which can

be used as a qubit.
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Figure 9.3: Plot of Eg; / E¢ as a function of the ratio E;/E.: for E; > E; (charge regime) we have Ey; ~ Ej;
for E. < Ej (transmon regime) we have Eq; ~ /8E/E..

Figure 9.4: Schematics of the CPB. The dashed box encloses the superconducting island.

9.3 The charge qubit

In the charge regime, E; < E, our system can be seen as a Cooper pair box (CPB), that is
sketched in Fig. 9.4. It consists in a superconducting electrode (the “island”) in contact with a
superconducting reservoir though a tunnel junction (the grey zone in figure, which corresponds
to a Josephson junction or to the two junctions of the SQUID) with capacitance C;. Excess
Cooper pairs may tunnel onto the island in response to an electric field applied by means of the
gate capacitance C, and voltage V;.

In this case we have a well defined number N of tunneling Cooper pairs and, thus, of excess
of Cooper pairs, and a strongly fluctuating phase. Therefore we can express the Hamiltonian
(9.8) as a function of the eigenstates |N) of N, that is, N|N) = N|N), N € Z; we have:

. pasy 1

Hepp = NZ,OO 4Ec(N = Ng)?N)(N| = SEf(IN)(N +1] + [N + 1)(N]) |, (9.10)
where the term |N)(N + 1| + |N + 1) (N| describes the tunneling through the junction of a sin-
gle Cooper pair. It is now clear that E; represents a measure of the coupling across the junction.

It is worth noting that the states:

—+o0

9)= 5= L _epiNg)N)
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EoEq

Figure 9.5: Left plot: energy levels of the states [N) without interaction (E; = 0): note the degeneracy at
Ny = (14 2N)/2. Right plot: as Ej # 0 the degeneracy is broken, and, if E; < E, we can identify two
levels, Eg (black) and E; (red), whose energy difference at Ng = (14 2N)/2is ~ Ej.

are eigenstates of the operator:

- 1. =
Hun = =5E; ) (INYN+1[+ [N +1)(N]),
N=—oc

and Hun|@) = —E; cos ¢|¢), that is we have the following expansion:
1 &
cosg =3 ), (INN+1[+[N+1)(N]). (9.11)
N=—c0

O - Exercise 9.1 Prove Eq. (9.11) by the explicit calculation of the matrix elements
of cos ¢ in the basis of the eigenstates |[N) of N, N € Z.

If E; is negligible, then Hcpp is just the sum of energies 4E.(N — Ng)? of the states |N) (see
the left plot in Fig. 9.5): it is interesting to note that, for a particular choice of Ny, states with
different number N may have the same energy (they are degenerate). In particular we can see
that the two states [N) and |N + 1) are degenerate if N, = (1+2N)/2. As one may expect,
the presence of the interaction, though weak but not negligible, breaks the degeneracy (see the
right plot Fig. 9.5). In particular, an energy gap appears near degeneracy, which, for fixed Ng,
allows us to identify two well defined energy levels whose energy difference is Ej (see the top
left plot in Fig. 9.2). In fact, for a fixed N, and considering Ny ~ (1+2N)/2, we can assume
that only the two states [N) and [N + 1) are coupled by the interaction (this can be shown more

rigorously by considering the interaction picture and the RWA). The corresponding two-level
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Hamiltonian can be written as:

Hcpp(Ng, N) = 4Ec [(N = Ng)|N)(N| + (N +1 = No))|N +1){N +1[|

1
— SES(INY(N + 1]+ N +1)(N|), (9.12)
1 1
— 4F, {(Ng ~N)-— 2} 7V - EE,E,@” +2E. [(N— Ng)2+ (N — Ng+1)2} )
(9.13)
where we introduced 7. = IN)(N| = [N+ 1)(N +1| and eV = IN)(N + 1| 4+ [N +1)(N]|.

The eigenvalues of HCPB(Ng, N) are:

1
E&np(Ng, N) = 2E¢ [(N = N)? + (N = Ny +1)%] # 5 /E} + 16E2[1 + 2(N — Np) 2
Since at degeneracy N — N, = —1/2, Eq. (9.12) rewrites (we neglect the constant term E,):
N - 1 _
Hcpp = Hcpp(1/2,0) = —5E0x, (9.14)

where 7, = |0)(0| — |1)(1| and 7 = |0) (1| + |1)(0|. Since:

it is straightforward to find the two eigenvalues:
1 .
E+ :iEE]’ with E, —E_ = Ej,

and the corresponding eigenstates:

1) —10) H:m+m
N

e) = ,
le) 7
with Hcpgle) = E |e) and Hcpplg) = E-|g). Note that:

or = |){gl —le)lel, and Tz = |e)(g]+g){e],

—0z Ox

where, as usual, [¢) — (1,0)T and |g) — (0,1)T. In the basis {|g), |¢)}, the Hamiltonian (9.14)
simply reads (we neglect the constant term):

. O
Hcpp = h? 0z,

with ) = E ] /1, that is the Hamiltonian of an artificial atom which can be used as a qubit.
As a matter of fact, the charge qubit is very sensible to the fluctuations of Ng and, thus, of

the gate voltage V;. This problem can be solved considering the so-called transmon regime.
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1-D resonator (~ 1 cm)

Charge qubit (CPB)

Figure 9.6: Sketch of a typical configuration to implement circuit QED. A superconducting qubit (a CPB,
in yellow) is built inside a 1-D transmission line resonator. The final configuration is such that there is a
maximum coupling between the qubit and resonator (the rms voltages reaches the maxima at the center

of the conductor, see the red lines).

9.4 Charge qubit and capacitive coupling with a 1-D resonator

A 1-D transmission line resonator consists of a full-wave section of superconducting coplanar
waveguide. If L, and C, are the effective inductance and capacitance of the resonator, respec-
tively, then its characteristic frequency is w, = 1/+/L;C; (typical values are w;, ~ 10 GHz). The

quantum Hamiltonian of the resonator may be written as:
- 1
H, = hw, (ﬁ*@ + 2) ,

4 being the annihilation operator, [4,4"] = 1. The 1-D resonator plays the role of the cavity of a
cavity QED experiment.

As depicted in Fig. 9.6, a superconducting qubit (here a CPB) is placed inside the 1-D res-
onator and it plays the role of the atom of the cavity QED setup. The system CPB+resonator
are built is such a way that there is a maximum coupling between the qubit and resonator. As
schematically shown in Fig. 9.6, the qubit couples with the mode 2 of the resonator (maxima at
the center).

The free Hamiltonian of the system reads:
~ 1 ~
Ay = hw, <ﬁ*a + 2) +4E.(N — Ng)? — Ej cos ¢, (9.15)

where the the second and the third terms are the same as in Eq. (9.8).
The coupling between the resonator and the CPB is due to the presence of the quantum

contribution to the voltage, which leads to the following substitution in Eq. (9.15):
Cg Vims

Ng = Ng+Np, with Ny = =% (a" +a),
\‘E—J
Nq
where Vims = /hw,/(2C;) is the rms voltage corresponding to the mode 2 of the resonator

(wyr — wy/2) and Cq is the gate voltage. After the substitution we obtain the following Hamil-

tonian which describes also the coupling through the gate voltage (we neglect the constant
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term):
s t Q t 2
A = hw,a'a + 4E, [(N — Ng) — Ny(a +a)} — Ejcos §

_ At N2 A g _ At n
= hw,ae +4E:(N — Ng)” — Ejcos § —8E.N,;(N — Ng)(a" +a),

resonator CPB interaction
where we neglected the terms proportional to N,? (note that Vims ~ uV).
In the charge regime, E; > Ej, and, as shown in section 9.3, we can expand the Hamiltonian
in the eigenstates |N') of N. For the sake of simplicity, we consider only the two states |0) and

|1). By introducing 7> = [0)(0| — |1) (1| , we have the following identities:
(I—7.) - N,

1
2
N 1 _
(N—N,)? = (Nz — Ny + 2) — (1 —=2Ng)o,
1
2

If we now use the basis {|e), |¢) } introduced in section 9.3, we have:
T, =0y =01 +0_,
where ¢ = |e)(g| and 6— = [g) (e|; finally we obtain (at the degeneracy point Ny = 1):
A = hw,ata + h% 0, +4ENy (8" +a) (6 +0-),

where () = E;j/h and the last term corresponds to the interaction between the artificial atom
and the resonator, which is the same interaction addressed in section 8.2.5.

Indeed, it is also possible to couple the transmon qubit with the 1-D resonator. However, the
theoretical description of the interaction requires advanced methods of quantum optics and it

is left to the interested readers.

9.5 The transmon qubit

Let us focus the attention on Fig. 9.2: as the ratio Ej/E, increases, the energy levels E; can be

approximated by the oscillating functions:
€
En(Ng) ~ Em(Ng = 1/4) + 7’" cos(2mtNy),

where: .

24m+5  [o E 43
Em ~ (_1)mEc — ; (]) e Vv SE//EC.

m! 2E.
Therefore, in the limit E; > E. they become almost independent of N, (see the bottom right

plot of Fig. 9.2), and we reach the transmon regime, where “transmon” refers to “transmission
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Figure 9.7: The transmon qubit: a SQUID shunted by a large capacitance Cg, that reduces the fluctuations

of the gate voltage by reducing E..

line shunted plasma oscillation qubit” (this is related to the physical implementation to achieve
E; > E;). This regime is achieved by using the same configuration of the charge qubit (a dc
SQUID coupled to a gate voltage V, via the gate capacitance Cq) but now the SQUID is shunted
by a large capacitance Cg, as depicted in Fig. 9.7. Since for this system:

e2

S e oYL
by increasing Cg it is possible to decrease E. in order to obtain the regime E. < E;. In this way
the fluctuations of the gate voltage are also reduced.
Since Ej > E., we can expand up to the 4-th order the cos ¢ in Eq. (9.8), obtaining (since the
energy levels are independent of N, this quantity does not appear explicitly):

Ay, = 4E.N? + %E](pz — %415@4 (9.16)
where we can easily identify the Hamiltonian Hy = 4E.N? + 1E;¢?, that represents a harmonic
oscillator and the nonlinear term F; = — iE ;¢*. In the following, we show that the presence of
H; is what we need to make the energy levels different enough in order to select a well defined
two-level system.

Equation (9.16) represents the Hamiltonian of a nonlinear oscillator, therefore we can intro-
duce the bosonic field annihilation, b and creation, b*, operators, respectively, with [E, E*] =1
and put:

5= () (7-9) -y ).

where we introduced the Josephson plasma frequency:

_ VBEE
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It is easy to show that [¢, N] = i and that Eq. (9.16) becomes:

. er I\ 1 fer o\
Py = hw, (b*b+2> —Ee (b*+b) ) (9.17)

Hy
and hw, = /8EjE.. Since E; < Ej, in order to calculate the eigenvalues of Eq. (9.17) we can
apply the first order perturbation theory. The unperturbed eigenvalues of Hr, are:

0 _ 1
Ey’ = hw) <n+2),

where Hy|n) = E,(,O) |n). The first order correction to E,(IO) is given by:

1 e a4
EY = —n] [uEC (b*+b) ] 1)
= —%Ec<n| [12 bh + 6(b")20% + 3 + (terms s.t. (n] - - [n) = 0)] |n)
= —Emn— %E,;n(n -1)— %EC.

Neglecting the constant term, the perturbed energy levels are:

E, = (. /8E,E. — Ec) n— %Ecn(n —1).

It is worth noting that, due to the nonlinearity, the difference between adjacent levels is now

dependent on 1, namely:

AEyni1 = Eps1 — En = (, /8E,E. — Ec) — En.

In particular, we have:
AEy, = /8EJE. — E,
AE;, = AEg; — E..

Since typical values of the involved quantities are E;/h ~ 2 GHz ad E;/h ~ 400 MHz (usually,
C; ~ 107'2 F), it is possible to experimentally select only the transition between the levels E
and E, thus obtaining the so-called transmon qubit.

It is worth noting that the gain in charge-noise insensitivity as E;/ E. increases, leads also to
a loss in anharmonicity. In order to reduce a many-level system to a qubit, that is a system with
two well-defined levels, a sufficient anharmonicity is required. Form the experimental point
of view this sets a lower bound on the duration of control pulses to implement the quantum
logic gates. However it is possible to show that the energy ratio should satisfy 20 < Ej/E; <
5-10%, opening up a large range with exponentially decreased sensitivity to charge noise and
yet sufficiently large anharmonicity for qubit operations. The interested reader can find further
details in the references cited in the Bibliography.
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