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General Introduction

The main task is to give an introduction to modern commutative algebra with a
special regard to commutative ring theory, arithmetic, homological methods and algebraic
geometry.

Commutative Algebra studies commutative rings (with identity), their ideals, and
modules based on such rings. Both algebraic geometry and algebraic number theory are
based on commutative algebra. Algebraic geometry combines commutative algebra with
geometry. For example, solutions of systems of polynomial equations, the so called alge-
braic sets, are combined with related algebraic structures which are ideals in the polyno-
mial ring.

Throughout this course, we will assume as known the basic notions: ideals, polynomial
rings, localizations, tensor products of modules, Noetherian rings and modules: in section
1, we will review some definitions, theorems and propositions that we will use in the
following chapters. Anyway, the reader that is not familiar with this topics can find (a
lot of) material in a good textbook, such as [9] or [2].






CHAPTER 1

A brief review

Convention: by ring we will always mean (unless expressly specified) a commutative
ring with 1 # 0. If A is a ring, we will denote with Mod 4 the category of A-modules.

1. Nakayama’s lemma

Remember that an ideal p # (1) of a ring A is said to be prime if zy € p implies x € p
or y € p. An ideal m is said to be maximal if m # (1) and if there is no ideal I such that
m C I C (1). It’s well known that p is prime iff A/p is integral domain and that m is
maximal iff A/m is a field.

Prime and maximal ideals play a fundamental role in commutative algebra, so let’s
state the following basic theorem:

1.1. Theorem. Let A be a ring. Then there exist at least one mazimal ideal m of A.

As a corollary we have that an ideal I, I # (1), is always contained in a maximal ideal
m.

1.2. Definition. A ring A with exactly one maximal ideal m is called a local ring.

1.3. Definition. Let M € Mody:

(1) We say that M is finitely generated if there exists positive integer n and a sur-
jective homomorphism of A-modules A™ — M.

(2) We say that M is finitely presented as A-module if there exist positive integers
m,n and two surjective homomorphism of A-modules: ¢: A" — M and A™ —
Ker ¢. Each generator of the kernel is called a relation. Thus a finitely presented
module can be described using finitely many generators and relations.

1.4. Lemma (Nakayama). Let A be a local ring with maximal ideal m and M a finitely
generated Mod 4. If the quotient M /mM =0, then M = 0.

PROOF. Let’s restate the thesis: we have M/mM = 0 iff M = mM and we want
to prove that this implies M = 0. Suppose M # 0 and search for a contradiction: let
x1,...,x, be the generators of M = mM. So we can write 1 = ayx1 + ... + a,x, with
a; € m, that is (1 — a1)x; = asxs + ... + a,x,. We claim that 1 — @y is a unit. If it’s
not, it must belong to m (that is the unique maximal ideal of A) and so we would have
1 —a; =m € m, that is 1 € m and so m = A, a contradiction. Then let u = (1 —a;)~*
and write again xy = wasrs + ...+ ua,r,: in this way we have proved that M can be
generated by less then n generators. By descending induction we obtain that there are
no generators for M, which is absurd. 0

We have the following corollary:
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1.5. Corollary. Let A be a local ring and let m C A be the maximal ideal. Let M, N €
Mod, and consider a homomorphism of A-modules ¢: M — N. Suppose that N is
finitely generated. If the map induced by ¢, ¢: M/mM — N/mN, is surjective, then ¢
itself 1s surjective.

Proo¥r. To prove that ¢ is surjective, we prove that Coker(y) := N/p(M) = 0. So
we have @ surjective if and only if 0 = Coker(p). But

. N Coker(yp)
(1.1) Coker(p) = —V — ~ o~ :
gp(—ﬁ/[) (M) +mN — m Coker(p)

To explain the isomorphisms, observe that ¢(2L) = (o(M))/mN = (¢(M) +mN)/mN.
The first equality is given by the definition of the induced map @. Now note that (M) +
mNN contains mN, so we can apply the so-called third isomorphism theorem for A-modules’
and thus obtain the first isomorphism in 1.1. To prove the second isomorphism, note that
©(M)+mN D mN: by applying again the third isomorphism theorem we have:

N N % _Coker(p)

= p(M)tmN —
o(M)+mN 2o m Coker(y)

Hence we have 0 = Coker(p) ~ %. But Coker(y) is a quotient of N, which is

finitely generated. Thus must be finitely generated itself. We can apply Nakayama'’s
lemma and obtain the thesis. 0J

1.6. Example. Let A, m as above. Let N be a finitely generated A-module. Then
we have that the quotient N/mN is a finitely generated A/m vector space® fix a set
e1,...,e, of N, such that their classes éy,...,¢é, form a basis of N/mN as A/m vector
space. Consider the map ¢: A" — N defined by (ay,...,a,) — Y . a;e;. Then ¢ is
surjective by corollary 1.5. To see this, consider the quotient map

5: A" /(mA") = (A/m)" — N/mN

this is clearly an isomorphism of vector spaces, thus is surjective.
Note that ¢ is not, generally, injective: take N = A/m as A-module, then ¢ is the
projection ¢: A — A/m which is certainly not injective.

2. Tensor products

Tensor product of modules is another fundamental construction in commutative alge-
bra. We wish to introduce it from the most natural point of view.

2.1. Definition. Let M, N, P € Mod . We say that a map ¢: M x N — P is A-bilinear
if it is A-linear in both arguments. Define L(M, N)(P) as the set of all A-bilinear maps
from M x N to P.

'Let 4, B,C € Mod 4 such that A C B C C. Then we have £/4 ~ C/B.

2This can be seen directly or using the isomorphism with a suitable tensor product.
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It’s easy to show that £L(M, N)(—) is a covariant functor from Mod,4 to Set. Indeed

|

P —— L(M,N)(P")> goy
2.2. Remark. For all M, N, P € Mod,4, we have a bijection
[': Homyu(M,Homa(N, P)) ~ L(M,N)(P)

(@: M — Homy(N, P)) s I(®)

such that, if ®: z — ®, € Homu (N, P), ['(®): (z,y) — P,(y) € P. Note that this
isomorphism is natural in P.

So we can ask the following question: is the functor £L(M, N)(—) representable, which
is to say that exists an A-module T" such that £(M, N)(—) is naturally isomorphic to
Homu (7, —)? The answer is positive and is given by the module T':= M ®4 N that is
called the tensor product of M and N over A.

We must show that such a module exists, but we first state the following properties,
true for all M, N, P € Mod 4:

(1) M4 N~ N®s M.
(2) M@y A M~ A@, M.
(3) (M @4 N)@sP~May(N®yP).
Properties 1 and 3 can be proved using the universal property of the tensor product that

we will state shortly. To show that 2 holds, consider the following isomorphisms: let
T=M®4A, so we have

Homu (T, P) ~ L(M, A)(P) = Hom(M,Homa(A, P)) ~ Homu (M, P)

for all P € Mod,. Hence M ~T = M ®4 A.

Suppose again that exists 7' € Mod, and a natural isomorphism 7 between the
functors £(M, N)(—) and Homu (T, —). Denote with np the bijection £(M,N)(P) =
Hom (T, P) for any module P.

In particular, we have £(M, N)(T) 2% Hom(T,T). Let’s write 7 for the unique map
m: M x N — T such that ny(7) = idr.

We show now that 71" has the following universal property:

2.3. Lemma. Given any A-module P and any A-bilinear mapping ¢: M x N — P, there
exists a unique A-linear mapping T — P such that the diagram

MxN-~ZuT

Y

P

commutes. In other words, every bilinear map on M x N factors through T
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PROOF. Let p: T'— P, p € Homa(T, P) be the map that is the image of ¢ through
the isomorphism 7p, that is p = np(p): note that such p is unique. Now consider the
following commutative square:

LM, N)(T) 2 Homua(T,T) 7 ——— np(n)

po po\

L(M,N)(P) LA Homu(T,P) pom — np(pom)=ponp(m).

We have that p o np(m) = poidr = p = np(¢). The map np is a bijection, so it must be
pom=. U

We still have to prove that such a module exists. Let C' be the free A-module AM*V

generated by the elements of M x N, so that AM*N = {37 . ai(zs, y;) : @ € M,y; € N, a; € A}.
Let D be the submodule of C' generated by all elements in the following forms:

1) (JZ + $/7y> - (:E:y) - (xl7y)
i) (z,y+y) —(2,9) = (2,9)
iii) (az,y) — a(z,y)
iv) (z,ay) — a(z,y)
We can now define the module T" as the quotient T'= C/D. Given a generator (z,y) of
C, we will denote its class with  ® y. In this way, if t € T then t = Y | a;(2; ® y;) with
a; € A. So we have a canonical mapping M x N — T given by (z,y) — = ® y.
Further, any bilinear map ¢: M x N — P, can be extended by A-linearity to a map
@: C'— P. Obviously ¢ vanishes on all the generators of D, so we can define a new map
$: T =C/D — P such that p(z ®y) = ¢(x,y). The map is clearly unique, so T satisfies
the universal property for the tensor product and we can say T'~ M ®4 N.

3. Exact sequences and exactness of the tensor product

3.1. Definition. A sequence of A-modules

i i
%MZLMZ+1%1M,L+2—)

is called an ezxact sequence if, for every i, we have Im(f;) = Ker(f;1+1). An exact sequence
of the type

O—-M-—-=N-—=P—=0

is called a short exact sequence.

3.2. Remark. Any exact sequence can be split into the union of short exact sequences by
restricting to kernels and images. This is the reason why we will (almost always) reduce
to short sequences.

We now give a proof of the so called snake lemma, a statement valid in every abelian
category, that is a crucial tool used to construct long exact sequences.
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3.3. Proposition. Let

M-t .N_92.p 0
Joo
0 ML L p

be a commutative diagram of A-modules with exact rows. Then there is an exact sequence
relating the kernels and cokernels of a, b, and c:

Ker(a) — Ker(b) — Ker(c) LN Coker(a) — Coker(b) — Coker(c)
where § is called the “snake” or the “boundary” homomorphism 6: Ker(c) — Coker(a).

PROOF. We can define the map 0 as follows: given = € Ker(c) we can view it as
an element of P. Since g is onto, there exists an element y € N such that g(y) = =.
Because of the commutativity of the diagram, we have ¢'(b(y)) = c(g9(y)) = c(z) = 0,
therefore b(y) € Ker(g') = Im(f’), by the exactness of the bottom row. So we find an
element z € M’ such that f'(z) = b(y): z is unique since f’ is injective. We then define
d(x) = z+ Im(a). Now one has to check that 0 is well-defined (i.e. d(x) only depends
on x and not on the choice of y), that it is a homomorphism, and that the resulting long
sequence is indeed exact. We leave the verification to the reader. 0

3.4. Definition. Let F': Mody — Mod4 be a functor. F' is called exact if, given an
exact sequence of A-modules

i Ji
—>le—>MH_1i)MH_2—)

the sequence

F(f; F(fit1
o POM) 2 pv ) BV ML)
is exact.
3.5. Proposition. Let M, N, P € Mod 4.
(1) The sequence of A-modules.
(3.1) MLNLS P
1s exact iff for all A-module Q) the sequence
(3.2) 0 — Homu (P, Q) % Hom (N, Q) L Homu (M, Q)
is an exact sequence.
(2) The sequence of A-modules.
(3.3) 0o-MLNSP
is exact iff for all A-module Q) the sequence
(3.4) 0 — Homa(Q, M) % Hom(Q, N) L Homa(Q, P)

18 an exact Sequence.
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PROOF. Let’s prove one arrow in the first statement and leave the other parts of this
proposition as an exercise®. Suppose that the sequence (3.1) is exact: we wish to show
that (3.2) is exact. First we prove that ¢ is injective, that is Kerg = 0. Let a: P — @
be a homomorphism of A-module such that a0 g = 0. Being g surjective, we have that
for all p € P, there exists n € N such that p = g(n). Hence, a(p) = a(g(n)) = 0 for all
p € P, that is a = 0.

Now we want to prove that Im(§) = Ker(f). Given ¢ € Hom(N, Q) such that gof = 0.
We need to show that there is a unique map ¢ € Hom(P, @) such that the diagram

Mt.N—2.p
NG|
ol
Q

commutes. To do this, observe again that, being ¢ onto, for all p € P we can find n € N
such that p = g(n). Define ¢(p) = ¢(n) for such n. The map @ is well defined, since
if m,n € N are such that p = g(n) = g(m), we have n — m € Ker(g) = Im(f), so
n —m = f(t) for a suitable t € M. Thus, 0 = ¢(f(t)) = ¢(n) — ¢(m), that proves
o(n) = p(m) and the definition of @(p) does not depend on the choice of the lifting
element n € N. @ is also a homomorphism of A-modules (easy check), so ¢ € Hom(P, Q)
and it’s such that ¢ o g = p, which is to say that ¢ € Im(g): in this way we have proved
that Im(j) D Ker(f).

Let now be ¢ € Im(g), which is to say that there is 5 € Hom(P, Q) such that Sog = ¢.
In this case we have ao f = o (go f) but Im(f) = Ker(g), so we have, for all m € M,

B(g(f(m)) =0, hence ¥ € Ker(f). O

We have the following proposition that tell us something about the exactness of the
tensor product:

3.6. Proposition. Let

(3.5) MLNL PO

be an exact sequence of A-modules. Let () be any A-module. Then the sequence
(3.6) MesQ L N0, QLS PoaQ—0

is exact (where 1 = idg denotes the identity map on @)).

3.7. Remark. In this case we say that the functor — ® 4 Q) is right-exact. The tensor
product is not, generally, an exact functor. If ) is an A-module such that, for every short
exact sequence of modules

0O—-M-—=N-—=P—=0

we have
0> MoAQ > N®1Q = P®4Q—0
exact, then @ is called a flat module over A and we say that () is A-flat.

3You can find the proof of the converse implication on [2], proposition 2.9.
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PROOF. We just need to apply the proposition 3.5. From the exactness of (3.5) we
deduce that the sequence

(3.7) 0 — Hom(P,Hom(Q, F')) — Hom(N, Hom(Q, F')) — Hom (M, Hom(Q, F))

for any A-module F'. But we have a natural isomorphism that allow us to restate the
sequence (3.7) in the following way

0 - Hom(P ® @, F) - Hom(N ® @, F') - Hom(M ® Q, F)

which is again an exact sequence for any A-module F'. Apply again proposition 3.5 and
obtain the thesis. 0

3.8. Example. Let A = Klz,y] with K field. Let @ be the ideal (z,y) and consider it
as A-module. Is it A-flat?

We claim that it is not: by the previous proposition, we just need to show that the
tensor product with ) does not preserve injective maps. Consider the exact sequence
0 — @Q — A given by the inclusion of ) into A. If we tensor with () we obtain

Q24Q -~ A®aQ Q
l®q q

~

mn—mn=1Q mn— mn.

The map ¢ brings a generator m ® n to itself but seen as an element of A ®4 (). By
A-linearity we can write m ® n = 1 ® mn and then apply the isomorphism to @ (which
is simply given by multiplication). To show that g is not injective we have to find a
non-trivial element in Ker(g). Notice that r ® y — y ®  +— 0: if it’s not zero we have
done.

To prove this, consider the quotient B = Q/Q? = (z,y)/(x,v)* = (z,v)/(2%,y?, zy).
If (z,y) is formed by all polynomials f(x,y) whose value in (0,0) is equal to zero, the
quotient classes B are given by linear polynomials in the variables z,y without constant
terms, that’ is B ~ Kz ® K.

Now consider the tensor product:

Q/Q* ¥k Q/Q* ~ (Ki®y) ® (Kj®i)® (Kz®z)d (Ky®y) ~ K*

where we used that the tensor product commutes with direct sums. If 7: Q — Q/Q?
denotes the projection on the quotient, there is an induced map

TRT: Q®aQ = Q/Q* K Q/Q?

and 2Ry —yYRr—ITRY—yRT+— (1,-1,0,0) # 0 in K* thatis (z @y —y®@1x) # 0.

We give another proof of the previous fact using the snake lemma: consider the map
p: Ax A — Q with (a,b) — azx + by. ¢ is clearly onto and if (a,b) € Ker(y) then
ax + by = 0, that is ax = —by. Hence a = ¢y, b = —cx for ¢ € A; thus Ker(p) ~ A and
we have the short exact sequence

0= Ker(p) ~A B Ax AL Q=0

4We denote with z and 7 the classes in the quotient: for example, we have 7 = x + (22, y?, zy).
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with ®(c) = (cy, —cx). If we compute the tensor product with @, we obtain the following
commutative diagram

0 0 Kerg
Q—QxQ—Q®,Q —0
L g

0 A Ax AL+ Q

K~A/Q—KxK— Q/Q?

By the snake lemma, we obtain the exact sequence 0 — Ker(g) — K ~ A/Q =
Coker(t) — K x K. Notice that the map A/Q — K x K is the null map, since, for
every ¢ € A/Q we have ¢ — (¢y,—cz) = 0. Since the sequence is exact, we have
Im(Ker(g) - K) = Ker(4/Q — K x K) = A/Q = K, hence we have an isomorphism
Ker(g) ~ K # 0 which prove our statement.

4. Localization

4.1. Definition. Let A be any ring. A multiplicatively closed subset of A is a subset S
of A such that 1 € S and S is closed under multiplication. Define a relation ~ on A x .S
as follows:

(a,s) ~ (b,t) iff there exists u € S such that u(ta — sb) =0

The quotient set ST'A = A x S/~ given by {(a, s) := a/s} has a natural ring structure
by defining addition and multiplication of these fractions a/s in the same way as in
elementary algebra:

a b_ab
s t st
a b_at—l—bs

S t st

The ring S~ A is called the localization of A to S or the ring of fractions of A with respect
to S. We also have a ring homomorphism A Iy S-14 defined by f(z) = x/1. Note that
this map needs not to be injective.

The ring of fractions S~'A has the following universal property:

4.2. Proposition. Let A be a ring and S a multiplicative set in A. If g: A — B is a
homomorphism of ring such that g(x) is a unit in B for all x € S C A, then there exists
a unique homomorphism h: S~*A — B such that the diagram

At g1y

\ L
g .
v

B
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commutes.
PROOF. See [2], proposition 3.1. O

4.3. Remark. Let p C A be a prime ideal. Then the set S = A\ p is a multiplicative
set. We denote the localized ring S™'A with A,.

4.4. Remark. Let D be an integral domain, then p = (0) is a prime ideal and Dy =~
Frac(()D), the field of fractions of D.

We can imitate the construction of the ring of fractions with an A-module M instead
of the ring A. Define a relation ~ on M x S as follows:

(m, s) ~ (n,t) iff there exists u € S such that u(tm — sm) =0

As before, the relation ~ is an equivalence and we can consider the set S™'M = M x S/~.
We can denote with m/s the equivalence class of the pair (m, s). With the sum defined
as above and the obvious scalar multiplication, the set S~'M becomes an S~ A-module.

Let f: M — N be a homomorphism of A-modules. Then we can define an induced
S~! A-modules homomorphism S~*(f): S™*M — S~'N such that m/s — f(m)/s. Notice
that S™!(fog) =57 (f) 0o S !(g).

4.5. Remark. Fixed A and S, we have thus defined a covariant functor S7!(—): Mod 4 —
S~1A-Mod.

4.6. Proposition. Let A, S as above. The functor S~'(—) is exact.

ProoOF. Let M, N,P € Mod, and let M Iy N % P be an exact sequence. Thus

we have to show that S—1M 54y §-1v Z7% 1P ig exact: being S~!(—) a functor,
it preserves compositions. Hence, since g o f = 0, we have S™1g o S71f = 0, that is
Im(S7'f) C Ker(S™'g). To show the reverse inclusion, let n/s € Ker(S™'g), that is
g(n)/s = 0 := 0/1. By definition, there exists ¢ € S such that tg(n) = 0, that is
g(tn) = 0. Thus tn € Ker(g) = Im(f) and we can find m € M such that f(m) = tn.
Hence, in S™'N we have n/s = nt/st = f(m)/st € Im(S™' f) and we have done. O

4.7. Proposition. Let A, S as above and let M be an A-module. Then we have an
isomorphism of S™'A-modules: STYM ~ M @, S7'A.

PROOF. It’s easy to show that the map a/s ® m — am/s it’s a homomorphism of
S~1 A-modules with inverse z/s +— 1/s ® . O

4.8. Remark. Using the universal property of the tensor product and of the localization,
it can be shown (see [2], proposition 3.5) that there exists a unique isomorphism f: M ® 4
S™1A — S7'M for which f((a/s) @m)=am/sforalla€e A, s€ S, me M.

4.9. Remark. As a consequence of the propositions 4.6 and 4.7, we have that S7'A4 is
flat as A-module.

4.10. Proposition. Let M € Mod 4, p C A a prime ideal. Then there exists a canonical
isomorphism of Ap-modules

(M/pM)p ~ My/pMy.
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PROOF. First notice that pMy ~ (pM)p. We have the exact sequence
0—=pM —- M — M/pM — 0
and by the exactness of the localization we obtain that
0— (PM)p = My — (M/pM)py — 0
is exact. Hence (M /pM)y >~ My/pMp. O

4.11. Remark. If we consider A = M as an A-module, we notice that (A/pA)p is
the localization of A/pA with respect to the image of (A —p) — A/pA, that is the
multiplicative set A/pA \ {0}. Indeed, the quotient ring is integral, since p is prime.
Hence, by the universal property of the localization, we have the following isomorphisms:

Ay /pA, >~ (A/pA)p =~ Frac(A/pA).

5. Local properties

5.1. Definition. We say that a property P for rings, A-modules or homomorphisms of
A-modules is local if the following is true: P is true < for all p prime ideal, p C A,
property P holds true for A,, A,-modules, homomorphisms of A,-modules.

As an example of local property

5.2. Proposition. Let M € Mod,y. Then M = 0 iff for all p prime ideal, p C A,
Mp = O.

PrRooF. We just need to prove one implication, since if M = 0 then M, = 0 for
all p prime. Suppose M # 0 and take 0 # = € M. We define the annihilator of x,
Ann (z) = {a € A: ax = 0}. Ann (z) is a proper ideal of A (since 1 ¢ Ann(x)), so there
exists a maximal ideal m such that Ann(z) € m C A. Then, by assumption, we have
My, = 0, that is there exists ¢ € A\ m such that ¢z = 0. Hence ¢ € Ann(z) C m, which
is absurd. O]

From this proposition, we obtain the following corollaries:

5.3. Corollary. Consider M % N a homomorphism of A-modules. Then:
(1) ¢ is surjective iff for all p prime ideal, the map p,: M, — N, is surjective,
(2) ¢ is injective iff for all p prime ideal, the map p,: M, — N, is injective.

5.4. Remark. Assume that M is finitely generated. Then we have M = 0 < for all m
maximal ideal, m C A, M, = 0 (equivalent to the previous proposition) < (Nakayama’s
lemma) My /mM,, = 0. This is a simple fact: in order to show it, notice that, since m is
maximal, (A/m)y, >~ A/m, so we have My, /mMy, =~ (M/mM ).

5.5. Corollary. Let M % N a homomorphism of A-modules. Suppose that M is finitely

generated as A-modules. Then ¢ is onto iff for all p prime (or mazimal) the map
Pp: N/PN — M/pM is onto.

PROOF. Apply the remark to Coker () and use that Coker(p)/p Coker(p) ~ Coker(ip,,).
0
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6. Limits

6.1. Definition. A nonempty set [ is called a direct set if (I, <) is a partially ordered
set such that for every «, f € I, there exists v € I such that o < v and <.

6.2. Definition. A family of objects (X, )acr is a direct system indexed by a direct set I
if for every a, B € I with a < 3 there exists a morphism ¢,5: X, — Xp such that:

1) Qoo =idx, for all a € 1.
ii) For any «, 3,7 € I where a < f < 7, the following diagram commutes:

Pap Xﬁ
k A

Xy
6.3. Definition. A direct limit of a direct system (X,)aecs is an object, denoted by
lig(Xa), with a family of morphisms ¢,: X, — liﬂ(Xa) such that for every o, € I
with o < 8 we have pgo .3 = ¢o. Further, a direct limit satisfies the following universal

property: for every object Y with morphisms 1, : X, — Y such that ¥gop,s = 1., there
exists a unique morphism ¢ making the following diagram commutative for all a < f:

e
S

Xa

6.4. Example. If we consider the category Set where morphisms are set inclusions, then
given Xg C X; C Xy, C ... C X,, C ... we have that

lim (X;) = UOX

6.5. Example. If X, are Abelian groups, then lig(Xa) = @ X./D where D is the
Abelian group generated by !, — pas(7,) Where 7, € X, and 2/, and p.s5(x,) are the
images of z, and Y,5(z,) in P X,.

6.6. Exercise. Show that the Direct limit is an exact functor from the category of direct
systems of modules over a fixed directed set to the category of modules. In other words,
let (An)aer; (Ba)acr and (Cy)aer be direct systems of R-modules over the directed set
I and consider maps ¢,: Ay, — B, and ¥,: B, — C, such that, for every a € I, the
sequence

0= A, 25 B, Y50, =0
is exact. Then the sequence

0 - lim(A,) =2 lim(B.) = lim(C) — 0
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18 exact.

6.7. Exercise. Let A be a ring, S C A be a multiplicatively closed set and M € Mod .
For every s € S, we denote by M, the localization of M with respect to the multiplicative
set {1,s,5% ...}. Then we have a family of modules indexed by S. Notice that this is a
direct system. In fact for every s, s’ € S, we have inclusions M, < M,y and My < M.

Show that S™'M = lim (M).



CHAPTER 2

Rings and Algebras: a first view

The goal of the first part of the course is Hilbert’s Nullstellensatz, the fundamental
theorem that connects algebraic objects (ring of polynomials) to geometric objects (alge-
braic sets or varieties). In order to state the theorem, in the following section, we need to
recall some important facts about rings and algebras over a fixed ring.

Let AL Bbea ring homomorphism. We begin by stating the so-called substitution
principle:

0.8. Proposition. Let A, B, f as above. Givenb € B, there exist a unique homomorphism
fo: Alx] — B such that fy|a = f and sending x to b.

PROOF. For the existence, let us define a ring homomorphism satisfying the two
conditions. If p(z) € Alz], we have p(z) = Y ;_,arz®. So we can define fy(p(z)) =
S o far)b®. Obviously f, is such that f,(a) = f(a) for all a € A and that fy(z) = b.
It is actually unique: if ¢: A[z] — B is such that ¢|4 = f and such that ¢(z) = b, then

o(z*) = ¥ and o must act as f,. O
0.9. Corollary. Givenby,...,b, € B, there exist a unique homomorphism Alxy, ..., x,] —
B such that z; — b; and such that, as before, the triangle
Alxy,...,x,| — B
A
A

commutes.

Let’s take a closer look: if we denote by Homa(A[z]|, B) the set of A-linear ring
homomorphisms, which is to say homomorphisms that extend f to Alz| in the way we
explained above, we have proved that there is a bijection

B — Homy(A[z], B)
b——— 1/

0.10. Definition. A ring B along with a ring homomorphism A Iy B is called an A-
algebra.

For example, let A be a ring. There exist a unique map Z — A, sending 1 — 14.
This map is called the characteristic homomorphism and allows us to think any ring as a
Z-algebra. Further, if k is a field and® A a ring such that k ——— A, then A is a k-algebra.

'Remember that an homomorphism between a field k and a ring A is always injective.

15
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0.11. Definition. An homomorphism of A-algebras between A L Band A% Cis a
ring homomorphism such that is A-linear. In other words, we have that B % C is an
homomorphism of A-algebras iff ¢ is a ring homomorphism and g = ¢ o f:

B—2.(C

%

For example, let A = Z. Any ring homomorphism B % C is a Z-algebras homomor-
phism: the reason is the uniqueness of the characteristic map, that makes the diagram

B—*2.(C

Ve

Z

always commutative.
Now that we have defined maps between A-algebras, we can define the category of
A-algebras: it will be denoted by Alg,.

1. Functoriality

Consider now a more specific case, useful for our purpose. Let A = k be a field,

fixed, and let B be the ring of polynomials over k£ in the variables zi,...,z,, i.e. B =
klxy,...,z,]. Let C be any k-algebra, e.g. a field extension K of the base field k (so we
have k C K).

The set of k-algebras homomorphism from k[zy, ..., z,| to K, Homy(k[z1,. .., z,], K),
is actually a k-algebra. It’s easy to see, by the corollary of the proposition 0.8, that it is
isomorphic to K.

Let’s see this from a functorial point of view: let* A 5 Be Alg,.
We have the (covariant) Hom functor G = Hom 4 (A[z], —)

T — %, G(B) = Homu(A[z], B)
B' — G(B') = Homu(A[z], B')

that acts on maps, as usual, by composition: keep in mind this functor for a while.
Fix an integer n > 1 and consider now the functor F' defined as follows:

A—LLFA) = An

T

A — F(B') =(B)".

2We will use this abuse of notation, saying that the map A 1y B is the A-algebra: in this way we
will consider as one the map f and the ring B, when we see it as an A-algebra.
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where A, A’ are rings and where f™(aq,...,a,) = (f(a1),..., f(a,)). We have the follow-
ing lemma:

1.1. Lemma. There is a natural isomorphism of functors between the functor F (defined
as above) and the Hom functor Homg(Z[z1, ..., x,], —)

ProoOF. The Hom functor of the lemma acts on maps exactly like the functor — defined
above — Hom4(A[z], —) (when we consider A = Z and we take more than one variable).
We wish to define a natural transformation of functors and show that is actually an
isomorphism. Let’s begin by defining the transformation: for all A € Rng (the category
of the rings), define the map

A" A Homg(Z[xy, . . ., ], A)
that sends
P = (ay,...,a,) — vp := (p(x) — play,...,a,)) € Homg(Z[x, ..., x,], A).

The map vp is the evaluation map of the point P € A™. 74 is clearly injective, since if
vp = v, then a; = vp(z;) = vo(z;) = b; (if @ = (by,...,b,)) and so P = Q. It is also
onto, since for ¢ € Homy(Z[xy,...,x,], A) we can define Py = (¢(x;))i=1,.n € A" To
show that 7 is a natural transformation (and hence a natural isomorphism, for what we
have just seen), we simply need to prove that the following diagram

A A" A Homg(Z[xy, . . ., ], A)

[

A (A" — Homg(Z[z1, ..., x,], A")

TAI
commutes. But this is an easy check. 0

This simple lemma contains the point of view we wish to use in this course: with the

following definition, we will introduce the first geometric object, seen in a completely new
way.

1.2. Definition. We define the affine space A% to be the functor Homg(Z[x1, . .., z,], —).
Let k£ be a field. We can define in a similar way the affine space over k as a functor of
k-algebras: A} = Homy(k[z1,...,z,], —).

1.3. Remark. If K is a field extension of k (so we have K € Alg,) we have that
A7(K) = K™ (and that the isomorphism is actually natural in K'): it’s a simple application
of lemma 1.1.

We begin our investigation of the properties of the affine space from this example: con-
sider the space A} (k) = Homg(k[z1, ..., z,), k) and take a “point” ¢ € Homy(k[xy, ..., x,], k).
So we have the following commutative diagram:

klxy,...,x,) — k.
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The inclusion ¢ and the identity map id allow us to consider both k and k[zy,...,x,] as
k-algebras. So ¢ is such that ¢d = po¢ which means that ¢ must be onto. For this reason,
I = Ker ¢ is a maximal ideal in the ring k[zy,...,z,]. In order to describe explicitly the
ideal I, we note that there exist elements a4, ...,a, € k s.t.

p(z;) = ai,
so that ¢ = vp where P = (ay,...,a,) € k™. For this reason we have that I O J, where J
is the ideal generated by the monic polynomials p;(z1, ..., 2,) = x;—a; € klxy, ..., z,] for
i =1,...,n. Moreover, since k[z1,...,x,]/J = k, J is a maximal ideal and we conclude

that I = Kerg = (p1,...,pn)-
Thanks to the last remark, we can define a one-to-one correspondence:

A7 (k) = Homy(k[xy, ..., z,], k) — {max. ideals m of k[z1,..., x,]
of the form (z1 —ay,...,x, —an)} = M,

which is also onto.

Question: does M coincide with the set of all maximal ideals of k[z1,...,2,]7 In
other words, if m is a maximal ideal of k[x1, . .., z,], is it possible to find elements a4, . .., a,
such that m = (x; —ay,..., 2, — a,)? See the following two examples:

1.4. Example. Let’s k the field C of complex numbers and n = 1. It’s well known that
C[z] is a PID: if m is a maximal ideal, there must exist an irreducible polynomial f(z)
such that m = (f(x)).

We also know that C is algebraically closed, which is to say that every polynomial of
degree greater than one must split in C[z] or that irreducible non-constant polynomials
must have degree one. Hence f(x) must be equal to x — a, for a suitable a € C. In this
case we have a positive answer.

1.5. Example. Let’s k the field R of real numbers and again n = 1. It’s easy to check
that there are maximal ideals that are not in M: simply take [ = (2 +1). I is maximal
(since x? + 1 is irreducible on R[x]) and does not belong to M.

Here there is another interesting question. Let m be a maximal ideal in R[z]|. Since R
is a PID, there is an irreducible polynomial f(z) such that m = (f(z)). So we have the
following commutative diagram:

R[z] — Rz]/m = K
R
In other words: if we take a maximal ideal m, how can we extend the affine space A% (R)

in order to define a “point” that correspond to such ideal? Here we see that in the space
Ag(K) = Homg (R[z], R[z]/m)

the quotient map 7: R[z] — R[z]/m is an R-algebras homomorphism (so a point in
AR(K)) that satisfies Ker m = m.
This example will be clear later.
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2. Algebraic sets: a new point of view

We usually define an algebraic set to be, roughly speaking, the “zero set” of a suitable
family of polynomials. We will take again the functorial point of view.

Let k be a field as above. Consider I C k[zy,...,x,] an ideal. Thanks to Hilbert’s
basis theorem?®, we have that I = (f1,...,f,). Let K be a field extension of k (so that
K € Alg,). Consider a K-point:

P e A}(K)= K" thatisequivalent to wvp: k[z1,...,2,] = K
We have that P € V(I) =V ((f1,..., fr)) ={P € A}(K) = K"s. t. f(P)=0forall fe

I} if and only if vp(f;) = 0 for ¢ = 1,...,r. Let’s see this condition in terms of maps
between polynomial rings:

2.1. Lemma. We have that vp(f;) = 0 for i = 1,...,r iff there exists a unique map
klx,...,z,)/I — K such that the diagram

k’[$1,...,1’n] o K

|

R:k’[ﬂfl,,xn]/f

commutes.

PROOF. Suppose first that such map exists. Then we have, for i = 1,...,r, f; —
0Og — 0 ( where we have applied first the canonical projection and after the map R — K).
From the hypothesis of commutativity of the diagram it follows that vp(f;) = 0. Suppose

now that vp(f;) =0 for i = 1,...,r. Then, for every class g(x) + I in R we can define a
map g(z) — g(P): it’s well defined thanks to the hypothesis that vp(f;) = 0 for every i
and obviously commutes with vp. 0

2.2. Definition. We can define the zero set of I as a functor Vi (I)(—): Alg, — Set as
follows:

K—=V,(I)(K):={PeA}K)=K"st. f(P)=0fori=1,...,r} C AY(K).

Notice that, thanks to the previous lemma, we have the following commutative dia-
gram:

ANK) —— Homy(k[z1, ..., x,), K)
(2.1) U ML
Vi(I)(K) = Homy(k[z1, ..., zn]/1, K)

where the map Homy,(k[xy, ..., z,]/I, K) — Homg(k[z1,. .., x,], K) is defined by compo-
sition with the canonical projection 7: k[xq, ..., x,] — klxy, ..., z,]/1.

3Recall Hilbert’s basis theorem: if R is a Noetherian ring, than also R[z] is Noetherian
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2.3. Remark. Summarize what we have seen so far: let k be a field and fix n € N.
The functor A}: Alg, — Set is representable by the k-algebra k[Xi,...,X,] (ring of
polynomials) in the sense that for any k-algebra K, we have a bijection

Homy (k[ X1, ..., X, K) — A(K) = K"
(a: k[Xq, ..., X = K) — (a(Xy),..., (X))
UVp 1 P

which is functorial (or, in other words, natural) in K (thanks to the substitution prin-
ciple). Then we can define in a natural manner two sub-functor of A}, which are both
representable:
(1) Let now be S C k[Xy,...,X,]. We can define the sub-functor V(S) C A} on
Alg, defined by:

V(S)(K)={P = (a,...,a,) € A}(K) such that for all f € S,vp(f) =0}

Thank’s to lemma 2.1, we have that it is representable by the k-algebra k[ X1, ..., X,]/1,
where I = I(S) is the ideal generated by S.

(2) Let S be a multiplicative set in k[X, ..., X,]. Define the sub-functor D(S) C A}
on Alg, defined by:

D(S)(K)={P = (ai,...,a,) € A}(K) such that for all f € S;vp(S) € K*}

for any k-algebra K (notice that K is not necessarily a field!). Because of the
universal property of the localization, we can show that D(S)(—) is representable
by the k-algebra S~'k[X1,. .., X,]. Indeed, for any g: k[X1, ..., X,] = K homo-
morphism of k-algebras such that ¢g(S) C K*, it exists a unique homomorphism
g: ST'k[Xy, ..., X,] = K that extends g. Thus we have a bijection

Homy, (S 'k[X1, ..., X,], K) — D(S)(K) C A}(K)

2.4. Example. Let f € k[Xy,...,X,], f # 0, and consider the multiplicative set S =
{f™|n € N}. Then, for any k-algebra K which is a field, the following relation holds:

AL (K) = V(S)(K) U D(S)(K)
where LI means “disjoint union”. To see this, simply notice that

V(S)(K) ={P € A (K) such that vp(f) =0}

while we have
D(S)(K) = {P € A}(K) such that vp(f) € K* = K\ {0}}

that is D(S)(K) is the set of P € A}(K) such that vp(f) # 0, hence the conclusion
follows.

More generally, assume fi,..., f, € k[X1,..., X,], fi # 0, and define the multiplica-
tive set S; = {f/"|n € N}. Let S be the multiplicative set defined by fi,..., f,. In this
case, for any k-algebra K which is a field, we have the decomposition

AL(K) = V(S)(K) U U D(8)(K)



4. FIELD EXTENSIONS 21

where (J;—, D(S;)(K) is the set of P such that it exists at least one polynomial f; such
that vp(f;) # 0.

3. Finiteness

3.1. Definition. Let f: A — B an Alg,.

(1) we say that f is finite (or that B is a finite A-algebra) if B is a finitely generated
as an A-module;
(2) we say that f is of finite type (or that B is a finitely generated A-algebra) if exist

elements x1,...,x, € B such that every element of B is a polynomial in these
elements, that is Alzy,...,z,] — B onto.
3.2. Example. k[z] is not finite as k-algebra: 1,z, 2%, ... is a basis.

m: A— A/I = B is finite as A-algebra: is generated by 1 as A-module.

From the last definition we have that A-algebras of finite type are quotient of poly-
nomial rings in the variables 1, ..., z, by some ideal (which is finitely generated if A is
Noetherian).

3.3. Example. Let k be a field. Consider the ring of polynomials in one variable k[t] and
the two polynomials #2,#3. By the substitution principle, we have a ring homomorphism
klz,y] — k[t] such that f(z,y) — f(t?,#3). The kernel of this map is the ideal I = (x®—3?)
and the image is k[t?, t3]. By definition, we have then that k[t?,¢3] is a k-algebra of finite
type, since every element can be written as a polynomial in ¢?,¢> (equivalently, we have
that k[t?,t*] ~ k[z,y]/I). We also have that k[t] is a finite k[t t*] module: in fact, given
f(t) € K[t], f(t) =ag+ ait + ...a,t" = a;t + 1 - g(t) with g(t) € k[t?, 3],

4. Field extensions
We begin with a technical result ([2], prop. 7.8)

4.1. Proposition. Let A C B C C be rings. Suppose that A is a Noetherian ring, that
C' is a finitely generated A-algebra and a finitely generate B-module. Then B is a finite
generated A-algebra.

PRrROOF. Let zy,...,x,, be generators of C' as A-algebra, and let yy,...,y, generate
C as a B-module, i.e. C = Alxy,...,2,]) and C = By, + ... + By,. Then there exist
expression of the form

(41) T; = Z bijyj with bij € B for 1:1, .o, 1N
J

k

Let By denote the algebra generated over A by the elements b;; and b;;,. A is a Noetherian
ring, hence By is Noetherian, since By is a quotient of polynomials ring (apply Hilbert’s
basis theorem). Then we have A C By, C B, since b;; and b;;;, € B. Now, any element of
C'is a polynomial in the variables x; with coefficients in A. Thus, if f(zy,...,z,) € C, we
can write using (4.1) f(3_; 01595, .-, >_; bmjy;). Making a repeated use of (4.2), we can
write f as a linear combination of the y; with coefficients in By. Hence we have proved
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that C' is a finitely generated By-module. Since By is Noetherian and B is a submodule of
C, we have that also B is a finitely generated By module, so that B = Byb; + ... + Byb;.
In COIlChlSiOIl, BO = A[bij, bljk] 1mp11es B = A[bij, bijk> b17 e bl] O

4.2. Remark. The fact that A is a Noetherian ring is crucial. To prove proposition 4.1
we have used, without mentioning it, the following lemma:

4.3. Lemma. M is a Noetherian A-module iff every submodule of M is finitely generated.
A proof can be found in [2], prop. 6.2.

Suppose that k£ C K a field extension. If zq,...,x, € K, we can consider the intersec-
tion of all the fields containing x1, ..., z,. This object is again a field and coincides with
the field k(xy,...,2,) ~ Frac(k[z1,...,x,]). It is obtained by taking every polynomial
f(z1,...,2,) as well as every fraction f/g where both f and g are polynomials in the
variables z1,...,z, and g # 0.

4.4. Remark. The isomorphism between k(z1,...,x,) and Frac(k[zy, ..., z,]) is unique,
since we have the following diagram

klxy,...,x, — Frac(klz, ..., z,))

EIVE:
¥

k’(.ﬁEl, c ,an).

The map k[xq,...,z,] — k(z1,...,2,) is such that every element different from zero
becomes a unit in k(z1, ..., x,). Hence, by the universal property of the field of fractions,
the map h is the unique homomorphism of rings such that the previous diagram commutes.
h is clearly injective (it’s homomorphism of fields) with inverse the map f/g — f/g
(which denotes the class of (f,g) in Frac(k[zy,...,2,])), hence it’s an isomorphism. By
the previous argument we can identify Frac(k[zy,...,z,]) with the field k(xy, ..., z,).

4.5. Definition. Let a € K D k. We say that a is algebraic over k if there exists a non
zero polynomial p(z) € k[x] such that p(a) = 0. Otherwise we call it transcendental.

Note that, in this case we have a surjective homomorphism v,: k[x] - k[a] C K,
that is called evaluation map. We have Ker(v,) = (f(z)) = I with f(x) irreducible
polynomial (since the quotient ring k[z|/I ~ k[a], that is a field). f is the polynomial
of least degree satisfied by a and is called the minimal polynomial of a over k. Thus, a
is algebraic if k[a] = k(a). Similarly, if xy,...,x, are algebraic elements over k, we have
that klxy,...,z,] = k(x1, ..., z,).

If a is not algebraic over k, the evaluation map has trivial kernel, hence k[z] — kla]
and k[a] is not a field.

4.6. Definition. We say that a set of elements x4, ..., x, € K of a field extension k C K is
algebraic dependent (and we say that the elements z1, ..., x, are algebraically dependent)
if there exists a non zero polynomial f € k[Xq,..., X,,] such that f(zy,...,z,) =0.

We say that x1,...,x, € K are algebraically independent if there is no such polyno-
mial.

4.7. Example. Let 21 = /7 and x5 = @ Then x1, x5 are algebraically dependent over
Q[v2]: in fact, f(x,y) = 22 — v/2y is such that f(zy,2;) = 0.
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If x1,...,2, € K are algebraically independent, again we have the injective homo-
morphism given by the evaluation map k[X,..., X,] — K, that is f(Xy,...,X,) —
f(z1,...,2,). The field k(zq,...,x,) is isomorphic to k(Xi,..., X,) and the field exten-
sion k(xy,...,x,) over k is called purely transcendental.

4.8. Definition. A transcendental basis for a field extension k C K is a set of algebraically
independent elements xi, ..., z, such that K|k(xy,...,z,) is an algebraic extension.

We will prove that two transcendental basis for a field extension K over k have the
same number of elements. Thus is well defined the transcendental degree of K over k
as the cardinality of a transcendental basis of £ C K. We will denote this number with
Trdeg, (K).

It’s clear that we cannot avoid considering the case of infinite (not necessarily count-
able) algebraically independent elements. So we need to review the above definitions in
a slightly different manner. Let K over k be, as usual, a field extension and let S C K.
We introduce a set of functions from S to N in the following way:

SN .= {v: S — N such that v~ (N '\ {0}) is finite set}.
For all v € SN, we write M(,)(S) = [[,cq 8" for the the generic monomial in the elements

of S.

4.9. Definition. The set S is called algebraically independent over k if, for any I C S
such that [ is finite, we have the equation

Z(IUM(U)(S) =0
vel
for a, € k and for all v € I if and only if a, =0 for all v € I.
Let S be a finite subset of K, S = {ay,...,a,}. Then SN can be identified with the

set {af' - |nqy,...,n, € N}, This, in turn, is equivalent to the set N™. So we can
restate the definition of algebraic independence for the set S as follows:

(4.3)  for any I C N™ finite, Z apoyt -y =0&a,=0foralnel
n=(n1,...,nm )€l
Actually, this statement is equivalent to the condition that the evaluation map
vs: k[Xy,..., X, — K

Xi P ;
(given, as usual, by the substitution principle) is injective.
Indeed, {X{*--- X" |(n1,...,nm) € N™} is a basis for k[Xy,...,X,,] as k-vector
space. So vg is injective iff it has trivial kernel, that is
for any I C N™ finite, vg( Z ap, X7 X)) =0sa,=0forallnel
n=(n1,....,nm)€l

and, by definition of wvg, this is equivalent to the statement 4.3. Hence we have proved
that, in the finite case, the two definitions 4.6 and 4.9 are equivalent.
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Notation: Let k C K be a field extension. We denote with S the set
S ={S C K|S is alg. independent over k}
Then S is ordered by inclusion (i.e. S1,S2 € S, S < Sy < 51 C .9,).

4.10. Definition. An element S € S is called a transcendental basis of K over k if S is
maximal in § with respect to <. We call card S = #5 the transcendental degree of K.

4.11. Lemma. S € S is a transcendental basis for K over k iff k(S), the field generated®
by S over k, is such that the field extension K over k(S) is algebraic.

PROOF.

(<) Take a € K, ¢ k(S), then S C SU{a}. Hence, SU{a} is not alg. independent,
that is it exists I C (SU{a})" finite and there exist a, € k, not all equal to zero,
for any v € I such that

(4.4) > a,M)(SU{a}) =0.
vel
Since S is algebraically independent, there exists v € [ such that v(a) # 0.
Otherwise, notice that we can write the generic monomial in elements of S U {a}
in the following way:

y(Sufa}) =]]s"@ - 0" = My)(5)
s€S
if v(a) =0 for all v € I. Hence we would have found a non-trivial linear combi-
nation of monomials in elements of S which is zero, contradicting the algebraic
independence of S.
By collecting the powers of a, the equation (4.5) can be written as follows:

b + b1 L+ by
with b; € k(S). Thus, since a must appear at positive power in (4.5), we have that
« satisfies the non zero polynomial f(X) = b, X"+b, 1 X" '+.. . +by € K(S)[X].
Hence « is algebraic over k(S).

(=) Let S C T with T € S: we need to prove that T' = S. Suppose, by contradiction,
that exists a € T'\ S. Thus « is algebraic over k(S5), i.e. there exists by, ...b, €
k(S), not all zero, such that b,a"+b, o™ 1 +---+by = 0. But k(S) = Frac(k[5]),
hence we can write each b; as a fraction g—; with f;, g; € k[S].

By multiplying all denominators, we obtain the following relation:

n—1 n n—1
[ oine™ +buga™ ™+ +0) =Y [ oibse’ =0
i=0 J=0 =0

in k[S]. Thus we have found a non-trivial linear combination of elements in
S U{a} which is equal to zero, which contradicts the assumption that SU{a} C
T € S is algebraically independent.

O

(S) = Mkcrcx L with L field extension that contains S.
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4.12. Remark. Notice that in the proof we used the fact that the field k() is equal to the
field of fractions of the k-algebra k[S]. Indeed, if S = {a1,...,a,,} C K is an algebraic
independent finite set, we have as usual the evaluation map vg: klzy,...,z,] — K such
that z; — «;. The map is injective, thus the image of k[z1,..., 2] \ {0} is contained in
K. By the universal property of the field of fractions, vg extends to an injective map
Frac(k[zy,...,zn,]) — K and the image is exactly k(S). In the general case, k[S] is the
k-algebra generated by S and it is a domain. Then, Frac(k[S]) C K is the smallest field
containing S and, by definition, it is equal to {g | f,9 € k[S],g # 0}.

4.13. Theorem. Let {z1,...,z,} C K be a transcendental basis of K over k. Let
{wy,...,ws} be a set of algebraically independent elements . Then s < n.

Proor. We will prove that, if s > n then s = n. We use induction on r to prove that,
after renumbering the set x1, . .., x,, the field K is algebraic over k(wy, ..., W, Tri1,. .., Ty).
Let r = 1. The element w; is algebraic over the field k(x1,...,z,) € K by the previous
lemma. Hence, there exists a monic polynomial f(z) = 2™ + b,,_12™ ! + ... by such that
f(wy) = 0. The polynomial f(z) belongs to k(xy,...,x,)[z] but, by multiplying the de-
nominators, we can assume (as above) that there exist go, ... gm € k[x1,. .., 2,] such that
gmw?l + gmflujini1 +...+ 9 = 0.

Not all the g; can be constants (i.e. g; € k), since, by assumption, w; is algebraic inde-
pendent over k. Hence, at least one of the x;, say x1, appears in one oft the polynomials.
So, by isolating z1, we can write a relation satisfied by z; that is a linear combination

of wy,xs,...,x, and this implies x; is algebraic over the field k(wi,zs,...,z,). Now
we make the inductive step: assume that K is algebraic over k(wy, ..., Wr, Tpg1, ..., Ty).
Then, in particular, w, is algebraic over k(wy,...,w,, Tri1,...,T,), that is there exist
9oy - - - Gm 0 klwy, ... Wp, Tpiq, ..., T,) such that

(4.5) gmWw, Ly + gm_lwff[ll +...+g0=0.

As above, not all the g; € kf[wy,...,w,], because the elements wy,..., w,,; are alge-

braically independent. Hence, at least one of the variables x;, say x,;1, appears in one of
the polynomials g;.

Thus we get from (4.5) that z,,; is algebraic over k(ws, ..., Wy, Wyi1, Traoy ..., Tp)
and we have proved the induction claim. Now we have that we can substitute each z;,
i =1,...,n, with a suitable w;, hence K is algebraic over k(wy,...,w,). If we assume
that s > n, we have that w,; is algebraic over k(wy, ..., w,), contradicting the fact that
the set {wy,...,ws} is algebraically independent over k. O

4.14. Corollary. If K admits a finite transcendental basis {x1,...,x,}, then any other
transcendental basis has cardinality n.

Then, at least in the finite case, the transcendental degree is well-defined (does not
depend on the choice of the basis). Notice that this is true even in the infinite case, but
we will not prove this statement.

4.15. Theorem. Let k C K be a field extension. Then there exists a transcendental basis
for K over k.

PROOF. Let S be as above. If § = () then for all & € K the set {a} is not algebraically
independent over k, which is to say that the field extension K over k is algebraic. In this
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case we have Trdeg,(K) = 0. Suppose now S # (. In order to apply Zorn’s lemma to
show the existence of a maximal element in S, we need to show that if S; C...S, C ...
is a chain of elements in S, then S = |J,.; S; belongs to S (easy check, prove this
by contradiction). S is clearly a maximal element of the chain and this concludes the
proof. 0

4.16. Remark. As in the case of finite dimensional vector spaces, we can always complete
a set of independent elements to a basis. More precisely, if T C K is alg. independent
over k, we can find a set S DO T such that S is a transcendental basis of K over k.
The proof is the same of the above theorem: simply substitute the set S with the set
Sr={S € S|T C S} and note that Sy # () since at least T' € Sy.

4.17. Theorem. Let S C K be a set such that K is algebraic over k(S). Then there
exists T'C S which is a transcendental basis for K over k.

PROOF. Let D = {T C S|T is algebraically independent over k}. If D is empty, any
a in S is algebraic over k, hence k(.S) is algebraic over k and so K is algebraic over k. In
this case we can set T' = (). If D # (), apply Zorn’s lemma: thus we have a set T' € D which
is maximal. Hence, for all « € S\ T, T U{a} ¢ D. Since T is algebraically independent,
it must be « algebraic over k(7). Hence, we have k(T") C k(S) C K and each extension is
algebraic. Thus, in particular, K must be algebraic over k(7') and then, by lemma 4.11,
T is a transcendental basis. U



CHAPTER 3

Hilbert’s Nullstellensatz and consequences

1. Hilbert’s theorem
We can prove the following important lemma:

1.1. Lemma (Zariski). Let K over k be a field extension. Assume that K = k[z1,. .., x,]
is a finitely generated k-algebra. Then K is a finitely generated k-module (i.e. the exten-
sion K over k is algebraic).

PrOOF. Note that the case n = 1 is well-known from elementary field theory. In
fact, we have K = k[x1] = k[X]/(f(X)) with f(X) a monic, irreducible polynomial (the
minimal polynomial of z; over k). Let n be the degree of f, then, for any ¢(X) € k[X]
we have g(X) = f(X)q(X) + r(X) for suitable polynomials ¢(X) and r(X) such that
deg(r) < n or r = 0. From the equation f(x;) = 0, we obtain that g(X) = r(X) in the
quotient, that is 1,21,...,27 ! is a basis for K as a k-vector space.

Suppose now n > 1 and apply induction: we can write the following chain of field
inclusions:

kCk(x) CK

where K = (k(x1))[z2,...,x,] is a finitely generated k(x;)-algebra, hence, by the induc-
tion hypothesis, it’s a finitely generated k(x;)-module. By assumption we also have that
K is a finitely generated k-algebra. We can then apply proposition 4.1 and obtain that
k(x1) is a finitely generated k-algebra. In order to conclude the proof we need to prove
the following

Claim. x; is algebraic over k.

PROOF. Suppose z; is not algebraic and look for a contradiction: in that case we
would have k(z;) ~ k(Y), the field of fractions of the polynomial ring k[Y]. By the
previous point of the proof, we have then that k(YY) is a finitely generated k-algebra, so
let fi/g1,. .., fr/gr be a set of generators with f;, g; € k[Y] and we can assume that g; are
irreducible. Hence we have k(Y') = k[f1/¢1, ..., f-/g-] contains the element

hl = ;

g g+ 1
that is A=t = >, ai!% = ﬁ. But the polynomial h is prime to each of the g; and
hence we obtained a contradiction. 0
This completes the proof 0

As a corollary of the previous theorem, we obtain the so-called “weak” version of
Hilbert’s Nullstellensatz.

27
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1.2. Corollary. Let k be a field, A a finitely generated k-algebra. Let m be a maximal
ideal of A. Then the residue field A/m is a finite algebraic extension of k. In particular,
if k is algebraically closed, A/m ~ k.

PrROOF. Let A = k[Xy,...,X,]/] and m C A. Then the residue field A/m is an
extension of the field £ and, being the quotient of a finitely generated k-algebra, is again
finitely generated. By Zariski’s lemma we obtain A/m|k is algebraic. U

Let k be again a field and let A be a k-algebra. Since the beginning of this course, we
have been interested in the study of “points” in affine spaces. But, in the previous pages,
we saw that it is possible to generalize the idea of “a point in a space”, coming from the
geometric intuition, to the that of a map from a k-algebra A.

Hence, we substituted an n-uple P = (pi,...,p,) in some finite-dimensional vector
space K™, for K field extension of k, with the evaluation map vp: k[Xy,..., X,] — K,
thanks to the bijection (natural in K') between Homy (k[ X1, ..., X,], K) and A} (K).

Now, we should be prepared to another big jump. The “points” will be the prime
ideals of a ring A (maybe we will still work with k-algebras, but it’s not necessary) and
then we need to define new kind of “maps” on the set Spec(A). Before doing this, let’s
see some consequences of corollary 1.2 in the case k = k, an algebraically close field.

First of all, we have can add a term in the chain of isomorphisms that we built:

(1.1) k" = AT(k) = Homy (k[ X1, ..., X,], k) =~ Max(k[X1, ..., X,]).

The new term is Max(k[X7, ..., X,]), the set of maximal ideals of the polynomial ring
k[X1,...,X,]. The last bijection follows from 1.2 and from the fact that k is algebraically
closed: in fact, we have that any maximal ideal m of k[X;,...,X,] = B, defines a

homomorphism (that is the projection on the quotient) B — B/m. The field B/m
is, by the previous corollary, an algebraic extension of the base field k. Hence, being
k algebraically closed, it must be & = B/m. Thus the map B — B/m belongs to
Homy (k[X71, ..., X,], k). On the other hand, for any homomorphism ¢: k[Xy,..., X,] —
k, we have that Ker(y) is a maximal ideal of the polynomial ring (since ¢ is onto, being
a morphism of k-algebras into k).

Thanks to this new correspondence, we can build another bijection with the vanishing
set Vi(I)(k) (remember diagram 2.1):

AM(k) —— Homy,(k[X1, ..., X, k) — Max(k[X1, ..., X,])

(1.2) U ML
Vi(D) (k) = Homy(k[X1, ..., X,]/I, k) — Max(k[Xy, ..., X,]/I)

Remember that, thanks to the so-called correspondence theorem, there is a bijection
between the set Max(k[X1,...,X,]/I) and the set of maximal ideals of k[Xi,..., X,)]
that contain /. Given a point P € A}(k), P = (z1,...,%,) € k", we have the following
bijections:

PI—>UP

vp — Ker(vp) € Max(k[X1, ..., X,)).
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As usual, vp is the evaluation map of the point P. It is clearly onto, hence Ker(vp) is
maximal and the map is well defined. Actually, for A = k[X7, ..., X,]/I, we have:

Homy (A, k) — Max (A)
o —— Ker(p)

(A= A/m) «——m
Being k algebraically closed, we have A/m = k (we can apply 1.2 because A is a finitely
generated k-algebra).

Notice that this map is also functorial, in the sense that Max(—) is a functor Alg, —
Set.

1.3. Remark. This is not true in general: if we consider the category of rings, we have
the (controvariant) functor Spec(—): Rng — Set

A — Spec(4) f~(p)

]

B — Spec(B) p.

If p € Spec(B), then f~1(p) is a prime ideal in A (since f is a ring homomorphism).
So we could be tempted to do the same thing with maximal ideals, defining a map
Max(B) — Max(A). Unfortunately, this attempt fails: if m is maximal in B, we can’t
deduce that f~!(m) is maximal in A. However, this can be done in our case.

PrOOF. Let A, B € Alg, and let f: A — B a homomorphism of k-algebras. Then
we have:

A —— Homy (A, k) — Max(A) f~!(m)
I .
B — Homy(B, k) — Max(B) m
We have to show that f~!(m) is maximal in A. To do this, consider the following diagram:
m C B——»B/m=k

o

frim) ¢ A—> A/(f(m))

e

Here we have that B/m = k, being k algebraically closed. Notice that the map « is
surjective, since the diagram

«

AJ(f 7 (m)

L~
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is commutative (remember that A/(f~(m)) is a k-algebra).
In order to prove the statement, we need to show that « is also injective. In fact, we
have that

B B/m
f a
A A/(f~H(m))

Ker(f) — Ker(a) = Ker(f)/f(m).
Since 0 € m, we have that Ker(f) C f~(m), hence Ker(a) = 0. Thus « is injective and
the f~!(m) is maximal. O

Thanks to the previous remark, we can introduce a new point of view. We can view A
as an algebra of functions on the set X := Max(A). Here, a “point” z € X is a maximal
ideal m, C A. Each element of A defines a function from X to the base field k, so that
f € Ayields a map f: X — k that is defined by x — f(z) := f in the quotient field
A/m,, which is again equal to k, by Zariski’s lemma, if k is algebraically closed.

Let A = k[Xy,...,X,]/I for some ideal I and let f € k[X3,...,X,]. Denote again
with f the class of f in the quotient!. Now we have that f(z) =0 for all z € X iff f =0
in A/m, for all m, € Max(A). Hence

feﬂm

meMax(A)
and every m € Max(A) corresponds to an ideal of k[ Xy, ..., X,]| that contains I. Hence
we can build an ideal of k[ X1, ..., X,,] in the following way:

I={feklXy,...,X,]|f(x)=0for all z € X, thinking f € A}

and we have I O I for what we have just seen. So a question arise in a natural way: when
does the equality hold? We have considered all the functions f € A vanishing on the set
Max(A). Is it possible to reconstruct I in this way, in the sense that we can find an ideal
I of the polynomial ring k[X7, ..., X,] such that A = k[X,,..., X,]/I?

We have built the ideal of functions vanishing on X. But the well-known isomorphism
of the set of maximal ideals of the algebra A with the zero set Vi (I)(k) (that we have
seen above), allows us to restate the question in an equivalent form.

First, denote with Z(I) the “zero set” of the ideal I, in the sense that Z(I) = Vi (I)(k).
Now the question is: can I be recovered from Z(I) by considering all the polynomials
f € k[Xy,...,X,] such that f(P) =0 for all Pin Z(I)?

The answer of all those questions will be given by the following theorem:

1.4. Theorem (Hilbert’s Nullstellensatz). Let k = k be an algebraically closed field. Let
Y be a set of polynomials, 3 C k[Xy, ..., X,]. Then we have:

(1) If Z(X) = 0, then the ideal generated by X is not proper (it contains 1).

IThis can create some confusion: keep on reading and convince yourself that everything really holds.



1. HILBERT’S THEOREM 31

(2) If f € k[Xy,...,X,] is such thalt f vanishes at every algebraic zero of ¥ (i.e.
if S =2Z(%2), f(P) =0 for all P € S), then a power of f belongs to the ideal
I generated by X, i.e. there exist v > 0,¢9; € k[Xq,...,X,],hi € ¥ such that

Y =72 gihi.
PROOF.

(1) Let I be the ideal generated by X. If 1 ¢ I, there exists a maximal ideal m
containing I, thus Z(X) = Z(I) is not empty: by the usual isomorphism there is,
at least, the point corresponding to the maximal ideal m (keep in mind diagram

(1.2)).

(2) Here there is a trick: let f be as in the hypotheses of the theorem.
Consider the ring k[X7, ..., X,, X,,11] and the set XU {1 — X,,11f}. This set
now has no zeros, i.e.

Z(EU{l = Xppa f}) =0 in k"

because f(P) = 0for any Pin Z(¥) and Q € Z(XU{l—- X, 1 f})iff Q = (P,t) €
kntl with P € Z(S) C k™ and t € k such that 1—¢f(P) = 0. But since f(P) =0
the previous equation has no solution.

So, by the first point of the proof, the ideal I(S") = I(X U {1 — X, 11 f})
contains 1 and we can write

(1.3) 1= Z oihi + q(1 — X, 11f) where h; € ¥, 0;,q € k[ Xy, ..., Xp, Xpia]-
Now we have the substitution homomorphism
©: ]{?[Xl, c 7Xn7Xn+1] — k?(Xl, . ,Xn) =K

such that X; — X; for j =1,...,n and X,,4; — f~! € K (we send the variable
X,+1 into the root of the polynomial 1 — X, ;1 f in the field of fractions K. Hence
we have the diagram

kX1, X, Xng] = k(X1 .., Xn) = K

L

K[X1, ..., X,

1.5. Remark. In other words, if A = k[X,...,X,], Y = X,,11 and Frac(A4) =
k(Xi,...,X,), we have the diagram

AlY] et Frac(A)

e

A.
Then, if we apply the homomorphism ¢ to equation (1.3) we obtain
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Thus, by multiplying by a suitable power of f and cleaning all the denom-
inators (that are necessarily powers of f), we obtain that f¥ = > g;h; for
g; € k[Xy,...,X,] and v > 1.

O

2. Radical ideals

2.1. Definition. Let I C A be an ideal of A € Alg,. We denote with VI := {a €
Ala™ € I,n > 0} the radical of 1. \/T is an ideal of A that contains .

Here we summarize some well-known facts about radical ideals:
(1) VI={ae AlaeNil(A/I)}.
(2) /(0) =Nil(A) = ﬂ p, i.e. the nilradical is the intersection of all primes of A.

p prime
(3) VI = ﬂ p, p primes.
poI
(4) I =+/1T (i.e. I is radical) iff A/I is a reduced algebra (i.e. Nil(A/I) = 0).
(5) I prime = [ radical.

2.2. Example. Let p,q be prime ideals of A € Rng and suppose p + g = 1. Hence
pg = pNgq = I is a radical ideal,? since for 2" € I we have 2" € p and 2" € q, hence
x € pNgq, being p and q primes. Note that, in general, the ideal is not prime: from the
fact that 1 = p + g we can find a € p and b € q such that a + b = 1. Hence we have
ab=b—b*=a—a*€I. If a €pthen b ¢ p and, on the other hand, b € q implies a ¢ q
(the two ideals are proper), so neither a nor b belong to the intersection.

We can see this fact in a more concrete situation: let A = Z, p = (2), q = (3) but
I = pnNq=(6) which is clearly not prime (if you want because A/I = Z/(2) x Z/(3) by
the Chinese remainder theorem).

2.3. Example. Take the ring of polynomials in two variables A = k[X, Y] and consider
the two ideals p = (X) and q = (Y). They are both prime ideals (not maximal) but
we don’t have p +q = 1 (in fact p +q = (X,Y)). However, the homomorphism of
rings k[ X, Y| — k[X] x k[Y] such that p(X,Y) — (p(X,0),p(Y,0)) has kernel (X)N (V)
which is radical. Notice that (X) N (Y) = (XY), because if p(X,Y) € (X) N (Y), then
p(X,Y)=Xf=Ygfor f,g € k[X,Y]. Because of the unique factorisation, we have Y|f,
hence p = XYh € (XY).

The ideal (XY) is not prime (the polynomial XY is clearly reducible). Actually we
have that k[X,Y]/(XY) C k[X] x k[Y] (is the subring of pairs (p(X),q(Y)) such that

p(0) = ¢(0)).

In order to state and proof the following result, we need two more results about radicals
and radical ideals. The proof of those properties is straightforward and it is left to the
reader.

2The product is, in general, contained in the intersection of the ideals. Note that, being p and g
coprime, we have the equality. In fact it holds, for any a, b ideals, that (a + b)(a N'b) C ab, hence, if
a+b=1, we have (aNb) C ab. Warning: (see example 2.3) we can have the equality even if the two
ideals are not coprime.
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2.4. Lemma. Let A be a ring and let {p;}icr a collection of primes. Let J, I be ideals of
A. Then:

(1) ﬂpi is radical (in other words, arbitrary intersection of primes is radical).
iel

(2) VT is radical and N/ J = /.

(3) VIJ=VInJ=vVInVJ.

2.5. Theorem. Let A be a Noetherian Ring and let I = \/T be a radical ideal of A. Then
I s a finite intersection of primes, i.e. I =p1 NpaN...NOP,.

PROOF. Let S = {proper radical ideals of A which are not finite intersection of primes}.
If S = () we are done. Otherwise, suppose S # (). Being A a Noetherian ring, we can find
a maximal element J in S. Since J is not prime (because J € §), there exist a,b € A such
that ab € J but neither a nor b belong to J. Further, we have J C (J,a) and J C (J,b):
observe that the ideals (J,a) = J+ (a) and (J,b) = J+ (b) are necessarily proper. In fact,
if not, 1l =ra+t, re A t € J, and so b = bra+ bt € J, contradicting the assumption

b J.
Consider now the radical ideals y/J + (a) and /J + (b). By the maximality of J,
they can’t be in §, hence there exist primes ideals py,...,p, and qq, ..., qs such that

VJI+(a)=piN...Npy; J+(b)=qN...Ngs

Let J' = \/J + (a) N /J + (b). Clearly J C J': we want to prove the equality. Suppose
then € J: by lemma 2.4 we have that exist n > 0 such that® 2" € (J,a)(J,b) C J.
Hence 2™ € J, but J is radical, so x € J. Then we have proved that J' = J and that J
is a finite intersection of primes, which contradicts J € S. O

2.6. Remark. Notice that the decomposition of v/T as finite intersection of primes is not
unique. We will see in the following section that we will recover the uniqueness (up to
the order) by the introduction of the minimal primes.

We can now state an important corollary to Hilbert’s Nullstellensatz:

2.7. Corollary. Let A be a finitely generated k-algebra, for a field k algebraically closed.
Let I C A be an ideal. Then VI = m m, for m mazimal ideals of A.

mD/

PROOF. By the Nullstellensatz, we have that any f that vanishes in Z(I) belongs
to v/I (there is a positive v such that f* € I). In particular the radical /T is the
ideal of functions vanishing on Z(I): in fact, if f € /I, then we have f* € I for some
n > 0. Hence, for any P € Z(I) we have v (P) = 0 and then v;(P) = 0, that is f
vanishes on Z(I). Let J = ﬂ m, m maximal ideals of A containing /. Then we have

m>DI
that f € J implies f € m for all maximals m D /. Hence f vanishes on Z(m) C Z(I)

(since the correspondence is inclusion-reversing) and so f € V1. Then we have proved

3Remember that (J,a)(J,b) = (J?,bJ,aJ,ab). Since ab € J we have (J2,bJ,aJ,ab) C J.
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that J C v/I. On the other hand, simply notice that

Vi=(pc((m=1J

pDI mDJ/

for p primes. So we have the equality. O

Let’s take a closer look to the result that we have just proved. We still have, indeed,
an open question that raised in a quite natural way in the first part of this section:
we introduced a new point of view and we saw that, for a finitely generated k-algebra
A, it was possible to think the elements of A as functions defined from the “space”
X = Max(A) to the field k. Thanks to the equivalence of X with the zero set Vi (I)(k),
for A = k[X1, ..., X,]/I, we defined the ideal I of functions vanishing on I and we clearly
observed that this ideal contains /. 3

At that point we posed the following questions: what is the link between I and I7 Is
it possible to recover the ideal I starting from the zero set Z(1)?

Thanks to the Nullstellensatz and to the previous corollary, we can now answer: I,
this mysterious object, is simply the radical ideal of I. Hence, except in the case I = /I,
we see that we can’t reconstruct the ideal I starting from Z(I): what we have is just
I(Z(I)) = VI, where I(S), as we have seen in the proof of Nullstellensatz, is the ideal of
functions vanishing on S C A}.

Conversely, we have this result:

2.8. Corollary. Let A a finitely generated k-algebra, k algebraically closed. Then any
radical ideal is the ideal of vanishing functions of an algebraic set, which is the set of
mazimal ideals containing I.

We have then the following picture:
A

X = Max(A) ~ Homy(A, k)
{radical ideals}

{algebraic sets}

I {meX|mDI}

From now on, we remove the hypothesis that k is an algebraically closed field. Let A =
k[X1,...,X,]/1 the finitely generated k-algebra which represents the zero set Vi (I)(—) as
a functor. Then A is unique, up to isomorphism®, and so it is the ideal I C k[X;,..., X,
in such a fixed polynomial ring. Thus

I=1 < Vk(f) = Vk<],)
as functors on Alg,. Now, by Yoneda’s lemma, we have:
Alg?” = Rep(Alg,)

where Rep(—) denotes here the full subcategory of representable functors. In general,
we then may seek for a “geometric” description of Alg;” and, similarly, of the category
Rng, the opposite category of all rings.

4Remember that two ob jects representing the same functor are always isomorphic.
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2.9. Remark. If we restrict the functor Vi (I)(—) to the subcategory of Alg, given by
the field extensions of k, the map I ~» Vj(I) is no more injective. So, it is not enough
to consider the subcategory Algred C Alg, of reduced k-algebras (that contains the field
extensions) if we hope to keep the one-to-one correspondence between the “zero sets” and
the k-algebras. In fact, consider the following example.

2.10. Example. Let [ = (t) and I’ = (¢*) in k[t]. We clearly have that Vj(I)(K) =
Vi(I')(K) for all K reduced k-algebras, i.e. if the equation X? = 0 has a non zero
solution in K then K is not reduced.

3. Geometric points

Let A be any® k-algebra. We here consider the “zero set” as a functor on field exten-
sions of a field k. However, a fixed ground field & is not really needed in what follows (see
below). In other words, keeping in mind what we have seen in the previous sections, we
say that

k C K — Homy(A, K)

is our “zero set”. Remember that when A = k[X,,...,X,]/] is finitely generated, then

3.1. Definition. We say that a k-homomorphism A — K’ for a field extension k C K’
is a geometric point. We say that two geometric points v': A — K’ and v": A — K"
are equivalent if there exists a third point w: A — K for a field extensions K’ C K and
K" C K such that the following diagram commutes

/\
\/

Observe that p,, := Ker A Y K'isa prime ideal since A/p,, C K’ is a domain (being
contained in a field). Conversely, if we have a prime ideal p € Spec(A), we get a pair

(UWK(IJ))

A — A/p < Frac(A/p) == K(p)

where we denote by K (p) the residue field for the prime ideal p and we define the map
vp: A — K(p) as the composition between the projection on the quotient and the inclusion
of A/p into its field of fractions. In this way we can define a geometric point. Moreover
we have the following result:

3.2. Proposition. The mappings v’ +— p,» and p — v, provide a bijective correspondence
between the set of equivalence classes of geometric points and the spectrum of A.

5We are no more talking about finitely generated k-algebras.
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PROOF. We have to prove that the maps are well defined (then they are clearly bijec-
tions). Indeed, this means that we have to show that two geometric points are equivalent
iff they have the same kernel.

By diagram (3.1), if A Yy K and A % K" are equivalent, we have that

Ker(w)=Ker(A YK e K)=Ker(A ANy K)

Ker(A KN K') Ker(A AN K").
Conversely, if p = Ker(A Y K ) = Ker(A 2 K" ), we have the following commutative
diagram:
Kl
A 4}((13) . K/K//
KK”
where K'K" denotes the composite field. Hence v’ and v” are equivalent. O

Now, in a construction which is completely similar to that one we made for maximal
ideals, we can think the primes p € Spec(A) as “points”. Indeed we have just proved that
they correspond to the geometric points v,: A — K(p).

3.3. Remark. Notice that there is no reason to take A as a k-algebra for some field £ in
this construction: it’s completely general and can be made for any A € Rng. We will do
so in the following section.

3.4. Definition. For an element f € A and a prime ideal® p € Spec(A), we define the
value of f at the prime p as the image of f under the canonical projection:

f(p)=f€A/pC Kp).
Then, p = p,» we have f ~ v/(f) under the field extension K(p) C K'.

Hence, any element f € A can be regarded as a function on Spec(A) (indeed, we can
choose the codomain to be any field extension K’ O K (p). This “function” is zero at p if
f € p. However, if f is zero everywhere (i.e. at every point p in Spec(A)), then

fe [\ p=NilA).
peSpec(A)

So we have found a map that is zero “everywhere”, but it’s not the zero map!

3.5. Remark. We may underline a couple of facts:

6i.e. an equivalence class of a geometric point A — K’, thanks to prop. 3.2.
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a) Suppose that A = k[Xq,...,X,]/] is finitely generated and reduced k-algebra,
which is to say that I = v/I. Then, for a polynomial f ¢ I, there exists a prime
p D I such that f ¢ p. In fact, [ = V1 is equal to the intersection of all primes
containing I. Hence, if f € p for all such primes we would have f € I. Thus f
cannot be zero on all Spec(A). In other words, we have proved that [ is exactly
the ideal of f € A vanishing on all primes p D I.

b) If we need to reconstruct the ring A out of the prime spectrum Spec(A) we have
to add, somehow, the information coming from all “functions” on it. As sets, for
example, we have Spec(k[t]/(t)) = Spec(k[t]/(t")) for all n > 1, but, of course,

k[t]/(t) 2 k[t]/ ().
4. Rational Points

Let A € Alg, and suppose A finitely generated. Consider the set of maximal ideals
Max(A) C Spec(A). Each m € Max(A) yields a geometric point, since we have a map
A — A/mand A/mis an algebraic field extension of k (thanks to Zariski’s lemma). Before
moving to the next section, we want to say something more about a particular family of
geometric points.

4.1. Definition. A k-homomorphism v: A — k of a k-algebra A is called a rational point.
We denote provisionally with X (k) the set of rational points. Then for all z € X (k)

we denote with m, the maximal ideal which is given by m, := Ker(A 5 k).

Here we close the circle: we saw that - for an algebraically closed field k - it was possible
to think maximal ideals of A = k[X;,..., X,,]/I as the points of the zero set Vi (I)(k).
Then, removing the hypothesis of algebraic closure for k, we began a generalization in
order to include in this setting also the points of the zero set Vi (I)(K) for some field
extension K of k. We found the answer with the definition of geometric points and now,
through the correspondence between the set of equivalence classes of geometric points
and the prime spectrum Spec(A), we recognize that the rational points are simply the
maximal ideals such that A/m ~ k.

To fix this point, we make the following definition, even if we have already met all the
involved objects:

4.2. Definition. For a finitely generated k-algebra A = k[X1, ..., X,,]/I we call algebraic
set the set of its rational points Z(I) := Vi(I)(k) = Homg(A, k) = X (k). If £ = k is an
algebraically closed field we then have Z(I) = Max(A).

Remember now that in the case k = k, by corollary 2.7, we have I(Z(I)) = /1.
Further, for any subset S C A7 (k) = k" we know that we get an ideal

I(S) :={f € k[Xy,...,X,]| f(z) =0 for all z € S}
Thus
VI=VT < Z(I)=2z()
for every ideal I,I' C k[X7, ..., X,]. Hence the algebraic set Z(I) C A} (k) only depends

on the reduced k-algebra k[X1, ..., X,]/V/I. This is the so called “coordinate ring” of the
algebraic set Z(I).



38 3. HILBERT’S NULLSTELLENSATZ AND CONSEQUENCES

5. Polynomial mappings

A k-algebra homomorphism
[k Xy, X)L = kY, YT
is given by a map between the two polynomial rings F': k[Xy,..., X,] — k[Y1,..., Y]
with
X, = pi(Yy,....Y) €klYy,.... Y] foralli=1,....n
such that if f € I then f(p1,...,pn) € J.

5.1. Remark. Notice that if p; = p; (mod J), then we have f(p1,...,pn) = f(P1,...,Pn)
(mod J). Hence the p; can be chosen modulo J only.

Such a k-algebra homomorphism induces, by composition, a map between rational
points in the following way. First, notice that the map F' yields a map between the affine
spaces:

k[leaXn] kn:AZ(k) iHomk<k[X177Xn]Jk)
F —oF

EYi,...,Y] k™= AM(k) = Homy(k[Yi,...,Y,] k),
that is, if y = (y1,...,ym) € AP (k)

(yl?"'?ym) ~ (p1<y17"'7ym>7'"7pn<y17"'7ym>>

obtained from v, : k[Y1,...,Y,,] = k by composition with F. If y € Z(J) then ¢g(y) =0
for all g € J. Then there exists a (unique) map k[Y1,...,Yn]/J — k such that

Vy

K[, ..., Y] =2 k

K[Yi,.... Y/ T

commutes: in this case we say that v, factors modulo J. Hence, by composition with the
map f defined above, we get a rational point in Z(7).
So we are ready to give the following definition:

5.2. Definition. For a pair of algebraic sets Z(I) C k™ and Z(J) C k™, a mapping
p: Z(J) — Z(I) is called (a regular mapping or a polynomial mapping or) a morphism if
there are polynomials py, ..., p, € k[Y1,...,Y,,] such that p(y) = (p1(y), - .., pn(y)) where
y € Z(J) and p(y) € Z(I).

Since we have defined the maps between algebraic sets, we get a category, that we
denote with AlgSet;, that is the category of algebraic sets over k.

Warning. The objects of this category are pairs (Z(I),Z(I) C k™), in the sense that,
over than the set Z(I), we have to consider the embedding” Z(I) C k™.

"Notice that if we consider two different embeddings (e.g. the embeddings given by two different
reordering of the variables in the polynomial ring k[X7, ..., X,]) the algebraic sets are isomorphic.
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It is now easy to check that A — Homy (A, k) just defines a functor
Alg” AlgSet,

(5.1)
KX, .., X/ ] — Z(I)

between the opposite category of finitely generated k-algebras and algebraic sets.
5.3. Proposition. Let k = k be an algebraically closed field. The functor A — Homy(A, k) =

Max(A) restricts to an anti-equivalence between the opposite category of reduced finitely
generated k-algebras and algebraic sets over k.

Z: (Algith? =5 AlgSet,
where the quasi-inverse functor is given by
T Z(I) Ck" — k[Xy..., X,]/VI

PROOF. The functor Z: (Alg;®?)? — AlgSet, is essentially surjective® on the objects
because, for an algebraic set Z(I) € AlgSety, we can define A = k[X;,..., X, ]/1(Z(])).
By the Nullstellensatz, we have I(Z(I)) = VI, so A is a reduced finitely generated k-
algebra, and we have Z(A) = Z(V/1) = Z(I).

Then we have to show that Z is fully faithful. Consider p: Z(J) — Z(I) a polynomial
mapping and suppose Z(J) C k™, Z(I) C k™. Then there exist n polynomials py,...,p, €
k[Y1,..., Y] providing a k-homomorphism

T kX1, X — kYA, Y

Xi e pl(}/la s 7Ym)7

such that, for f € k[Xy,..., X,], we have n(f) = f(p1(Y1, ..., Ym), - s ou(Y1, ..., Yi)).
The map p is such that Z(J) 3 (Y1, Um) = P1(W1s- - Ym)y - Pn(Y1s -+ Ym)) D
Z(I). Hence, if f € /I =1(Z(I)) and y € Z(J), then

W(f)(y) = Uy(”(f)) = f(pl(yh oo 7ym>7 s 7pn<y17 s e 7ym>> = f(p<y)) =0

and so w(f) € v/J. Thus 7 factors through the quotient map p := J (p) and we have the
following commutative diagram:

(5.2) kX1 X

kYL, .., Y

Vy

K[X1, . X NVT T kY4, Y] VT — k.

Now we have to show that p gives back p as a map between algebraic sets. Given p. that
is a map between reduced, finitely generated k-algebras, we define Z(p): Z(J) — Z(I) in
the following way.

8A functor F : C — D is essentially surjective if for every object y of D, there exists an object z of
C and an isomorphism F(x) =y in D.
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For y € Z(J), the evaluation map v, factors through the quotient map
hy: k[Yi, ..., Y] /V T = k.

Then we compose with p and we get a rational point h, o p: k[Xq,... ,Xn]/\/f — k.
Compose again with the canonical projection m;k[X1,..., X,] = k[X1,...,X,]/VI in
order to obtain a surjective map v,: k[X1,...,X,] — k. Finally, we define the point
x € k™ with components

T = vz (Xi) = hy(p(m5(X3))) = vy (w(X3)) = vy (pi(Y1, ..., Vi) = piyr, - -+, Ym)
by the commutativity of diagram (5.2). Hence we have proved that the map Z(p) = p.

Conversely, in a similar way, we can show that, given a map ¢ between finitely generated
reduced k-algebras, we obtain J(Z(¢)) = ¢, completing the proof. O



CHAPTER 4

The spectrum of a ring

1. The Zariski’s topology over Spec(A)

Let A be a ring. We have already met the prime spectrum X = Spec(A) that is, first
of all, the set of primes. Further, we will regard elements z € X = Spec(A) as “points”
and elements f € A as “functions”.

Therefore, according with definition 3.4, for x € X we denote p, C A the correspond-
ing prime and the value of f € A at x is

f fl@)=Ff€Afp. € K(p.)
In this section we will replace the polynomial ring k[X1,..., X,] over an algebraically

closed field k along with its algebraic sets by any ring A with a new definition of “algebraic
sets”.

1.1. Definition. Let S C A be a subset of A. We define the “zero set” V(S) C X =
Spec(A) as follows
V(S):= {xe€X|f(zx)=0forall feS}
= {p, € Spec(A)| f € p, for all f e S}
- {px S Spec(A) |p$ D) S}

It’s clear that V(S) = V(I) for I = I(S) C A, the ideal generated by S, since we have
p, DO Siff p, D I. Let’s see some properties of this “new” object:

1.2. Proposition. We have:
i) if S C S then V(S") CV(S);
i) V(0)=V(0)=X;

iir) V(A)=V(1) =0;
i) V(UaSa) = NaV(Sa);
v) V(o la) =NaV(La);

vi) VINJ)=V(I)UV(J);

PROOF. Straightforward for i)-v). For the last one, note that if p, D (I N J) then,
being p, prime, we have p, 2 I or p, O J, hence V(I N J) C V(I) UV(J). Conversely
V(INnJ)2V(I)UV(J) by (i). O

1.3. Remark. In order to stress the use of “functions”, we can also argue to prove 1.2
(vi) as follows: if @ ¢ V(I) UV(J) then exist f € I and g € J such that f(z) # 0 and
g(x) # 0, so that fg € I'NJ and fg(x) # 0, thus = ¢ V(I N J).

Proposition 1.2 shows that every set of the form V(S) for S C A is a closed set for a
topology on X, which is called Zariski topology over the prime spectrum Spec(A). From

41
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this moment on, we will always consider X = Spec(A) endowed with this topology. Every
U C X such that U = X \ V(I) for some I C A is an open set.

We will study different properties of this set as a topological space: we begin with the
following

1.4. Definition. Let (X, 7) be a topological space. We say that X is quasi-compact with
respect to the topology 7 if, given an open covering of X, i.e. X = (J,., Ua, there exist

a finite subset {Uy,...,Ux} C {Ux| X € A} such that X = Ule Uy.

1.5. Proposition. The prime spectrum of a ring is quasi-compact with respect to Zariski’s
topology.
PrROOF. We will prove that the following condition holds (that is equivalent to defini-

tion 1.4): let {V(Sy) | A € A} be a family of closed subsets of X such that (., V(S)) =
(). Then there exist a finite subset {V(S1),...,V(Sk)} € {V(S))|A € A} such that

ﬂle V(Sk) = 0.
Since, by the previous proposition, we have
0= V(Sy) =V Sy
AEA AEA

Hence, there does not exist a prime p such that p O [ J,., Sx, which is to say that the
ideal generated by Sy (call it I) is not proper, that is I = (1). Then, by definition of I,
we have that there exists a finite number of s; € [ J,., Sx and p; € A such that

k
j=1

Thus a finite number of elements s; generates the ideal / = A and hence, being the map

V inclusion-reversing, we have V({J,c, S)) = V(1) = N, V(Sk) = 0 where we choose the
subsets S; such that s; € S;. O

2. Nullstellensatz revisited

As we have seen for algebraic sets, we can go back from the subsets of X to the ideals
of A by defining a new map (that will be, in a certain way, the inverse of V) in the
following way:

2.1. Definition. Let Y C X = Spec(A) be a subset of the prime spectrum of A. We
define the ideal generated by Y, Z(Y) C A, as follows

Z(Y):= {feA|flyy=0forally e Y}
= {feA|f=0in A/p, forally € Y}
= {feA|fep,forally e Y} =y,

2.2. Remark. Z(Y) is clearly an ideal of A. It is not, in general, a prime ideal but, being
an intersection of primes, is certainly a radical ideal (remember proposition 2.4).

2.3. Remark. We have Z(X) = (), .y p. = Nil(A).
2.4. Proposition. Let A be a ring, X = Spec(A).
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(1) Let Y CY' C X. Then I(Y") C Z(Y).

(2) Let Y C X, then Y C V(Z(Y)) and the equality holds iff Y = V(I) (i.e. Y s
closed in the Zariski topology of X ).

(3) Let J C A be an ideal. Then J CZ(V(J)).

PROOF. 1) is trivial: f € Z(I’) is such that f(y') = 0 for all ¥/ € Y’, therefore,
in particular, f(y) = 0 for all y € Y C Y’ that is f € Z(I). For 3), remember that
V(J) = {p prime ,p D J}. Hence

V)= () »>DJ
p primes, p D J
Finally, for 2, we have that:
VI(Y))= {reX[p, DI(Y)}
{reX|p:D ﬂerpy}

and, for all y € Y, we have p, € V(Z(Y)) (since clearly p, D [,y py. Hence we have
Y C V(Z(Y)), proving the first part of the assertion. Moreover, by definitions of V(J)

and Z(Y'), we have that
= N py (Y p.DJ

yEV pzDJ
Thus, if we apply V we obtain that
vIEw()) cvi)

by the first part of the proof. Therefore, if Y = V(J) is a Zariski closed set, we have that
Y D V(Z(Y)) and we have done. O

2.5. Remark. Let f € A be an element of the ring A. Notice that V(f) = V(f") for all
n > 1, since we have p D (f") <= p D (f) (being p a prime).

2.6. Proposition. Let Y C X = Spec(A) be a non-closed subset. Then the (Zariski)
closure of Y is Y = V(Z(Y)).

PROOF. In fact, Y C V(Z(Y)), because V(Z(Y)) is a Zariski closed set containing
Y. So we have to show that for every closed set V(J) D Y, it holds V(J) D V(Z(Y)).
To see this, simply notice that if V(J) D Y, then J C Z(V(J)) C Z(Y). Hence V(J) D
V(Z(Y)). O

2.7. Theorem (Hilbert’s Nullstellensatz revisited). Let J C A be an ideal and let X =
Spec(A) D V(J) be the corresponding Zariski closed subset. Then

V) =V

PROOF. We have

IS e Alfly) =0,y €V(J)}

- ﬂpy ﬂp_

yeV(J) pDJ
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2.8. Corollary. We have a bijection

%
A Spec(A)
T
{radical ideals} {Zariski closed sets}
I=VI Y =V(I)

In the previous section, thank’s to Hilbert’s Nullstellensatz, we built the correspon-
dence between the set of algebraic sets over k£ - in the hypothesis of algebraically closed
field - and the set of radical ideals of the polynomial ring k[ X7, ..., X,]. Moreover, we
saw that the correspondence could be extended to an anti-equivalence of categories be-
tween (Algi®)” and AlgSet;, where an algebraic set Z(I) is determined, up to isomor-
phism, by the reduced k-algebra k[X71, ..., X,]/V/I. The objects of AlgSet; were couples
(Z(I) C A}), where Z(I) is the set of rational points of the k-algebra k[Xi,..., X,]/I
that is equal, if k = k, to the set Max(A). Now we have, in a certain sense, re-built
this construction from a totally abstract point of view. We are no longer talking about
k-algebras, because we are considering generic rings, and we are concentrating on the
space Spec(A) instead of Max(A).

From classical algebraic geometry, we know that prime ideals in k[X7,. .., X,,] corre-
spond to irreducible algebraic sets. They are the “blocks” that we use to build all the
algebraic sets, and this corresponds to the fact that every radical ideal is finite intersection
of primes and that primes are radical. So it’s quite natural to suppose that prime ideals
should have a particular role also in this abstract construction.

Therefore, there is a new question for us: what is V(p)? The problem, here, is that
we have to think primes as “points” in the space (and then we have that, given an ideal
I, we can build the set of primes containing /) but also as prime ideals, so we can define
the set of primes that contain a given prime p. To a prime p we can associate a point in
Spec(A) but also subset of Spec(A) (that contains the point p). To see how weird is the
situation, consider the following examples.

2.9. Example.

(1) Let o € Spec(A) and consider Y = {x} C X. We have that Y is a Zariski closed
subset iff p, is maximal. In fact, by proposition 2.6, we have that

Y ={x} = V(Z(Y)) = {m primes |m D p,}

hence y € {z} <= p, D p,.

(2) Let A be a PID (e.g. Z, k[X],...). Then, for every non-zero prime p,, we
have that {z} is closed, which is to say that all points but one are closed in X.
Moreover, we have that (0) is a prime and it’s contained in every maximal ideal.

Hence {(0)} = X and we say that {(0)} is dense.

2.10. Proposition. Let f: A — B be a ring homomorphism and let f*: Spec(B) —
Spec(A) be the induced map on the prime spectra. Then f* is continuous for Zariski
topology. Further, we have that Spec(—): Rng® — Top is a (controvariant) functor.
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PROOF. Let V = V(S) C Spec(A) be a closed subset. Then

(f9)7 (V) = {p € Spec(B)| f*(p) = f'(p) D S}
= {p €Spec(B)[p D f(5)} = V(f(5))

that is a closed subset in Spec(B). O
2.11. Corollary. (f*)"'(V(S)) = V(f(9)).
2.12. Corollary. Let m: A — A/I, for I C A an ideal. Then the following diagram

Spec(A/I) -, Spec(A)
s /
(

I)

<

commutes. Moreover, 7 is closed.

PROOF. Straightforward for the first part. To see that #«* is closed, notice that
7*(V(J/I)) = V(J) that is closed in Spec(A) for every ideal J that contains I. O
2.13. Remark. We should stress two facts.

(1) Let I = Nil(A). Then by the previous corollary we have that Spec(A/I) =
Spec(Area) = Spec(A), that is Spec(Areq) and Spec(A) are homeomorphic as
topological spaces.

(2) Let I C A be an ideal and consider the powers of I, i.e. I* for kK > 1. Then we
have the following sequence

o AP AP AT
but Spec(A/I*) ~ Spec(A/I).

2.14. Proposition. Let X be any topological space. Then the following are equivalent:

i) any intersection of a finite number of non-empty open subsets is non empty
(i.e. Uy, Uy # O implies UyN Uy # D).

ii) X is not a finite union of disjoint distinct proper closed subsets.

i) X = XoU Xy for Xo, X1 closed subsets, implies Xg = X or X; = X.

w) Any non-empty open subset is dense (i.e. for U # 0, open, U = X ).

2.15. Definition. A topological space such that one of the above conditions holds is
called irreducible.

PROOF. i) = ii) = dii) = iv) it’s obvious. Now, U = X \ Z is an open dense subset
iff UNU’ # (0 for all U’ C X. Hence iii) = iv) = i). O

Now we have the following proposition.
2.16. Proposition. Y = V(S) C Spec(A) is irreducible <= the ideal Z(Y') is prime.

PROOF.
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(<) Suppose Z(Y) is a prime ideal. If Y = Y] UY;, with Y; closed, then we have
Z(Y) =Z(Y1) N Z(Ys). Hence Z(Y') D Z(Y1) or Z(Y') D Z(Y>): suppose Z(Y') D
Z(Y1). Therefore, being Y1 C Y, we have also Z(Y) C Z(Y}) and so we have the
equality Z(Y) = Z(Y1). Thus V(Z(Y)) = V(Z(Y1)) and then Y = Y] (we can
apply proposition 2.4, part 2, since they are closed).

(=) Let ab € Z(Y), then V(ab) = V(a) UV(b) D V(Z(Y)) = Y (again, because Y
closed). To complete the proof we use the following lemma:

2.17. Lemma. Let E C X be a closed irreducible subset of X. Let A, B be closed
such that E C AUB. Then E C A or E C B.

PROOF. In fact we have £ = (ANE)U(BNE). A, B, E are closed, hence also
ANE and BN E are closed. Therefore, being F irreducible, we have F = ANE
or FE=BNE, whichistosay EC Aor ' C B. O

In our case, V(a) and V(B) are both closed. Hence Y C V(a) or Y C V(b).
Then, I(Y) C Z(V(a)) 2 aor I(Y) C Z(V(b)) > b.
0

2.18. Corollary. Let X = Spec(A) and x € X. Then V(p,) ={y € X |p, D p,} = {z}
15 1rreducible.

PROOF. Simply notice that, thanks to the “revisited Nullstellensatz”, we have Z(V(p,)) =
Pz = p,. Then apply the previous proposition. OJ
2.19. Remark. In particular, we have that the whole space X = Spec(A) is irreducible
iff Z(X) = Nil(A) is a prime iff A/ Nil(A) = A,eq is a domain. In particular, if A is a
domain, we have that Nil(A) = (0) is a prime. Hence Spec(A) is irreducible and it’s the

closure of the point {n}, where p, = (0), being (0) contained in every prime of A. 7 is
called the generic point.

3. Noetherian spaces
We begin with the following

3.1. Definition. We say that a topological space X is Noetherian if it satisfies the
descending chain condition for closed subsets, i.e. every chain of closed subsets

XoVD>..0V, DY, 1D...
is stationary, which is to say that there exists k£ € N such that Y, = Yj.;.

3.2. Proposition. Let A be a Noetherian ring, then Spec(A) is Noetherian (as a topo-
logical space).

PrROOF. Let Y7 D ... DY, D Y,y1 D ... be a descending chain of Zariski closed
subsets. Then Z(Y;) C ... C Z(Y,) C Z(Y,41) C ... is an ascending chain of ideals. Being
A Noetherian, there exists k € N such that Z(Yy) = Z(Yy+1) and so we have a stationary
chain of (closed) subsets of X given by V(Z(Y1)) D ... D V(Z(Yx)) = V(Z(Yk+1)). But
the sets Y are closed, then Y; = V(Z(Y;)) and we have done. O

3.3. Proposition. Let X be a topological space. Then:
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(1) Any subspace Y C X of a Noetherian space X is Noetherian.
(2) Let {X;} be a finite covering of X such that every X; is Noetherian. Then X is
Noetherian.

PROOF.

(1) Let Y C X and take {F,}: F1 D ... D F, D ... be a descending chain of closed
subsets in Y (with respect to the induced topology): consider its closure in X,
call it {F,}. Then {F,} is a descending chain of closed subsets in X, so there
exists an index k such that F = Fy1. Now we intersect again with Y and we
obtain that Fj, = F,NY = mﬂ Y = Fii1.

(2) Let {F,}: F1 D ... D F, D ... be a descending chain of closed subsets in X
and consider the chains {F,, N X;} in each of the X;. They are all Noetherian
spaces, hence for each ¢ = 1,...,p, there exists n; € N such that, for all n > n;,
X;NF,, = X;NF,. Let k = max{ny,...,n,}. Then, since it holds X = JI_| X
for all n > k we have

:Lj(xgmﬁ’ E]<erﬁg
=1

i=1

3.4. Proposition. The following are equivalent:

i) X is Noetherian,
ii) any open set of X is quasi-compact.

PROOF.

i) = ii) It suffices to show that X is quasi compact (in fact, any open set of X is itself
Noetherian by the previous proposition). So, consider an open covering of X,
{U;}icr- Since X is a Noetherian space, every non-empty family of open sets has
a maximal element'. So consider the family & = {finite unions of U; for i € I}
and let U be a maximal element of S. Hence U C X: suppose that the inclusion
is strict, that is there exists € X \ U. Therefore x € U; for some i and U; g_ U:
from this it follows that U U U; 2 U and clearly U U U; € S, contradicting the
maximality of U.

ii) = i) We prove that X satisfies the ascending chain condition for the open sets (that
is equivalent to the d.c.c. for closed sets). Thus, let {U,} be an ascending chain
of open subsets. Then the set U = J, U, is open, hence quasi-compact by

assumption. Thus we can extract a finite covering such that U = UZJL U;. Being
the family {U,} a chain, there exists and index k such that, for n > k, U,, = U.

OJ

3.5. Proposition. Let X be a Noetherian space. Then every closed set in X 1is finite
union of irreducible closed subsets of X.

IThe proof of this fact uses the same argument of the proof of the analogous statement for Noetherian
rings.
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PROOF. Let S = {U C X closed | U is not finite union of proper irr. closed subsets}.
Being a family of closed sets, it satisfies the dual of the condition for a family of open sets,
i.e., if S # (), there exists a minimal element in S, say E. Then E cannot be irreducible
and we can write £ = F; U Fy with E; C E. By the minimality of E, E; ¢ S, hence
E;, = U;V:ZI F;; for 1 = 1,2 with F}; proper irreducible closed sets. But then we trivially
have that FE itself is a finite union of proper irreducible closed sets, contradicting the
assumption £ € S. Hence S = () and the conclusion follows. O

Let’s now summarize, thanks to the previous propositions, the situation that we have
in the case X = Spec(A). Then there is the following picture:

Rng Top
A (Noetherian) Spec(A) (Noetherian)
I = /T (radicals) <V:> {Zariski closed}
U ! U

p (primes) {Trred. closed}
U U

m (maximals) {Closed points}.

Moreover, by proposition 3.5, we have that every closed set V(I) can be written as a
finite union of proper irreducible closed. But we know that irreducible sets in X = Spec(A)
are exactly the sets V(p) for p prime. Hence we have V(I) = V(p1) U ... UV(p,). If we
apply the map Z and the Nullstellensatz we obtain the corresponding decomposition of
V1 as finite intersection of the primes py,...,p,. As usual, the decomposition is not
unique.



CHAPTER 5

Primary decomposition

1. Minimal primes and primary ideals

1.1. Definition. Let A be a ring and p C A a prime ideal. We say that p is minimal if
it is minimal in Spec(A) with respect to the inclusion.

1.2. Proposition. If A # 0, then the set of minimal primes of A is not empty.

PROOF. If A # 0 then Spec(A) # 0. Let (p;)icsr be a chain of primes in A and set
p = );e; Pi- Then p is prime, since, for a,b € A with ab € p and a ¢ p, we can find j € [
such that a ¢ p;. Hence, for all k& € I such that p;, C p;, we have a ¢ p;. But p;, is prime
and ab € py, so b € pj, and then b € p =), px.

Then we can apply Zorn’s lemma to Spec(A), with the reverse inclusion as partial
order, and obtain the thesis. O

Let I C A be and ideal. Then we can define the set of minimal primes containing I.
If we apply the proposition to the ring A/l we obtain the following

1.3. Corollary. The set of minimal primes containing I is not empty.

In consequence, we have that, for an ideal I C A,

VI=(l»= (1 »

pDI p minimal, pDTI

Thanks to theorem 2.5, we know that in a Noetherian ring any radical ideal is a finite
intersection of primes. That decomposition is not unique: we can recover uniqueness
using minimal primes.

1.4. Proposition. Let A be a Noetherian ring and I = /I be a radical ideal. Then
VI =piN...Np, where p; are the minimal primes over I. This decomposition is unique
up to reorder.

PROOF. The radical v/T is a finite intersection of primes and we can certainly assume
that the primes that appear in such a decomposition of v/I are minimal: in fact, if

(1.1) VIi=p,n...0p,

and py is not minimal over [ for some k, there exists a prime p such that I C p C pi. Thus
p DO ppN...Np,. Remember that, in general, if p is a prime such that p D L1 N ... N1,
then p D I; for some j: in fact, if I; € p for all ¢, there would exist elements x; € I; \ p.
But the product []z; always belongs to p, absurd.

Hence there is p; in the decomposition (1.1) such that p; C p C p;. By the minimality
of p we obtain p = p;. This implies that we can simply ignore the term p; and suppose
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that in (1.1) there appear only minimal primes. Therefore we need to show only the
uniqueness of such decomposition. Indeed, if we have

Vi=pn...np,=p,n...0yp.,

by the above argument we obtain that there exists k such that p] O py and there exists
J such that p;, 2 p’. Hence we have p; D py 2 p’; and, by the minimality assumption, we
obtain p} = p;, = pj;. We can iterate this argument to complete the proof. 0

1.5. Example. Let p € Spec(A). Then we have \/p™ = p and so p is the minimal prime
containing p™ (since every prime ideal that contains p” must contain p). If p = mis a
maximal ideal, then m is the only prime containing m™ (by the same argument, if q is a
prime that contains m”, then q 2 m hence g = m).

We have just said that if I is a power of a prime ideal p, then v/I = p and p is the
minimal prime containing I. More generally, if I is an ideal such that v/I is equal to a
prime p, then it is the minimal prime over /. We can ask if the converse is true: if VI = p
is a minimal prime over I, can we deduce that I = p" for some m? In general, the answer
is negative (see an example below).

1.6. Example. This fact is true, for example, in Z. Let I = (a) such that \/(a) = (p) for
a rational prime p. Suppose a # 0, then a = p”. In fact, assume a # p (trivial case); then
(p) 2 (a), so p | a and we can write a = pb. If p 1 b, there exists a prime ¢ # p such that
q | band so q | a, that is (¢) 2 (a) (notice that b is not a unit in Z if (p) 2 (a)). Then
we have found a maximal ideal q = (¢) different from p = (p) that contains (a). Hence
q> \/@ = (p) and this is a contradiction. Therefore p | b and so on. In conclusion we
have (a) = (p™) for some n > 1 and this is the form of all non-zero ideals I in Z such that
V1= (p).

Notice that this is equivalent to say that Z/(p™) has only nilpotent elements as zero-
divisors.

The previous example yields the following definition:

1.7. Definition. An ideal ¢ C A is called a primary ideal if § is proper and, for all
x,y € A such that xy € q, it holds € q or y" € q for some n € N.

Equivalently, g C A is primary <= A/q # 0 and every zero divisor is in Nil(A/q).
Clearly every prime ideal is primary.

1.8. Remark (Contraction of primary ideal is primary). Given a ring homomorphism
f: A — B and an ideal I C B, we can define the contraction of B in A as the inverse
image of B through f: it’s clearly an ideal of A. If ¢ C B is a primary ideal of B, we
can consider its contraction f~'(g). Suppose f~!(q) # A: hence we have the following
(commutative) diagram:

[ @) —A— A/f}(a)

|

g C B B/q.
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The induced map A/f~!(q) — B/q is injective (check this by exercise), so we can embed
the quotient ring A/f~*(q) in a ring where nilpotents are the only zero-divisors. Therefore
the same holds for A/f7!(q) # 0, that is to say f~'(g) is primary.

1.9. Proposition. If ¢ C A is a primary ideal, then \/q is prime (and hence is the
minimal prime containing q).

PROOF. Let z,y in A such that zy € \/q: then (zy)™ € q for some m > 1. So 2™ € q
or (y™)" = y™ € q for some n > 1. But this implies, by the definition of the radical

ideal, z € /g or y € /4. O
1.10. Definition. If p = ,/q for a primary ideal g, then q is said to be p-primary.

Warning. The power of a prime ideal p is not, in general, primary. Conversely, a primary
ideal is not necessarily a prime-power. Consider the following examples:

1.11. Example. Let A = k[X,Y,Z]/(XY — Z?) := k[z,v, 2] be the ring of functions
vanishing on the cone with vertex in the origin determined by the equation XY — Z2 = 0.
Let p = (x,z) be an ideal of A: p is prime, since the quotient A/p ~ k[Y]| which is a
domain. The ideal p? = (2%, 22, x2) = (22, zy, x2) is not primary, since xy € p? but x ¢ p?
and there is no n € N such that y™ € p?.

1.12. Example. Let A = k[X,Y] and consider the ideal ¢ = (X,Y™) for n > 2. The
quotient ring A/q is isomorphic to k[Y]/(Y™) and in this ring zero-divisors are nilpotent,
hence g is primary. But the radical \/q = (X,Y) = p is maximal, thus it is the unique
prime containing (X,Y™). Hence p 2 q 2 p™ (strict inclusions) and so q is not a power of
prime (otherwise it should be a power of p).

However, the following proposition holds:

1.13. Proposition. Let ¢ C A be an ideal of A. If \/q = m for a mazimal ideal m, then
q 18 primary.

PRrROOF. As we have seen before, if \/q = m, then m is the unique prime containing
the ideal q. Hence, m/q is the only prime in the quotient ring A/q and so it coincides
with the nilradical. Thus every element of A/q is either invertible or nilpotent and so g
is primary. 0

1.14. Remark. In particular, this implies that powers of maximal ideals are always
primary. If all primes are maximals in A (e.g. if A is a PID), combining the previous
propositions, we have the following inclusion:

{q" | q € Spec(A)} C {q primary ideals} C {I € A| VI = p € Spec(A4)}.

The theory of primary decomposition plays a central role in commutative algebra. For
Noetherian rings, as we will soon see, it generalizes the known fact that every radical ideal
can be written as finite intersection of primes. More generally, given an ideal I which is
not necessarily radical, the theory allows us to determine a finite set of primary ideals
(that will be connected with the minimal primes appearing in the decomposition of VI )
such that I is equal to the intersection of them.

First we need the following definition:
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1.15. Definition. We say that an ideal I C A has a primary decomposition if I is a finite
intersection of primary ideals, i.e. I =q;N...Ngq,. If, further, we have:

i) \/Q; = p;, called associated primes, are all different;

ii) a; 2 (g9 forall 1 <i<n;
then we say that this decomposition is minimal (or reduced, or normal). We say that [
is decomposable if it has a primary decomposition.

We can achieve i) by the following lemma and ii) by omitting all those terms that are
superfluous.

1.16. Lemma. Ifq,;, 1 <i <1 are p-primary ideal (i.e. \/q; =p), then the intersection
g =i, 9 is again p-primary.

PROOF. Clearly \/q = /[ )i_; % = ()=, /9 = p. Further, if a product zy belongs to
g and x ¢ q, then there exists 4 such that xy € g; and = ¢ g;. Therefore y € \/§; = p,

since q; is p-primary, which is to say y € /9. O

Hence, given a primary decomposition of an ideal I, we can always reduce to i) by
taking the intersection of all p-primary ideals (for all associated primes p). Then we can
always reduce to a minimal decomposition.

1.17. Example. Let [ = (X?, XY) in the ring of polynomials k[X, Y] over a field k. We
can write the ideal I as an intersection I = (X) N (X,Y)? = q; N, that is a primary
reduced decomposition. The associated primes are p; = g; = (X) and py = \/q; = (X,Y)
(that is maximal). Here we have p; C py and v/I = p; Npy = p; (and I is not a primary
ideal). In general, this example shows that, given a primary reduced decomposition, we
cannot say that the decomposition of the radical v/T obtained considering the intersection
of the associated primes, is minimal.

1.18. Definition. Let I be an ideal and let I = q; N ... N g, a minimal primary decom-
position of I. Let p; = /q; be the associated primes. The minimal elements of the set
{p1,...,p,-} are called the isolated primes belonging to I. The others are called embedded
primes.

1.19. Remark. In the example 1.17, the prime ps = (X,Y) is embedded and the prime
p; = (X) is isolated. Notice that it is not true that all primary components are indepen-
dent of the decomposition: in the same example, we can write (X2, XY') as (X)N(X,Y)?
but also as (X) N (X?2,Y). However, the isolated primary components (i.e. primary com-
ponents corresponding to isolated primes) are uniquely determined by I (for a proof of
this fact see [2], page 53-54).

2. Primary decomposition in Noetherian rings

In this section we will establish a result about the existence of a primary decomposition
for every ideal of a Noetherian ring. This theorem was first established by Emmy Noether
in 1921. Before doing this, we state an interesting result that holds for Noetherian rings:

2.1. Proposition. Let A be a Noetherian ring and let ¢ C A be an ideal such that m D q
for a maximal ideal m. Then the following are equivalent:



2. PRIMARY DECOMPOSITION IN NOETHERIAN RINGS 53

i) q is m-primary.
i) /9 =m.
iwi) mM CqCm for some M > 0.

PROOF. We have already seen that i) is equivalent to ii). For ii) = iii), we notice
that, being A Noetherian, for any ideal I C A we have /I = (zy,...,z;). Now, consider
the positive integers n; = min{n > 0|z} € I'} and take M > max{n,;}. Thus (vI)V C I:
if we take I = q such that m = \/q we have done. Finally, to prove iii) = ii), we simply
pass to the radicals and obtain VmM cac y/m, that is m C Va9 S m. O

As a consequence, we have the following

2.2. Corollary. Let A be a Noetherian ring, then the nilradical Nil(A) is nilpotent (i.e.
there exists n > 0 such that (Nil(A))" =0).

Now we can begin the proof of the result of Emmy Noether referred to at the beginning
of this section.

2.3. Definition. Let g C A be an ideal. Then q is called irreducible if from ¢ = q; N q,
it follows g = q; or q = qs.

2.4. Remark. Every prime ideal p is irreducible. In fact from p O q; Mgy we have p O g
or p O qy and also p = q; N gy C q;, 9, so one of the two equalities must hold.

2.5. Lemma. Let A be a Noetherian ring. Then every ideal is a finite intersection of
wrreducible ideals.

PROOF. As usual, let S be the set of ideals of A which are not finite intersection of
proper irreducible ideals and take m to be maximal in §. m cannot be irreducible, so we
can write m = q; N q, and neither gq; nor g, belong to S, since q; 2 m. Then both g; are
finite intersection of irreducible proper ideals, so the same must hold for m, contradiction.
Therefore S must be empty and the result follows. 0

2.6. Lemma. Let A be a Noetherian ring. Then every irreducible ideal is primary.

Notice that ¢ C A is primary and irreducible iff 0 C A/q is primary and irreducible:
remember that q is primary iff A/q # 0 and every zero divisor is nilpotent, which is to
say that 0 is primary in the quotient. The same thing holds for irreducible. So we can
reduce to prove the following

Claim. Let A be a Noetherian ring. If 0 C A is irreducible then it is primary.

PROOF. Let z,y € A such that zy = 0 and y # 0, then y € Ann(z). We want to show
that 2" = 0 for some n. Consider the following ascending chain of ideals:

Ann(z) C Ann(2®) C ... C Ann(z") C ...

Since A is Noetherian, the chain must stabilize. Therefore there is n > 1 such that
Ann(z") = Ann(z"™'). Now we claim that (z") N (y) = 0. In fact, if a € (z") N (y),
then ax = 0 since a € (y) and yz = 0. On the other hand, a = bz™; but then, if we
multiply by x again, we have ax = bx™*! which is to say b € Ann(2z"*) = Ann(a").
Thus 0 = bz™ = a. Hence since 0 is irreducible and y # 0, we have proved that 0 = 2",
so 0 is primary. 0
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If we combine the two previous lemmas we obtain the following theorem:

2.7. Theorem. In a Noetherian ring A, every ideal I has a primary decomposition.



CHAPTER 6

A first step in dimension theory

1. Basic definitions

One of the basic thing that we have learnt from classical geometry is the notion of
dimension of a space. In this section we want to define a concept of dimension that can
fit our purpose. This should agree with, and generalize, our geometric intuition.

1.1. Definition. Let X be a topological space, we define the dimension of X (denoted
dim X') to be the supremum of all integers n such that there exists a chain Zy, C Z; C
... C Z, of distinct irreducible closed subsets of X.

1.2. Example. Let k be a field and consider A' = A} (k) = k as a topological space
with the Zariski topology, i.e. closed sets are zeros of polynomials in k[X]. Then the
dimension of A' is 1. Indeed, by the definition of the topology on A!, we have that the
only irreducible closed subsets of Al are the whole space and single points.

1.3. Definition. Let A be a ring and let p € Spec(A) be a prime ideal. We define the
height of the prime p (denoted ht(p)) to be the supremum of all integers k such that
there exists a chain py C p; C ... C pp = p of distinct prime ideals. We define the Krull
dimension (or, simply, the dimension) of A (denoted dim(A)) to be the supremum of the
heights of all prime ideals. Finally, we define the depth or co-height of a prime p (denoted
coht(p)) to be the Krull dimension of the quotient ring A/p

Even if I C A is not a prime ideal, we can define the dimension of I, written dim([/),
to be dim A/I. In the case I = p prime, it is the given definition of coheight. Notice
that, if A is the ring of functions on an algebraic set, then dim I is the dimension of the
(algebraic) subset corresponding to I; that is, the subset on which the “functions” in I
vanish.

Indeed, thanks to the previous section, we see that the Krull dimension of A coincide
with the dimension (as a topological space) of Spec(A).

1.4. Example. Let A =7Z/(6): we have only two prime ideals, i.e. p = (2) and q = (3) in
the quotient, that are maximals. Since (0) is not prime, every chain has just one element
po = p or po = q. Hence the (Krull) dimension of the ring is zero.

1.5. Remark.

(1) Let X be an irreducible space, ¥ C X a closed subspace and suppose that
dim X < oco. Then, if dim X = dim Y, we have X = Y indeed, given a chain of
irreducible closed subsets in Y, we can extend it with X, which is irreducible by
assumption and closed. Since the dimension is finite, this implies that, if Y C X,
the length of the new chain is strictly greater than the length of the given one,
contradicting the hypothesis dim X = dim Y.
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(2) Let X be a Noetherian space and let X = X; U...U X,, be a decomposition of
X in irreducible closed components. Then dim X = sup, dim X;. We say that X
has pure dimension n iff dim X; =n foralli=1,...,m.

We must pay attention with the notion of dimension for reducible spaces. In particular,
if X is the disjoint union of a subset of dimension 2 and of a subset of dimension 1, then
it has dimension 2. For this reason we will often consider only irreducible spaces when
we will talk about dimension.

1.6. Definition. Let Y C X be a closed irreducible subset of a topological space X.
We define the codimension of X and Y (denoted codim(Y, X)) to be the supremum of
the lenghts of increasing chains of irreducible closed subsets starting at Y, i.e. Y C
Zy C Zy C ... C Zy. 1Y is reducible and Z; are the irreducible components, we set
codim(Y, X) = inf;(codim(Z;, X)).

In particular, we have codim(V(p), Spec(A)) = ht(p).
1.7. Example.

(1) Let A be the zero-ring, A = 0. In this case A has no prime ideals, hence we set
conventionally dim(Spec(A4)) = —1.

(2) Let A be a ring with only one prime m (hence m = Nil(A)). Then Spec(A) = {m}
and dim(A) = 0.

(3) Let A = Z or A = k[X] for a field k. They are both PID, hence (0) is prime
and every non zero prime is maximal: hence a chain in A has, at most, length 1
and this implies dim(A) = 1. The same argument applies in any principal ideal
domain that is not a field. A local ring A which is a PID is actually a local domain.
In this case Spec(A) = {n, z}, where 7 is the generic point which corresponds to
the prime (0) and z is the closed point corresponding to the maximal ideal m.
Two examples of such rings are Z localized at a prime p and the ring of formal
power series A = k[[X]].

1.8. Exercise. Remember that a topological space is called connected if there do not
exist X, Xy C X closed subsets such that X = X; U Xy, X1 N Xy, =0 and X; # 0 for
1 = 1,2. Otherwise X is called disconnected. Show that the ring A is disconnected iff the
ring A is a direct product A ~ A; x Ay with A; # {0} for i = 1,2.

PROOF. First suppose that A is a direct product. Then, for all p € Spec(A) we have
amap m: Ay X Ay - A/p and A/p is domain. Now consider the elements e; = (1,0) and
e = (0,1). We have e; + ey = 1, ejeg = 0, €2 = ¢; and finally €2 = e,. Since 7 is a
homomorphism of rings, we get the two equations m(e;) + m(e2) = 1 and m(eq)m(e2) = O:
being A/p a domain, this implies that m(e;) = 0 or w(ez) = 0. In the first case we have
m(ay,0) = 0 for all a; € A; and hence we have that the prime p of A is of the form A; X po
for py € Spec(As). Similarly, in the second case we obtain p = p; X A, for p; € Spec(A4;).
Hence we have Spec(A) = {A; x p (resp. p X Ay) |p C Ay (resp. p C Ap) is prime}, that
is Spec(A) = Spec(A;) U Spec(As). Notice that Ay = (A; x A2)/[(A1 x As) - (0,1)], hence
Spec(A4;) = V((0,1)) := X; and, in the same way, Spec(A42) = V((1,0)) = Xo. X
and X, are non empty (since A; # {0}), closed, disjoint subsets of X, which implies X
disconnected.
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Vice versa, suppose X = X; U X, for X; # 0, X; C X closed (i = 1,2). Hence
X; = V(1) for a proper ideal I; C A. So we have X = X; U Xy, = V(I; N I,), therefore
VI N1, = /0 = Nil(A). Equivalently, for all a € I, N I, there exists m € N such that
a™ = 0. We also know that V(I; + 1) = X; N X5 = () and so I; and I, are coprime,
i.e. I + I = A (otherwise, by Zorn’s lemma, there would be a maximal ideal m s.t.
I + I Cm C A that would provide a point in V(I; + I5)).

Using this fact, we can find two elements, say aq, as in Iy, I resp. such that a;+as = 1.
Since ajag € I1I, C I; N I, there exists n € N such that afa} = 0. But now we have
V(ar) = V(a}) 2 V(1) = X;j and V(az) = V(a}) 2O V(I3) = X,. It also holds that
V(a?) N V(ah) = V(ar) N V(az) = V(a; + az) = V(1) = 0 and so, since X; U Xy = X, it
follows that V(a}) = X; and V(ay) = X,. In conclusion, we have two coprime ideals (a'')
and (ay) with afal = 0. Thus, by the Chinese Remainder Theorem, we have that the
map A — A/(a}) x A/(ay) is an isomorphism. O

2. Rings of dimension 0

From now on, assume that A is a Noetherian ring and that dim(A) = 0. Thus there
is just one prime (=maximal) ideal m and 0 C m C A. Then we have two possible cases:
if (0) is prime we have no more ideals: A must be a field and we don’t have much more
to say. So let’s turn to the interesting case and suppose that (0) is not prime.

Since we are assuming the Noetherian hypothesis, we have a primary decomposition
of (0) =q;N...Ngq,. By passing to the radicals, we obtain /0 = Nil(A) =m; N...Nm,
for m; = ,/q; maximal ideals. Therefore, since Nil(A) = (4) P, we have established
the following result:

pESpec

2.1. Lemma. Let A be a Noetherian ring of dimension 0. Then A is a field or it has a
finite number of prime (=mazimal) ideals.

Indeed, if m is a maximal ideal, then m D (0), hence m O my, for some k and so, being
m; maximal, m;, = m.
Now we apply the corollary to prop. 2.1:
(0) = (NI(A)Y = ((Yme)™ 2 [ m?
i=1 i=1

and then we have that m¥md -..mY = 0. This information is crucial, since we can

determine explicitly a structure theorem for the ring:

2.2. Lemma. Let A be as above and let my,..., m, the distinct primes of A. Then
A~ P A/mY
i=1

PROOF. Set [; =mY for i =1,...,n. We claim that, for i # j, I + I; = A (i.e. they
are pairwise coprime). Assuming this, we have that

1) =T =0
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and then, by the Chinese Remainder Theorem, we obtain the thesis. Hence we have to
prove the claim. Since the primes m; are maximal, it is enough! to show that if p and g
are (distinct) maximal ideals in A, then p® +q° = A for all a,b > 1. We will do induction
on a and b. Clearly we have p + q = A. Then p* = p®A = p%(p +q) C p*™ + q, and so
p®+q C p*™! +q. Hence (since p®™! C p?), we have p® + q = p*™! + q: by induction on a
we obtain p*4+q =p+q = A. We can argue in a similar way for q and b to conclude. [J

2.3. Remark. Notice that each term A/m¥ in the decomposition of A is, at least (it can
be a field) a local ring with just one maximal ideal, that is the quotient m;/m¥. Moreover,
they are all Noetherian.

We now introduce a new class of rings:

2.4. Definition. Let A be a ring. A is called Artinian if it satisfies the descending chain
condition on ideals (shortly d.c.c.); that is, A is Artinian if every descending chain of
ideals is stationary.

We see that a ring is Artinian if it satisfies a condition that is the dual to the Noetherian
one. It’s easy to show that any quotient of an Artinian ring is artinian. Artinian rings will
provide a non-trivial class of examples. In particular, we will show that a local Noetherian
ring of dimension zero is Artinian. We first begin with the following proposition:

2.5. Proposition. An Artinian ring A is such that every prime is maximal.

Let p be a prime ideal, p C A. Then the quotient A/p is an artinian domain: the
proposition is then equivalent to the following

2.6. Lemma. Let D be an Artinian domain (i.e. an Artinian ring which is also an integral
domain), then D is a field.

PROOF. Let x € D, x # 0 and consider the chain of ideals () D (%) D ... D (2") D
.... By the descending chain condition we have (z™) = (z"*!) for some n, therefore there
exists y € D s.t. 2" = 2"y, Being D an integral domain (and z # 0), it follows that
1 = zy. Thus we have found an inverse for x in D, which is therefore a field. U

2.7. Proposition. Let A be a ring such that the zero ideal is a product of mazimal ideals,
t.e. 0 =my---m,. Then A is Artinian iff is Noetherian.

PROOF. See [2], Corollary 6.11. O

In a Noetherian ring, the a.c.c. implies that every non-empty family of ideals, ordered
by inclusion, admits a maximal elements. In a similar way it’s possible to prove that in
an Artinian ring, every non-empty family of ideals (again ordered by inclusion), admits a
minimal element. As a consequence, we have the following results:

2.8. Proposition. An Artinian ring has finitely many mazximal ideals.

PROOF. Let § = {m;N...Nm, |m; € Max(A),r € N} be the set of finite intersections
of maximal ideals. Hence there is a minimal element, say m;N...Nm,. This implies that,
for all maximal ideal m C A, mN(myN...Nm,) = myN...Nm, (since mN(m;N...Nm,) C
m; N...Nm, that is minimal by assumption). Therefore m D m; N...Nm, and then, by
the usual argument, m D m; for some ¢. Being m; maximals, it follows that m =m,. [

ndeed, this is more than what we need to conclude the proof.
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2.9. Proposition. In an Artinian ring, the nilradical Nil(A) is nilpotent.

Proor. Consider the descending chain given by
Nil(4) D (Nil(A))* D ... D> (Nil(A)* > ...

Being A Artinian, it follows that the chain stabilizes, that is for some £ > 0 we have
I = (Nil(A))* = (Nil(A))**! = .... Suppose that I # (0) and let S be the set of all ideals .J
such that the product I.J # (0). Then S # ), since I € S (being I? = (Nil(A))?** = I # (0)
and 2k > k), and we can find a minimal element H. Then there exists an element z € H
such that I # (0) (hence z # 0). Being (z) € H we have that H = (x), by the
minimality of H. But then we have that (z1)] = zI? = xI # 0 so (xI) € S and, again by
the minimality of H, H = (x) = xI. Therefore, there exists an element y € I such that
x = zy. Thus we have
r=xy=ayi=...=xy" =...

Moreover, y € I = Nil(A)*, then y € Nil(A4) and so y is nilpotent. As a consequence,
there exists m > 0 such that x = zy™ = 0, which is then a contradiction. 0

2.10. Proposition. Let A be a ring. Then A is Artinian if and only if A is Noetherian
and dim(A) = 0.

PROOF.

(<) We have already seen that if A is Noetherian of dimension 0, then A has only
finitely many prime=maximal ideals and that the nilradical Nil(A) is nilpotent.
Let my,...,m, be the set of the distinct prime ideals of A. Again we have that

(0) = (Nil(A))* = (ﬂ m;)* Hm?-

Then, by proposition 2.7, we have that A is Artinian.

(=) Since every prime ideal is maximal (by the previous proposition), the dimension of
the ring must be 0. Let my, ..., m, be the set of the distinct maximal ideals of A.
By the same argument of the converse implication, we have that [/, mf = (0)
and, again by proposition 2.7, we have that A is Noetherian.

O
Indeed, we have a stronger result for a Noetherian ring which is local.

2.11. Proposition. Let A be a local Noetherian ring. Then the following are equivalent:
i) dim(A) = 0;
ii) Nil(A) = m (where m is the unique mazximal ideal of A);
iii) There exists k > 0 such that m* = 0;
w) A is an Artinian ring.

ProoFr. If A is a local ring, then all the elements of A\ m are units. If dim(A) = 0,
then m is the unique prime ideal of A. Being the nilradical Nil(A) equal to the intersection
of all primes, we have then that Nil(A) = m. Hence i)= ii). Similarly, if Nil(A) = m,
we have that m is the unique prime ideal of A which has then dimension 0. Thus we
have proved i)< ii). Being A Noetherian, we have already proved that the nilradical is
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nilpotent and, hence, ii)= iii). Now we show that iii)=-iv). Suppose then that (A, m) is
a local Noetherian ring and that m* = 0 for some k.

Notice that, for each r > 1, the module M = m" is a finitely generated A-module
(since A is Noetherian). Then? we have that M/(mM) is a finite dimensional k-vector
space, where k = A/m is the residue field. Let now (I,)n,en be a descending chain of
ideals. Hence we have an inclusion of k-vector spaces

C(L,nm")/(m™NL) ... C(Lhnm")/ (M NI) Cm"/m™ = M/mM

for all n. We have then built a descending chain of finite dimensional k-vector space
that is, then, stationary: in fact, if V' C V, then dim(V’) < dim(V) and so the chain
is bounded by the dimensions. This implies that there exists N > 0 such that for every
n > N and for every r <k, I, "m" C I, + I, Nm"!. Hence we have

Ing]n+1+]nmmg--'g]n+1+]nmmk:]n+1

since m* = 0. But the chain (I,)n was descending, then we have also 1,11 C I, and then
we have the equality I, = I,,;1. Hence A is Artinian. Finally, by proposition 2.10, we
have that iv)< 1) and this completes the proof. O

2.12. Remark. Let (A, m) be a local Noetherian ring and consider the descending chain
of ideals given by m* D m**! o ... If this is stationary, then m” = m"*! for some n,
that is (if we denote with M the A-module m™) M = mM. This implies, by Nakayama’s
lemma, that M = 0 and then dim(A) = 0 by the previous proposition.

Let’s come back to the decomposition given by 2.1 for a Noetherian ring A of dimension
0. We have already observed (see rmk. 2.3) that each term A/m¥ is a local Noetherian ring
with maximal ideal m;/m¥. Clearly we have (m;/m%)* = (0) and then, by the previous
proposition, this implies that A/ m;? is Artinian. Hence we have proved the following:

2.13. Theorem. A Noetherian ring of dimension zero is a finite product of local Artinian
rings (and conversely).

2.14. Proposition. Let (A,m) be a Noetherian local ring of dimension 0. Then the
following are equivalent:

i) FEvery ideal is principal.

ii) The mazimal ideal m is principal.

i) Let k = A/m the residue field. Then dimg(m/m?) < 1.

2.15. Remark. The Noetherian hypothesis implies that m is finitely generated, hence
we certainly have dimy(m/m?) < +oo.

PROOF. Clearly i)=+ii). If m = (z) then the vector space m/m? has (at most) one
generator: dimg(m/m?) is then equal to 1 if m # 0 and is equal to zero otherwise (in that
case A is a field). To see that iii)=-ii) we consider the two different cases dimy(m/m?) =1
and dimg(m/m?) = 0. The latter implies m = m? and then, by Nakayama’s lemma,

2This is a consequence of the following general fact: let A be a ring, I C A an ideal and M an A-
module: then we have an isomorphism A/I®4 M ~ M/IM. This can be proved using the right-exactness
of the tensor product. Thanks to this isomorphism, we have that M /IM has a natural structure of A/I
module.
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we have m = 0 and again A is a field. If dimj(m/m?) = 1 then the module m = M
is generated by one element, say x (that is such that Z is a basis for m/m? as k-vector
space). Therefore m = (z) is principal. Actually, we can use this fact to show that every
ideal is principal (and so we have iii)=-ii)=-1)). Take (0) # I C A a proper ideal of A.
Then I C m and also v/I = m (since m is the only prime ideal of the ring). Moreover, m
is nilpotent and therefore, since I # (0), there exists an integer 7 such that / C m” = (z")
but I ¢ m"! = (2"*1); hence there exists ¢t € I such that y = az” (i.e. y € (z")) but
y & (2", i.e. a ¢ (). So ais a unit in A and consequently we have 2" € I that implies
I = (2"). Hence [ is principal. O

2.16. Remark. Actually, we have proved not only that every ideal in A is principal, but
also that it is a power of the maximal ideal m.

2.17. Example. There are several examples of local Artinian rings (that are, thanks
to proposition 2.10, exactly the local Noetherian rings of dimension 0) that satisfy the
conditions of the proposition 2.14. For instance, we can consider Z/(p") for p prime. It’s
clearly an Artinian ring (as is every finite ring!) and the maximal ideal m = (p)/(p™) is
principal. Another example is given by A = k[X]/(f") for a field k and an irreducible
polynomial f: again A is local, Noetherian and it has dimension 0 (it has just one prime
ideal, that is (f)/(f™)) and the maximal ideal is principal.

However, this is not always true: there exist local Artinian rings such that the maximal
ideal m is not generated by 1 element. Consider the ring A = k[X?, X3]/(X*): it’s a local
ring. In fact all the ideals of A correspond to ideals of k[X?, X3| that contain (X?), and
there exist only one such ideal that is maximal: it’s exactly (X2, X?). Hence m = (72, 73)
(where we denote by f the class of f (mod X*)) is the unique maximal ideal of A. A has
dimension 0 (since there are no more primes!) but m is not principal. Moreover, since
m? = 0, we have dim(m/m?) = 2.






CHAPTER 7

Valuations, normal rings and integral extensions

1. Normal rings and integral extensions

In this section we will prove some results about integral dependence. In particular
we study important results concerning prime ideals in an integral extension. We begin
with an important integral criterion, stated in the most general form. Let’s start with the
following definition.

1.1. Definition. Let A be a ring, and R C A be a subring of A. An element « of A is
said to be integral over R if there exists a monic polynomial f € R[X] such that f(a) = 0.
We say that A is integral over R if every element of A is integral over R.

Let R 5 A be an R-algebra. We recall that the product between an element r € R
and an element of a € A, denoted by 7-a, is by definition f(r)a (product in A). Moreover,
we say that an element o € A is integral over R if whenever « satisfies an equation

(1.1) a"+a "M+ a, =0,
then a; € R for all i = 1,...,n. As usual, we will not mention explicitly the map f.

1.2. Remark. For an element o € A, we gave a definition of being integral over a
subring R of A. For an R-algebra A, this is equivalent to the previous one if we consider
the subring f(R).

1.3. Theorem. Let R 5 A be an R-algebra. Let o € A. Then the following are equiva-
lent:
i) a€ A isintegral over R.
ii) The subalgebra R[] of A generated by « is a finitely generated R-module.
iii) There is an R[a]-module M which is faithful (i.e. Ann M = 0)' and which is
a finitely generated R-module.

PROOF. For i)=ii), we write? the algebra R[a] as R + Ra + Ra® + ... (generated by
the powers of a. Being « integral over R, we may write (using the notation of (1.1)):

Q" = —(a ™+ ana”)
for all r. Hence we can use this relation repeatedly to express any power of o as a linear
combination of 1,a,a?, ..., a" ! To see ii)=>iii), take M = R[a]. M is clearly faithful
as R[a]-module (remember that any ring R is faithful as R-module). Finally we show

that iii)=-i). Let my, ..., m, be generators of M as R-module (hence as an R[a]-module).
Since M is an R[a]-module, we can express am; as a linear combination of m; with

'Recall that if M € Mod 4, then Ann M = {a € A|am = 0 for all m € M}.
2Notice that this is always true, even if a is not integral over R.

63
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coefficients in the ring R. Set am; = Z;Zl a;jm;, a;; € Rfort=1,... 7. This condition
is equivalent to the following linear system:

my
(1.2) (al—=(ai)i;) | © | =0,

My,

where I denotes the identity matrix in M, ,(R[a]) (square matrices with entries in the
ring R[a]). We can then define a matrix (b;;) = (al — (ai;)i;) € M, (R[a]) and set
B = det (b;;). Now let (B;;) be the adjoint matrix of (b;;) (i.e. the square matrix such
that (B;;)(bi;) = (bi;)(Bi;) = £1). If we denote with (m) the column vector of (m;);=1,.__,,
we can multiply (1.2) by (B;;) and thus obtain fI(m) =0, i.e. fm; =0foralli =1,...,r.
Hence 3 is an element of R[] such that f-M =0, and so § € Ann M = (0), that is 8 = 0.
Being § = det(b;;), this express the fact that a is a root of the characteristic polynomial
of the matrix (a;;) € M,.,(R[a]), which is monic. Hence « is integral over R. O

This result brings us the following definition

1.4. Definition. A ring homomorphism A Iy B is called integral or we say that B is
integral over A if and only if for all b € B, b is integral over A in the sense of the theorem.

1.5. Corollary. The property of being integral is stable under composition, i.e. if we have
maps R — A — B with A integral over R and B integral over A, then B is integral over
R.

PRroor. For all B € B, we have an integral equation for 3,i.e. 8%+ " 1 +.. .+, =
0 with coefficients o; € A. Moreover, being A integral over R, the elements «; satisfy
integral equations over R, a;" + alﬂ-a?"*l + ...+ ay,; = 0 for all . Now, we can consider
the subalgebra R|ay,...,a,, ] generated over R by the elements a; and J. This is a
finitely generated R-module (by induction on n)* and it is also a faithful R[3]-module
(since it contains R|[f]). Therefore, by the theorem, § is integral over R. O

1.6. Corollary. Let R — A be an R-algebra. The set of elements of A which are integral
over R is a subring of A.

PROOF. Let o and 3 be elements of A, integral over R. Then the algebra R|a, (] is a

finitely generated R-module (by the previous remark). Hence a + 8 and af are integral
over R. O

Let R be a ring and A be an R-algebra. Then we can consider the ring of all elements
of A that are integral over R. This ring, subring of A (as we have just seen), is called the
integral closure, or normalization of R in A. The most important examples occur when
R is an integral domain and A is its field of fractions. In this case the sub-algebra of
elements of A integral over R is simply called the normalization of R. A domain that is
equal to its normalization is called a normal domain.

1.7. Exercise. Let R be a unique factorization domain. Show that R is normal.

3In general, let A C B. If 1 < o; < n are elements of B, integral over A, then the ring Ala, ..., ay]
is a finitely-generated A-module. The proof is by induction on n: the case n = 1 is part of theorem 1.3.



1. NORMAL RINGS AND INTEGRAL EXTENSIONS 65

PROOF. Indeed, let k = Frac(R) and let a = % be an element of k, integral over R.
We can assume that (r,s) =1 (i.e. r, s coprime). Then « satisfies a monic equation

a"+aat+ . 4+a,=0 a; €R

n—1
(f)”+a1<f> +...4a,=0 a; €R.
S S

Suppose by contradiction that © € &\ R (hence s is not a unit in R). If we multiply the
above equation by s", we obtain 7" + a;7" " 's + ... + a,s" = 0, hence r" = —(a;r"" ! +
..+ a,s" s, ie. s |r (by unique factorisation), contradicting (7, s) = 1. O

1.8. Example. Let k and consider the ring A = k[t?,t*] C B = k[t]. Then the rings A
and B have the same field of fractions K = k(t). Moreover, t is clearly integral over A
but t ¢ A, then A is not normal. Since the normalization A of A must contain A and
t, we have B = k[t] C A. Since B is a UFD, it is normal, and so A = B is the integral
closure of A in K.

Notice that A ~ k[X,Y]/(Y? — X?), thus A is the coordinate ring of the algebraic set
C = Z(I), where I is the principal ideal generated by f(X,Y) = Y2— X3, The plane curve
Y? = X3 has a singularity at the origin. The fact that A is not normal is closely related
to the existence of that singularity. We will consider again this important example.

1.9. Proposition. Let A be a normal domain and let K = Frac(A) be its field of fractions.
Let L be an algebraic extension of K. Then an element o € L 1is integral over A if and
only if its minimal polynomial over K has all its coefficients in A.

PROOF. See [7], Theorem 9.2. O

1.10. Example (From [7]). Let A be a UFD in which 2 is a unit. Let f € A be square-
free, (i.e. f is not divisible by the square of any prime of A). Then the ring A[\/f] is
normal.

PROOF. Let K be the field of fractions of A and let a be a square root of f in the
algebraic closure of K. Being A a UFD, by exercise 1.7, it is integrally closed in K. Hence,
if « € K, we have o € A, then Ala] = A, and the assertion is trivial. Suppose then that
a ¢ K. Then « is algebraic over K and the field of fractions of Ala] is K(a) = K & Ka.
Hence, every element ¢t € K(«) can be written in a unique way as t = r+ya with z,y € K.
It’s easy to see that the minimal polynomial of t over K is X? —2zX + (2* —y*f), so that
using the previous proposition, if ¢ is integral over A, we get 2z € A and 2? — y*f € A.
By assumption, 2z € A implies # € A, since 2 is a unit. Hence y?f € A. Let y = 7
with a,b € A. If some prime p of A divides the denominator b of y, we get that p* | f,
contradicting the square-free hypothesis. Therefore y € A and so t € A® Aa = Ala], so
that Ala] is integrally closed in K(«). O

1.11. Proposition. Let A be a normal ring in which there is only one mon-zero prime
ideal, say m. Suppose that m is finitely generated: then m is principal.

PROOF. Let a € m\ {0} and consider the ideal (a) generated by a. Then the radical
v/(a) is equal to m (being m the unique non-zero prime ideal of A). Since m is finitely
generated, there exists a positive integer n such that m™ C (a) but m"~' € (a); therefore,
we can find an element 0 # b € m" ! but b ¢ (a). Now, in the field of fractions k =



66 7. VALUATIONS, NORMAL RINGS AND INTEGRAL EXTENSIONS

Frac(A), the element 2 = ¢ € k is such that 27! ¢ A (since b ¢ (a)), and then it is not
integral over A, being A integrally closed. Let z7'm be the image of the multiplication
by 7! on m in the field of fractions k.

Claim. z 'm 52 m.

PROOF. If it was 7 'm C m, then m would be A[z~!]-module, since m is closed under
multiplication by all powers of 27! (and then under multiplication by all elements of
A[z~Y, being m also an A-module). Moreover, m is, by assumption, finitely generated as

A-module; it’s easy to see that it is faithful as A[z~!]-module, which implies ™! integral
over A, which is absurd. O

Since m"” C (a) any monomial M of degree > n in the generators {m;} of m =
(mq,...,m,) is divisible by a. Then b is a polynomial of degree n — 1 in {m;} and so, for
alli =1...,r, we have ml-g € A, since m;b is of degree n, so it is divisible by a. Therefore
ma~" € A for all m € m, hence 27 'm C A. By the claim, 27'm = A, hence 1 = m? for
some M € m; so we have v = ¢ =m € m, and then (r) € m. Moreover, for every element
y € m, we have y = (yz~ ')z (and yz~! € A), so y € (z) and then, finally, () =m. O

2. Further properties of integral extensions
2.1. Proposition. Let A be a subring of a ring B and suppose that B is integral over A.
Then we have:

i) if J C B is an ideal of B, then B/J is integral over A/I, where [ = AN J.
i) Let S be a multiplicative set in A. Then S™'B is integral over STLA.

PROOF. i) let b € B/.J be the class of b € B mod J. Then, by assumption, b is integral
over A, therefore b satisfies a monic equation " + a;b" ! + ... +a, = 0 with a;, € A.
Then, if we reduce mod .J, we obtain b + Ell_)n_l +...+a, =0, for a; = a; (mod J).
For ii), let S € S71B, for b € B and s € S. Hence b satisfies b" + a,b" '+ ... +a, =0
(a; € A). If we multiply by s~ we obtain the following equation for g

b\n b\ n—1 n
(2) +2(3)" +. 2 =0
S S \s s™
with % € S7'A and so ¢ is integral over S™'A. O

2.2. Proposition. Let A be a subring of a ring B. LetE the integral closure of A in B.
Then, for all multiplicative set S C A, we have that S~ A is the integral closure of S™1A
in ST!B.

PROOF. By ii) of 2.1, S™'A is integral over S™'A4, hence S™'A C S—1A. Conversely,
if g is integral over ST A, then it satisfies an equation of the form

b\ n a1 rbyn—1 n
(2) +2() +.+2=0
S S1 \S Sn,
fora; € A, s; € S. Lett =s1---5s, € 5: then we have

(st)n(g)” + (st)nﬂ(é)”_l T o )

$1\S Sy,
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If we clear denominators, we get (tb)" +ss5 - - - snt"_ll)”;1 +.oA (8" st Ha, = 0,
therefore th € A. Finally, since % = S, we get 1;; € S1A. O

st
2.3. Corollary. Let A be an integrally closed domain. Then A, is normal for any prime
p € Spec(A).

PROOF. Let S = A\ p be the multiplicative set associated to the prime p and let K
be the field of fractions Frac(A4). Then S™'A = S7'A = A, is the integral closure of A,
in the field of fractions S™'K = S~ Frac(4,) = K. O

Being normal for a ring A is a local property:

2.4. Proposition. Let A be a domain. Then A is normal iff A, is normal for all p €
Spec(A).

PROOF. The previous corollary shows the “only if” part. Conversely, consider the
inclusion A < A. For each prime p, let S = A\ p be the corresponding multiplicative set.
Then we have A, = S7'A — S71A and, by assumption, A, ~ A,, that is the integral
closure of A, in its field of fractions, Frac(A4,) = Frac(A). Moreover, by proposition 2.1,
we have that A, = A, = S~'A. Hence we have that, for each prime p € Spec(A), 4, ~ A,
and this implies* A ~ A. 0J

We can refine the previous result in the following sense:
2.5. Proposition. A is normal iff Ay is normal for all m € Max (A)

PROOF. As above, we have already proved the “only if” part. Conversely, let x €
Frac(A) which is integral over A and let 2" +a;2" ' +...+a, = 0 be the monic equation
satisfied by z, with a; € A C Ay C Frac(A) for each maximal ideal m C A. Hence z is
also integral over Ay, for all m € Max A. By assumption, A, is normal, and so = € A,, for
all m € Max A, that is © € [ cpax 4 Am- To complete the proof, we need the following
lemma. 0

2.6. Lemma. Let A be a domain, then

PROOF. Since A is a domain, the map A — A, is injective. Therefore we have
A C A, for all p € Spec(A). Now, take v = § € K = Frac(A) and consider the ideal
I(z):={be Albx € A} C A. Wehave x ¢ A <= I(x) C A. The ideal I(z) is proper
iff there exists a maximal ideal m C A such that m D I(x). So we get « ¢ A iff there exists
a maximal ideal m € Max(A) such that x ¢ Ay. In fact, if 2 € Ay, then z = § with b ¢ m.
But b € I(z) C m, a contradiction. Hence we have that A 2 (), cyaea Am 2 A,
and this completes the proof. 0

peSpec(A)

In the Noetherian case we can actually refine the result of lemma 2.6 in the following
sense:

4Being isomorphic is a local property for A-modules.
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2.7. Proposition. Let A be a Noetherian domain, then

A=4

pel

where I is the set I = {p € Spec(A)| there exists m € A such that p is maximal among
the primes associated to (m)}.

PRrROOF. Each localization clearly contains A, hence we need to show that A contains
the intersection of A, where p € I. Let K := Frac(A) and let b € K, b= ¢ for a,u € A,
u # 0. Suppose that b ¢ A, ie. a ¢ (u) < 0+# a € A/(u). Remember that there is a one
to one correspondence between the primes of A associated to (u) and the primes of the
quotient A/(u) associated to (0) (if ¢ C A/(u) is an associated prime, then we get a prime
of A associated to (u) by taking the inverse image of q via the projection A — A/(w)). This
correspondence preserves maximality. Consider now the ideal Ann(a) C A/(u). Being the
quotient A/(u) a Noetherian ring, there exists an ideal q of the form q¢ = Ann(m) which
is maximal between the ideals containing Ann(a). Then such q is maximal among the
primes associated to (0) (show this as an exercise). Then we can localize at q the quotient
A/(u) and we can consider the image of a via the natural map ¢: A/(u) = (A/(u)),.
Then (a) # 0, since Ann(a) C q. Let p be the ideal of A corresponding to q. We have
that p € I, since the correspondence preserves maximality. Moreover, we have that a # 0
in Ap/udy, = (A/(u))q. Hence a ¢ uA,, ie. b= 2 ¢ A,. In other words, we have shown
that b € K, b ¢ A, then b ¢ A, and this proves the other inclusion. O

2.8. Exercise. Let A be a normal local domain with maximal ideal p such that there
exists u € A such that p is maximal among the primes associated to (u). Then A is a
PID.

PROOF. The assumption is equivalent to the the fact that there exists m € A such that
p (=image of p in the quotient A/(u)) is the annihilator of m, where m = m (mod (u)).
We set p~! to be the A-module p~! := {r € k = Frac(A)|rp C A}: clearly p~! D A.
Moreover, we have p~!'p C A and pp~! D p. So p~!p is an ideal of A containing p. Since
p is maximal, we have either p~'p = p or p~'p = A. In the first case, for all a € p~1,
we can consider the multiplication map k — k. Notice that -o sends p to itself, so p is
also an A[a]-module. p is a finitely generated A module which is faithful as A[a]-module.
Hence « is integral over A. Since A is normal, o € A and so p~! = A. But we know that
there exist u,m € A such that p = {s € A|sm C (u)}, hence @ € p~! = A. Therefore
m € (u) and so p = A, contradicting the assumption that p is the unique maximal ideal
of A. Then we must have p~'p = A, i.e. there exists a € p~1, 8 € p such that a3 = 1. So
ACAp C A ie. A= ap. Hence p = SA and so p is principal. O

3. The going-up theorem

3.1. Proposition. Let A C B be integral domains and suppose that B is integral over A.
Then B is a field iff A is a field.

PROOF. First suppose that B is a field. If 0 # a € A, then a=! € B, so that a™! is

integral over A, i.e. there is a relation a ™ +cia ™"t +... 4+ ¢, = 0 with ¢; € A. Then we

have a™' = —(c; + caa + ... + c,a™ ') € A. Conversely, suppose that A is a field and let
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0 # b € B. Then we have that b is integral over A and so there is a relation of the form
b" 4+ ab" '+ ...+ a, = 0 with a; € A. Since A is an integral domain, we can assume
that a, # 0. Therefore we have b™' = —a '(b" 1 + ...+ a,_,) € B. O

3.2. Corollary. Let A be a subring of a ring B and suppose that B is integral over A.
Let q be a prime ideal of B and let p = qN A. Then q is maximal iff p is maximal.

PROOF. Notice that p is certainly prime, since p is t7*(q) where ¢ is the inclusion
t: A<= B (so p is the contraction of q via the inclusion ¢). Moreover, B/q is integral over
A/p and they are both domains. Then, by 3.1, we have that B/q is a field iff A/p is a
field, i.e. g is maximal iff p is maximal. OJ

3.3. Proposition (Going-up theorem - first form). Let A be a subring of a ring B and
suppose that B is integral over A. Let p be a prime ideal of A. Then there exists a prime
ideal q of B such that q N A =p, i.e. the map Spec(B) — Spec(A) is surjective.

PROOF. Let S = A\ p be the multiplicative set associated to the prime p. We have
the following commutative diagram:

A——~+B

f\ g
where f and ¢ are the canonical maps and the horizontal maps ¢ and S are injections.
So S7'B # 0 and we can take a maximal ideal m C S™'B. Let now n := 7!(m) be a
prime ideal of A,. Then, by 2.1, S™' B is integral over the local ring A,. Therefore, by
the previous corollary, n is maximal and so it is the unique maximal ideal pA, of A,. The
diagram

Spec(B) —— Spec(A)

g*“ f*‘
Spec(S'B) 7 Spec(A,)
is commutative, since Spec(—) is functorial, and so, if q := ¢*(m), we have that p =
fr(pAp) = f*(n) = f*(8*(m)) = v*(q) = q N A. O

From the going-up theorem we obtain the following important result of dimension
theory.

3.4. Proposition. Let A 5 B be an A-algebra and let B integral over A. Let q € Spec(B)
and p = ¢~ 1(q) € Spec(A). Then:

i) ht(q) < ht(p). In particular, dim B < dim A.

i) If ¢ is injective, then dim A, = dim B, and dim A = dim B.

PROOF. i) We will show that for each chainqy C q; € ... € g, = g of length nin B, we
have a corresponding chain of length n in A given by ¢~ '(q0) € ... € ¢ '(q,) = p. This
will imply that ht(q) < ht(p). Actually, it’s enough to show that if qo C q; are distinct
prime ideals of B, then ¢~ *(q0) C ¢ *(q1). By replacing B by B/qo and A by A/¢o(qo),
we may assume that A and B are domains, that qo = (0) and that ¢ ~'(q¢) = (0), i.e. that
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¢ is injective. Hence we have q; 2 (0) and we must show that o =!(qy) # (0). Let 0 #£ b €
q1- Then b is integral over A and we can consider the equation of integral dependence for
b of smallest possible degree, say b" + a;b" ' + ...+ a, = 0. Then a, # 0, since B is a
domain (as in the proof of Proposition 3.1), and so a, = —b(b" ' +... 4 a,_1) € (b) C q;.
Hence a,, € ¢~ '(q1) \ {0}.

For ii), recall that dim A, = ht(p) = codim(V(p), Spec(A)). Hence, by i), it is enough
to show the first equality. Let pg C p; be prime ideals of A. Let qo € Spec(B) be such
that = '(qo) = po. By considering the injective integral homomorphism A/py — B/qo,
we obtain a prime ideal q; of B such that ¢=!(q;) = p; and qo € q;. By repeatedly
applying this result to a chain of prime ideals of A containing p, we get dim A, < dim By,
and hence the equality since A, — B, is integral. Moreover, since dim A = sup,(dim Ay)
for p € Spec(A), we can also deduce that dim A = dim B. O

3.5. Exercise (Going-up theorem - second form). Let A C B and suppose that B is
integral over A. Show that if p; C po C ... C p, is a chain of prime ideals of A, and
g1 C g2 C ... C qm (M < n) is a chain of prime ideals of B such that q; “lies over” p; (i.e.
qi N A =p,; for 1 <i < m), then the second chain can be extended to q; C g2 C ... C gy
so that this remains true, i.e. q; N A=p; for 1 <i < n.

To understand the geometric nature of integral extensions we should combine the
going-up theorem with the following result:

3.6. Proposition. Let A Iy B be a finitely generated A-algebra and let B be integral over
A. Then the map Spec(B) — Spec(A) is finite-to-one.

PROOF. Let p € Spec(A). The proposition tells us that the fibre {p;};c; of p via the
induced map f*: Spec(B) — Spec(A) is a finite set. By definition, for all i € I we have
f*(p:) = f~ps) = p. Let S = A\ p be the multiplicative set associated to the prime
p. Then, for all s € S, f(s) & p; (otherwise s € f~!(p;) = p) and we have the following
commutative diagrams:

B—57'B Spec(S~'B) “ Spec(B)
i
A—2 A, Spec(A4y) L Spec(A)

where, as usual, we denote by S~ B the localization of B with respect to the multiplicative
set f(.5). As we noticed above, the primes of the fibre of p do not meet f(S), hence they
generate distinct prime ideals (say {S™'p;}ics) in ST1B. Moreover, if we consider the
map Spec(S™'B) — Spec(A,), we see (since Spec(—) is functorial) that they lie over the
maximal ideal pAp of A,. Thus it suffices to treat the case A local and p = m its maximal
ideal. Now, for any prime q of B such that f~'(q) = m, we have mB C q (where mB
denotes the ideal generated by f(m) in B). Hence q corresponds to a prime ideal of the
quotient ring B/mB, which is a finite dimensional A/m-vector space and thus has only
finitely many prime ideals. 0
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4. Dimension and Codimension 1

In general, the normalization of a ring which is the coordinate ring of an algebraic
set V has the effect of sorting out certain irregularities of the varieties. This is a step
toward a process of resolution of the singularities of V. First, we need to give a definition
of regularity.

4.1. Definition. Suppose that (A, m) is a local ring of dimension d. We say that A is
reqular if m can be generated by exactly d elements.

By Nakayama’s lemma, a set of elements generates m iff the images of these elements
generates m/m? as a A/m-vector space. So this vector space has dimension d iff A is
regular.

Regular local rings play a fundamental role in algebraic geometry, since — as we will
see — they correspond to non singular points on algebraic varieties.

A first step in this direction is to study the case of “codimension one”. Geometrically,
this is the study of points in curves, curves in surfaces and so on. Hence we begin with the
description of one-dimensional normal local rings. In this case, a ring (A, m) is regular iff
its maximal ideal can be generated by one element. A generator for m is called a regular
(or uniformizing) parameter for A.

To study the structure such rings, we need to introduce the so-called discrete valuation
rings (DVR). We will show that a normal one-dimensional local Noetherian ring is regular
and that regular one-dimensional rings are DVRs. In particular, a normal one-dimensional
variety is already non-singular: normalization is then a canonical process for resolution
of singularities in dimension one. Since normalization commutes with localization, this
fact implies that the localizations of normal rings at primes with codimension one® are
regular, i.e. they are DVR. This fact is called regularity in codimension 1. Geometrically,
this means that the “singular locus” of a normal variety is of codimension greater or equal
than 2.

Before defining discrete valuation rings, we introduce a larger class of domains.

4.2. Definition. Let A be an integral domain and let k = Frac(A) be its field of fractions.
We say that A is a valuation ring if for every o € k* = k \ {0} such that o ¢ A, then
ateA

Clearly any field is a valuation ring (and this is the trivial situation). From this
definition we have immediately an important property of valuation rings, that is for any
two ideals I and J of A, [ # J, either I C J or J C I: in fact, let x € I, x ¢ J. Then,
for any y € J, y # 0, we have zy~! ¢ A (otherwise if zy™' = a € A then z = ya € J).
Thus, by definition of valuation ring, it holds yz=' € A and y = x(yz~!) € I, therefore
J C I. Thus the ideals of A form a totally ordered set.

Hence there exist exactly one maximal ideal m and we have then that A is a local
domain. We can easily see that k\ A = {a € k* |a™! € m}, sincea € A\m < a € A*.
Thus the ring A is completely determined by its field of fractions and by the ideal m.

4.3. Proposition. A valuation ring A is integrally closed.

Recall that codim(V(p),Spec(A)) = htp. Hence the primes with codimension one are exactly the
primes of A such that dim A4, = 1.
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PROOF. Let x € k = Frac(A) be integral over A, x # 0, so that 2" +a; 2" ' +. . .+a, =
0 with a; € A. If x ¢ A then 27! € m where m is the unique maximal ideal of A. So we
have 1 +a;xz7 ' + ...+ a,z7™ = 0 and we get 1 € m which is a contradiction. O

If U denotes the set of units of a valuation ring A and k = Frac(A), we can consider
the group I' = k* /U, written additively. Then I" is an ordered group, in the sense that we
can define a suitable total order relation < in I' such that

(4.1) a<f < forallyel,a+~v<B+.

In particular, if we denote with [z] the class of z in T', we say that [z] < [y] iff yz~! € A.
The group I' together with the relation <, as we will see with the following lemma, is an
ordered group.

4.4. Lemma. Let (I, <) be as above. Then

i) < is a total order:
ii) (I, <) satisfies the condition (4.1).

PrOOF. We begin with the proof that < is a total order. Indeed < is transitive,
since [z] < [y] < [2] iff yz!' € A and 2y~! € A. Then za7! = (zy H(yz™') € A
and hence [z] < [z]. Moreover, [z] < [y] < [z] iff yz=' € A and 2y~ € A. Thus
A3 yx ' = (zy~')7!, and then yz~! € U, which is to say y = zu, and hence [z] = [y].
Further, for all z,y € kX, it holds either xy™' € A or ya=' € A, by the definition of
valuation ring. Therefore < is a total order over the group I'. The condition (4.1) is
clearly satisfied. OJ

Now we can consider the natural projection v: k* — I' = k*/U: such a map satisfies
the conditions

(a) v(zy) = v(x) +v(y);

(b) v(z +y) = min{v(z),v(y)}-
The projection v is a homomorphism of groups, then (a) clearly holds. To see the second,
take x,y € k*. Since < is a total order, we can assume v(z) > v(y). This is equivalent to
say vy~ 1 € A. Notice® that for all a € A, v(a) > 0 = [1], since [1] < [a] & al = a € A.
Hence v(1 + 2y~ ') > 0 =v(1). Therefore

v(z+y) Z vyl +ay™)) = v(y) +v(l +2y™") = v(y).
More generally, we have the following

4.5. Definition. let K be a field and H an ordered group. A map v: K* — H is called
an additive valuation or simply a valuation of the field K if it satisfies the conditions (a)
and (b) stated above.

4.6. Remark. Many authors (see, for instance, [7]), given an ordered group H, define
an ordered set H U {oo} by adding to H an element oo which is, by definition, bigger
that all the elements of H, and fix the conventions co + a = oo for all « € H and
00 + 0o = 00. Then a valuation map is defined as a function v: K — H U {oo} that
satisfies the conditions (a), (b) and the additional request

(c) v(z) =00 < x=0.

6Pay attention to the additive notation.
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However, this does not change in a substantial way what follows, hence we will not adopt
this convention.

A valuation map v of a field K defines by (a) a homomorphism of groups between K *
and H. The image is a subgroup of H, called the value group of v. We can also set

Ay, ={re K|v(z)>0}uU{0} and m,:={xre K|v(x)>0}U{0}
and we have the following

4.7. Lemma. The subset A, of K is a valuation ring with m, as its maximal ideal. A,
1s called the valuation ring of v and m, the valuation ideal of v.

PROOF. We prove that A, is a ring. By definition 0 € A,. Then we have v(1) =
v(1-1) = v(l) +v(1) and hence v(1) = 0, so 1 € A,. Moreover, for z,y € A,, v(zy) =
v(z) +o(y) > 0 and, if x +y # 0, v(x +y) > min{v(z),v(y)} > 0. So zy € A, and
x4y € A,. Finally, if x € A,, then v(—z) = v(—1) + v(x): thus we just need to prove
that v(—1) > 0. If it is not, notice that v(—1)+v(—1) = v(1) = 0 and then, if v(—1) <0,
we have 0 = v(—1) + v(—1) < 0, which is a contradiction.

Hence A, is a ring. Further, consider the field of fractions Frac(A4,) = kK C K. We
claim that K = k. In fact, for all € K, o ¢ A,, we have v(a) < 0. Moreover,
v(a) +v(a™t) = v(a-a™t) = v(l) = 0 and so it holds v(a) = —v(a™!) that implies
v(a™!) > 0. Therefore ! € m, and then a~! € A,. As a consequence, o = (o™ ') €
k = Frac(A,).

By this argument, we have also proved that A, is a valuation ring, since whenever
k> a¢ A, we have that a~! € A,. Finally, the ideal m, is clearly the maximal ideal of
the valuation ring A,, since we have v(z) = 0 iff z is a unit”. O

Conversely, if A is a valuation ring with field of fractions k, we have shown that the
projection v: k* — I is a valuation map with value group I'.

4.8. Remark. The valuation corresponding to a valuation ring A is not unique, in the
sense that it is possible to have different valuations of the field K having the same valuation
ring A. However, if v and v" are valuations of K with value groups H and H’ (both having
the valuation ring A) then there exists an order-preserving isomorphism ¢: H — H' such
that v/ = pow.

5. Discrete valuations

5.1. Definition. A valuation ring whose value group is isomorphic to Z is called a discrete
valuation ring (DVR).

For a domain A to be a discrete valuation ring is a very strong condition, as we will
prove with the following theorem.

5.2. Theorem. Let A be a valuation ring. The following are equivalent:

i) Aisa DVR.
ii) A is a PID.

iii) A is a Noetherian ring.

"The reason should be clear: convince yourself.
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PROOF. Let k = Frac(A) be the field of fractions of A and m be its maximal ideal.
We have already seen that m = {0} U {z € k* | v(x) > 0}.

i)=ii). Let v: k* — Z be the valuation of A having value group Z; being v surjective
on Z, there exists an element ¢ such that v(¢t) = 1. For all z € m, x # 0, the valuation
v(x) = n is a strictly positive integer. We recall that for all a« € A\ m = A* it holds
v(a) = 0. Moreover, if v(a) = v(b) then v(ab™!) = 0, hence ab~' € A*. Further, we also
have n = v(z) = v(t") = nv(t) and then v(zt™") = 0, so that we can write z = ut" with u
a unit of A. In particular, this implies x € (¢). Since this holds for all x € m (and since m
is maximal), we have proved that m = (¢). Let now I # (0) be a non zero ideal of A. The
set {v(a)|a € I,a # 0} is a set of non-negative integers, and so has a smallest element,
say ny. If ny = 0 then I contains a unit of A, so that I = A. Otherwise, if n; > 0, we can
consider the element x € I such that v(z) = n;. If we apply the above argument, then
we obtain that I = (z) = (t}) (use the minimality of v(x)). Therefore A is a principal
ideal domain, and moreover every non-zero ideal of R is a power of m.

ii)= iii) it’s obvious. For iii)= ii), notice that we have already proved that given the
set of all ideals in a valuation ring A is totally ordered. Hence, if I = (aq,...,a,) is an
ideal of A (finitely generated by the Noetherian assumption), then it must be equal to one
of the ideals (a;), and therefore principal. Finally we have to prove that ii)=- i). Notice
that (A, m) is a local PID, hence we can write m = (t) for some t € A. Then the ideal
I = (N2, (t*) is principal, say I = (y). Clearly m D I, hence y = tz, and also y € (*)
for all v > 0, therefore we get z € (t*~!) which holds for all v. Hence z € I, so we get
z = ya and then y = tya, y(1 —ta) = 0. Since t is not a unit (¢ € m), we must have y = 0,
and so I = (0). By this argument, we can say that for all non-zero element a € A, there
exists a non-negative integer v such that a € () and a ¢ (t**1): then its well defined the
map 7: A\ {0} — N such that a — 7(a) := v. We can extend 7 to a map v from field of
fractions k \ {0} to Z by defining v(a/b) = 7(a) — 7(b). It can easily be seen that v is a
valuation of k and that A, = A, m, = m. Therefore A is a DVR. O

Thanks to this theorem, the definition that we have seen at the beginning of the
previous section makes sense:

5.3. Definition. If A is a DVR with maximal ideal m, an element ¢ such that (t) = m is
called a uniformizing parameter of A.

Consider again a local regular Noetherian ring of dimension 1. We have seen that the
maximal ideal m is principal, generated by an element t. Further, every ideal I is a power
of the maximal ideal m: clearly there exists r such that I C m” since v/I = m. If the
inclusion is strict, apply 2.11 to the ring A/m".

Moreover, if we apply the same argument of the proof of the previous theorem, we can
define a valuation map from £* = Frac(A)* to Z. Therefore we have proved the following
result:

5.4. Proposition. Let (A,m) be a regular local Noetherian ring of dimension 1. Then A
is a DVR (and hence it’s normal).

More generally, it can be proved the following.

5.5. Theorem. Let A be a ring; then the following are equivalent:
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i) Aisa DVR;

ii) A is a local principal ideal domain, and not a field;

iii) A is a Noetherian local ring, dim A > 0 and the maximal ideal m is principal;
i) A is a one-dimensional normal Noetherian local ring.

PROOF. We have already seen that i)=-ii)=-iii). For i)=-iv), notice that in a DVR
the only ideals are (0) the powers of the maximal ideal. Therefore the only prime ideals
of A are (0) (being a domain) and m. Hence dim A = 1. By the previous theorem, A is
Noetherian, and it is normal (because it is a valuation ring). For a proof of iii)=i) and
iv)=iii), see [7], Theorem 11.2. O

Notice that the assumption of Proposition 1.11 is satisfied by any local Noetherian
normal ring of dimension 1. If we combine this remark with the previous results, we have
then the following important result for such rings:

Ais regular < Ais a DVR < A is normal.

6. Noether’s normalization lemma

The Noether Normalization Theorem provides a refinement of a choice of transcen-
dence base so that certain ring extensions are integral extensions, not just algebraic ex-
tensions. In this section we will restrict again to the case of finitely generated algebras
over a field k. Recall that if A is a Noetherian ring, subring of a ring B such that B is
integral over A and B = Alxy,...,z,| (i.e. B is finitely generated A-algebra), then B is
a finitely generated A-module (i.e. A <— B is finite).

Now consider a finitely generated k-algebra, i.e. k[xy,...,z,| = k[X1,..., X,]/I which
we may assume to be a domain (i.e. I = p prime) with field of fractions K = k(xy, ..., z,).
As we have seen in Chapter 2, we can extract from {zi,...,z,} a transcendental basis
for K over k, hence Trdeg,(K) < n.

6.1. Proposition. Let A = k[xy,...,x,] be a finitely generated k-algebra. Letp C q C A
be prime ideals of A. Then Trdeg,(Frac(A/q)) < Trdeg(Frac(A/p)).

PROOF. By replacing A with A/p, we can assume that A is a domain and that q is
a non-zero prime of A. Let {y1,...,y,} be a transcendental basis for Frac(A/q) over k:
if we consider the projection A — A/q, we can lift the set {yi,...,4.} to A choosing
a set of representatives {z/,..., 2.} C A. This set is clearly algebraically independent
over k, otherwise we can reduce modulo ¢ any relation of integral dependence between
the x}’s, obtaining a relation of integral dependence between the y;’s. Therefore we
have that Trdeg,(Frac(A/q)) < Trdeg,(Frac(A)). Suppose now by contradiction that
the equality holds with q # 0. Let p € q: this element is algebraic over k(zf,...,z.). So
there exist po,...,pm € k[X1,...,X,] such that po(z},...,2)) + pi(2), ...,z )p+ ... +

P (2, ..., 2L)p™ = 0 with m minimal. Hence py # 0 and reducing the relation modulo q
we obtain po(y1, . ..,y,) = 0, contradicting the fact that {yi,...,y,} is a transcendental
basis for Frac(A/q) over k. O

6.2. Corollary. Let A be a finitely generated integral domain over a field k. Then
dim(A) < Trdeg, (Frac(A)).
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PROOF. In fact, consider a chain of primes (0) Cp; C ... Cp, C Ain A. Then A —
A/py — ... — A/p, and so Trdeg,, (Frac(A)) > Trdeg, (Frac(A/p,)) > Trdeg, (Frac(A/p,)),
hence the claim follows. O

As a consequence, we get an important result about the dimension of the polynomial
ring in n variables over a field k. In fact, let A = k[Xy,...,X,]. Foreach i =1,... n,
we have the prime ideal p; := (X7, ..., X;. Hence we have the chain of primes (0) C p; C
... C pn, and so dim(A) > n. Moreover, by the previous corollary, we get n < dim(A) <
Trdeg, (Frac(A)) = Trdeg, (k(X1, ..., X,)) = n. Hence dim(A) = n.

6.3. Theorem (Noether’s lemma). Let A be a finitely generated integral domain over a
field k. Let K = Frac(A) be the field of fractions of A and suppose that the transcendental
degree of K over k is Trdeg,(K) = s. Then there exists a set of elements {y1,...,ys},
algebraically independent over k, such that A is an integral extension of k[y1, ..., ys)-

PROOF (NAGATA). By assumption, A is a finitely generated k-algebra which is a
domain, hence we can write A as k[X,..., X,]/p for a prime ideal p C k[X;,..., X,].
Let x1, ..., z, be the images of X, ..., X,, through the projection k[ X1, ..., X,,] - A. We
can certainly choose a set {y1,...,y,} so that k[zy,...,x,] is integral over k[y, ..., ;]
(for example, take y; = x; and n = r). But we will show that if we choose such y;
with 7 minimal, then the set {y;} is algebraically independent over k, hence {y;} is a
transcendental basis for K over k.

Notice that if the elements x1, ..., z, are algebraically independent (i.e. s =n), then

= 0 and the assert follows for y; = z;. Suppose now that n > s: we prove the claim
by induction on the number of generators n. It will be enough to find a subring A’ C A
generated by n — 1 elements such that A” C A is an integral extension. In fact, by
induction, A’ has the claimed property and k[yi,...,ys] € A" C A. Since A is integral
over A" and A’ is integral over k[y;,...,ys], by transitivity we have kly;,...,ys] C A
integral.

Since we are assuming that n > Trdeg,(K) = s, the elements xy,...,x, cannot be
algebraically independent. Hence there is a non-trivial relation among them, i.e. there
exists a polynomial f € k[X,..., X,], f # 0, such that f(xy,...,2,) =0.

0=flr,....x) = Y _aj, 2l -alr = agzt
Ji (4)

where (5) is the multi-index (jy,...,j,) and 29 = ' --- zi». We now claim that there
exist integers r; > 1 such that the elements z; := x; — x]" ¢ = 2,...,n are such that the
ring A" := k[z, ..., z,] is, as above, generated by n — 1 elements and such that A" C A is

an integral extension. To see this, consider the following chain of equalities:

0= f(z1,...,xn) = f(x1, 20+ 2, .. . 2 +27") =

— Za(j)x{1 Zf!(ZMLI?)ji = Z 9)% Zl_! (Z < ) 3 kx;j> N
- S 3 ST ()=

=0 kp=0 1=2 =2
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Let NV be an integer strictly bigger than the degree of f in each of the variables z; and set
r; := N'. Hence we have 1y < r3 < ... < r, and the terms Ly, := j; + Y ., kir; are all
different (remember that k; is varying here). Set M = maxy,{ Ly, } = max;,{L;,}. Hence
we have

0= f(zy, 20+ 27,..., 2, +27") = ba + [terms of degree lower than M],
with b € k, b # 0. This is an equation of integral dependence for x; over klz, ..., z,].
Since the terms z; (i = 2,...,n) are integral too, since x; = z; + 7', the whole ring is

integrally dependent over the subring A’. By induction, we have done. 0






CHAPTER 8

Zariski’s tangent space

1. Derivations and differentials

We first consider a purely algebraic characterisation of the partial derivatives of a
polynomial. The main themes are derivations and modules of differentials.

1.1. Definition. Let A be a ring and M be an A-module. A derivation from A to M is
a homomorphism of abelian groups D: A — M such that the Leibniz rule

D(fg) = fD(g) + gD(f)
holds for all f, g € A; the set of all these is written Der(A, M).

The set Der(A, M) becomes an A-module in a natural way, with D + D’ and aD
defined by (D + D")a = D(a) + D'(a) and (aD)(b) = a(D(b)). If A is a k-algebra, with
the action of k into A defined by a ring homomorphism f: k — A, we say that a derivation
D is a k-derivation if D o f = 0. The set of all k-derivation of A into M is denoted by
Derk.(A, M)

1.2. Remark. Notice that, since 1 -1 = 1, for any D € Der(A, M) we have D(1) =
D(1)+D(1), so that D(1) = 0. Viewing A as a Z-algebra, from this we have Der(A, M) =
Derz (A, M). Moreover, a derivation D is k-linear (i.e. D(rz) =rD(z)forallr € k, x € A)
if and only if D(r) =0 for all r € k.

The given definition of the module Dery(A, M) allow us to define a covariant functor
Deri(A,—): Mod4 — Set:
M — Dery(A, M)

|

N —— Der(A, N);
if f: M — N is a map of A-modules, then we have and induced map Dery(A, M) —
Dery(A, N) such that D — fo D.

1.3. Proposition. The functor M + Derg(A, M) is representable, i.e. we have A 4,
Qu/r a universal deriwation such that

Dery(A, M) = Homa(Qa/k, M)

The so called A-module of differentials (or Kdhler differentials of A over k) Q4 is
obtained by taking the free A-module generated by symbols d(f) (also written df) for any
f € A modulo the relations d(af + bg) — ad(f) — bd(g) and d(fg) — fd(g) — gd(f) for all
a,bek, f,g € A. Then we can define a map (that is clearly a derivation) d: A — Q.
such that b +— db. This map is called the universal k-linear derivation.

79
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The module of Kahler differential, together with the derivation d: A — €14/, has the
following universal property: for any A-module M and any D € Dery(A, M), there exists
a unique A-linear map f: 4/, — M such that D = f od. The map f can be defined on
generators db of 4/, as f(db) := D(b): this clearly implies the uniqueness. Since D is a
derivation, the relations between the elements db are satisfied and this makes the map f
a homomorphism of abelian groups: we can simply extend by A-linearity to conclude.

1.4. Remark. In the particular case M = A, we write Dery(A) for Derg(A, A). If
D, D’ € Derg(A), we can compose D and D" as maps from A to A. Note that Dery(A, A) =
Homu (24/k, A) = (Q4/,)" the dual A-module is a Lie algebra with the bracket [D, D] :
DoD' —D'oD.

There is another construction of Kahler differentials. In order to introduce this differ-
ent approach, we need to recall some general facts about extensions and splitting exact
sequences (for reference see [7], chapter 9).

The general setting can be described as follow: given M, N € Mod,, we want to
describe the A-modules E that can be written in an exact sequence like

O0—-M—FE—N—=0.

In this situation we say that E is an extension of N by M. The first example of extension
is given by the direct sum of modules: if M and N are A-modules, we have the exact
sequence

0—-M—->MoNEL N0
where p denotes the projection on the second component of the sum. Notice that we can
reverse all arrows, i.e. we have two maps N — M @ N and N @ M — M such that

0sNSMeN—M-—0.

is exact and such that poi = idy. Clearly it is not always possible to reverse the arrows.
For example, consider the following exact sequence of Z-modules:

0-Z—-Q5Q/Z—0

where p denotes the projection to the quotient. In this case there does not exist any
Z-module homomorphism i: Q/Z — Q such that p oi = idgz. In fact, any element of
Q/Z has Z-torsion, while Q is torsion-free. Hence Hom(Q/Z,Q) = 0. Another example

is given by the exact sequence 0 — Z % Z 5 Z/mZ — 0: again Hom(Z/mZ,Z) = 0
and so there is no Z-module homomorphism i: Z/mZ — Z such that 7 o i = idy/mz.

1.5. Definition. Let M, N, E be A-modules. We say that the exact sequence
(1.1) 0MLEL NSO

is split or that E is the trivial extension if there exists an isomorphism j: £ = M & N
such that the diagram

0 M E N 0
J

N7

M @
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commutes.

1.6. Proposition. The exact sequence (1.1) is split <= there exists h: E — M such
that ho f =idg.

PROOF. First assume that the sequence (1.1) is split, i.e. there exists an isomorphism

J:E— M@ N. ThenwehaveMLE’E’M@Nandthemapsz': M — M & N and
p: M@®N — M. Set h :=poj: then ho f =pojo f =poi, since (by assumption)
jo f =1. Moreover mcirci = idy; and we have done. Conversely, given the short exact
sequence (1.1) together with the map h: E'— M such that ho f = idys, we can consider
the following diagram

h g
0——M - E N 0
(12) \\ /
Mo N
where m and ¢ are, as usual, the canonical projection and injection and j is the A-

module homomorphism such that x — j(z) = (h(x),g(x)). Then jo f(m) = j(f(m)) =

(h(f(m)),g(f(m))) = (m,g(f(m))) = (m,0) = i(m). Similarly, 7 o j(e) = g(e). Hence
the diagram (1.2) commutes and we can write the following commutative diagram:

0 M E N 0
0O—— M —M®d»N — N —0.
Finally, 7 is an isomorphism as a consequence of the 5-lemma. ([l

More generally, we have the following proposition:

1.7. Proposition. Let M, N, E be A-modules and let the sequence
(1.3) 0MLEL NSO

be exact. The following are equivalent:
i) The sequence (1.3) is split;
ii) there exists h: E'— M such that ho f =idy;
iii) there exists k: N — E such that gok = idy;
i) there exists h: E — M and k: N — E such that foh+kog=1idg.

ProOF. This is simply an application of the 5-lemma. O

1.8. Exercise. Let 0 - M — N — P — 0 be an exact sequence of A-module with P
free. Show that the sequence is split.

Now let k be a ring (not necessarily a field) and B a k-algebra. Let I be an ideal of
B such that I? = 0 and set A := B/I. The B-module I can be viewed as an A-module:
in this situation we have that B is an extension of the k-algebra A by the A-module I.
As usual, we can write this extension in form of exact sequence

0I5BL A=B/I—0.
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We say that this extension is split if one of the (equivalent) conditions of proposition 1.7
is satisfied, with the additional requirement that the involved maps are k-algebra homo-
morphisms. Hence, the above extension is split if there exists a k-algebra homomorphism
k: A — B such that f ok = idy. Conversely, given any k-algebra A together with an
A-module I, we can make the direct sum A & I of k-modules into a split extension of A
by I.

In general, let A, B,C' € Alg,, and consider a commutative diagram

B .4

N

Suppose that f is fixed. In this case we say that any map h: C' — B that makes the
above diagram commutative is a lifting of g to B. Let I = Ker(f) ¢ B. If ¥': C — B
is another lifting of g, then h — &' € Hom(C,I). If I* = 0 then I is an f(B)-module;
in fact f(B) = B/I and we can define the action (b + I)-m = bm + ml = bm since
ml C I? =0, so that f(b)-m = (b+ N)m = bm. Moreover, using g: C — f(B) C A, we
can consider I as a C-module. In fact, g(c) - m = f(h(c)) - m = h(c)m; then it is easy to
see that h —h': C — I is a k-derivation of C' to the C-module N. Indeed, for all a,b € C,
(h — KW)(ab) = h(a)a(b) — W (a)h'(b) = h(a)a(b) — h'(a)h'(b) + h(a)h' (b) — h(a)h'(b) =
a-(h—h)(b)+b-(h—h')(a). Conversely, given any D € Dery(C, I), then h+ D is another
lifting of g to B.

Now we can come back to the original setting on derivations and differentials. Let k
be a field and A a k-algebra. As we noticed at the beginning of this chapter, we have a
covariant functor M + Derg(A, M) from Mod4 to itself. Define the multiplication map
w: AR A— Aby

pwz ®y) =y

Let I = Ker(u). We have that I/1% is a (A ®; A)/I = A module." Set Q4 = [/I? and
B = (A®; A)/I?. Then u induces i': B — A, and we have an exact sequence

O—>QA/k—>B”—/>A—>O

that is an extension of the k-algebra A by 1,/; this extension splits. In particular we
can define two maps \;: A — B fori=1,2:

M(@)=a®1 (mod I?), M(a)=1®a (mod I?).

Clearly we have that u' o \; = id4. Using the above notation, we have (for i = 1,2) a
commutative diagram

7

B-".A

1Tis a A ®p A-module and I/1? ~ I @ 40, 4 (A®y A)/I.
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hence A\; and Ay are two liftings of ids: A — A. Hence the map d := Xy — A\ : A — [ /17,
d:b+— 1®b—0b®1 (mod I?) is a derivation. We claim that I/I* together with the
derivation d represents the functor Derg(A, —).

PROOF. Let A be the direct sum of k-modules A@® M with the product (a,z)(a’,z") =
(ad’,ax’ + a'z). A is then a k-algebra and the extension 0 — M — A — A — 0 splits.
Let D € Derg(A, M) and define the homomorphism of k-algebras ¢: A ®, A — A by
o(r ®y) = (ry,zDy). Notice that if Yz, @y, € I, ie. pu(d z; @y;) = > xy; = 0,
then (> z; @ y;) = (0,> z;Dy;) — > x;Dy;, hence ¢ maps I into M. Moreover,
it’s easy to check that I? C Ker, hence ¢ factors through the quotient I/I* and we
get a map f: I/I* = Quu — M. By definition, we have f(da) = f(1®a—a® 1
(mod I?)) = p(1 ®a) — p(a® 1) = D(a) — aD(1) = D(a), so that D = f od. In order
to show that I/I? has the claimed universal property, we need to prove the uniqueness of
the map f such that D = f od and that f is A-linear. Notice that the multiplication by
a®1in A® A induces the A-module structure on I/I?, so that if I/I? > a =1, @y,
(mod I?) then aa = > ax; @ y; (mod I?) and f(aa) = > ax;Dy; = af(a), proving that
f is also A-linear; thus we made from a derivation D a map f € Homy (/12 M).

Since a®b (mod I*) = (a®1)(1®b—b®1)+ab®1 (mod I*) = (a®1)db+ab® 1
(mod I?), we have I/I? > a =Y x; ® y; (mod I?) =3 x;dy;, proving that I/I* = Q4
is generated as A-modules by {da|a € A}. This clearly implies the uniqueness of f (since
we defined the action on generators) and completes the proof: we have that Dery(A, M) =
Homu(I/1?, M) = Homu(Qa, M). O

1.9. Example. Let A = k[X;,..., X, be a polynomial ring in n-variables. Denote D; :
A — A the usual partial derivative 9/0X; with respect to X;. We get D; € Dery(A, A).
Note that any D € Derg(A, M) is determined by its values on X; and if we just set
D(X;):=m; € M for 1 <i<n we get

(1.4) D)= 5k,

=1

for all polynomials f € k[X7, ..., X,]. Thus Deri(A, A) is a free A-module on Dy, ..., D,,
e.g. this also follows from the universal property of the dual €4/, which is a free A-module
on d(Xy),...,d(X,).

Note that for a given ideal I C k[X7,..., X,,] any such derivation D factors through
k[X1,...,X,]/Tif D(f)=0forall fel.

1.10. Definition. Let A = k[X4,..., X,]/I be a finitely generated k-algebra. Let M be
an A-module. The tangent module is the A-module

Ty (A) == {(mq,...,my) € M"| iDi(f)mi:Ofor all f eI}

where D;(f) is the class of 9f/0X; modulo I.
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For (mq,...,m,) € Ty(A) we then get a derivation Dy,
follows. Let f € k[X1,...,X,] and f € A its class modulo I then

mn) € Derp(A, M) as

is a derivation. It is well defined since D, m.)( f) =0for all f € I by the definition of
Ty (A) and clearly satisfies the Leibniz rule. We then get a mapping

(1.5) 7 : Ty (A) — Derg (A, M)
1.11. Proposition. The map 7 in (1.5) is an isomorphism of A-modules.

PRrROOF. The injectivity is clear since Dy, .. mn)()_(i) =m, for 1 < i < n so we are
left to check the surjectivity. Let D € Derg(A, M) and regard D as a derivation from
k[Xi,...,X,] into M by composition. We then just set m; := D(X;) for 1 < i < n
and we get D(f) as in (1.4) above for all polynomials f € k[Xi,...,X,]. Since this
derivation factors through A = k[X3,...,X,]/I we have D(f) = 0 for all f € I thus

(ma,...,my) € Ty(A). Finally note that Dy, . (Xi) = D(X;) thus D,y m,y = D
as claimed. 0
1.12. Remark. Fix a maximal ideal m C k[X1,..., X,] containing a radical ideal I such

that A/m = k is an A-module, i.e. an element z of the algebraic set X := Z(I) C Max(A),
A = k[Xy,...,X,]/I. We get back the usual tangent space at the rational point x by

taking values of derivations at = via A — k as usual. In fact, for I = (f1,..., f,) we have
n 8fj .
Te(A) = {(mq,...,m,) € k" | E ym; =0forall j=1,...,r}
Note that
of
D m = ;
( T1yeeesy n)(f) — aX ( )m

is a derivation on all k[Xy,..., X,] and if f =3, g;f; then

L (aymi = S CEDIC 8“"] 2 w0

i=1 j i=1

and therefore Dy, . m,)(f) =0 for all f € I,ie. Dgn,, . m,) € Dery(A, k).

..........

1.13. Corollary. For an algebraic set X := Z(I) and a point x € X denote T,(X) =
Ty (A) and Der,(X) := Derg(A, k) the corresponding k-vector spaces. Then

7 Tp(X) —= Der,(X)

s an isomorphism of k-vector spaces.
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2. Zariski tangent space

We now look at the local nature of the tangent space at a rational point. Let X =
Spec(A) where A is a (finitely generated) k-algebra and let = € X (k) be a rational point.
We denote the corresponding maximal ideal by m, C A.

For D € Deri(A, k) consider the restriction of D : A — k to the maximal ideal m,
and get

D(fg) = (9) +9(z)D(f) =0

f(z)D
for all f,g € m, (recall that f(r):= f € A/m, = k). Since D(m2) = 0 we get a k-linear
mapping m,/m2 — k. Let

(m,/m2)Y := Homy(m,/m2, k)
be the dual k-vector space. Recall that we always have
m,/m2 — m, Ay, /m2Aq,

where A, is the local ring and Ay, — Aw, /M An, = k so that we can regard it just
locally. By restricting derivations to m, we thus obtain

(2.1) §: Dery (A, k) — (m,/m2)"
2.1. Proposition. The map § in (2.1) is an isomorphism of k-vector spaces.

PROOF. It is clear that § is k-linear and injective since D(m,) = 0 implies D = 0.
Let ¢ : m,/m2 — k be a k-linear mapping. Note that, for any f € A, f(z) € k C A and
f — f(z) € m,. Considering f — f(z) modulo m? we set

Dy(f) = €(f = f(x))
and we get a derivation. In fact, for f,g € A we have (f — f(z))(g — g(x)) € m?2 so that

fg—f(x)g(x) = f(z)(g —9(x)) + 9(2)(f — f(z)

modulo m? and applying ¢ we get D,(fg) = f(z)D(g) + g(z)Dy(f). Note that if f € k
is a constant f(x) = f, i.e. Dy(f) = 0, and if f € m, clearly D,(f) = ¢(f) so that
the restriction of D, to m, yields back the linear mapping ¢. This is showing that § is
surjective. [

Since? Dery(A, k) = Homa(Qa/x, k) = Homy(Qa/x ®4 k, k) from (2.1) we get, in the
finitely generated case, the following.

2.2. Corollary. We have an isomorphism
mm/mi i) QA/k ®ak

Notice that this is true in general (but in that case it does not follow from the previous
proposition).

2This is a standard application of the following property of the tensor product: if f: A — B is
an A-algebra, M is an A-module and N is a B-module, then we have an isomorphism Hom4 (M, N) =
Homp(M ®4 B, N).
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2.3. Remarks. (a) Let A = k[X,...,X,]/I be a finitely generated k-algebra. Let
X := Z(I) be the algebraic set and consider the maximal ideal m, C k[Xi,..., X,)]
containing I. We then have

T.(X) = Der,(X) 2 (m,/m2)¥
Actually we can describe the inverse mapping
(m,/m2)Y — T, (X)

of the composition of (1.5) and (2.1) as follows. Suppose given ¢ € Homy(m,/m2 k) and

m, = (X; —x1,...,X, — x,). Considering D, above as a derivation on k[X, ..., X,]| we
obtain Dy, as in (1.4), i.e. for f € k[Xy,..., X,)]

= F@) =3 5

(@)(X; — ;)

i=1
We get m; = {(X; — z;) and clearly (my,...,my) € T,(X) since D, € Dery(A, k). If you
like to assume a Taylor expansion

f=flz)+ Z X, (x)(X; — ;) + terms of degree > 2

you can see it applying ¢ after cutting off the non-linear terms.

(b) Similarly, for a derivation D € Dery(Am,, k) we can restrict it to the extended
maximal ideal m, A, of the local ring and similar arguments as above apply. We thus
obtain

Der,(X) = Derg(Am,, k)
2.4. Exercise. Let A be a k-algebra, X = Spec(()A), € X(k). For a derivation

D : A — k there exists a unique extension to a derivation D : A, — k, i.e. we have
Dery(A, k) = Derg(Am,, k). Given D € Dery(A, k) and f/g € A, we just set

D(ffg) = =

(9(x)D(f) = f(x)D(9))

and we obtain D € Derg(Ay,, k).

2.5. Example. (a) Let X = Z(I), A =k[X;...,X,]/I where [ = (f,..., f.) are linear
homogeneous polynomials. Then 7, (X) = X for any = € X.

(b) Let X = Z(f), A = k[X,Y]/(f) where f = X? — Y2 Let x = (t*,#3) € X for
tek, 0f/0X =3X?, 0f/0Y = —2Y and dimy, T,(X) = 1 for ¢t # 0 and dimy T,(X) = 2
for t = 0.

2.6. Definition. Let x € X = Spec(A) we say that X is regular at = if A, is regular.
Otherwise we say that x is a singular point.

Forx € X = Z(I) and A = k[ X4, ..., X,]/] finitely generated saying that X is regular
at © means that we have dim Ay, = dimy, 7, (X).
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2.7. Corollary. (Jacobian criterion). For x € X = Z(I), A = k[Xy,...,X,]/] and

I={(f1,...,fr) aradical ideal consider the r X n matriz
Jac, = (aa){f] (x))

We have that X s reqular at x if and only if
rank(Jack) = n — dim A,

Since this characterisation due to Zariski of the tangent space is purely algebraic we
may even define it in general.

2.8. Definition. (Zariski tangent space). For X = Spec(A) of any k-algebra A let
x € X (k) C Max(A) be arational point, i.e. a maximal ideal m, C A such that A/m, = k.
We set

T,(X) := (my/m3)"

3. Tangent space and dual numbers

Consider the so-called ring of dual numbers given by k[e| := k[t]/(t?). A dual number
is written as a + be with a,b € k and €2 = 0 and it is a unit if and only if a # 0 (the
inverse is a=! — a72be). As a consequence, we see that the dual numbers over any field
k form a Artin local ring with nilpotent maximal ideal (¢). We then have k[e] — k by
sending ¢ to zero. Since () = k we can regard k[e] = k @ k with the ring structure given
by €2 = 0.

For a k-algebra A let z € X (k) C Max(A) be a maximal ideal m, C A such that
A/m, = k. For any k-linear ¢ : m,/m2 — k we get a push-out diagram

0 — my/m2 — A/m> —k ——0

T

0 () k[e] 0
inducing by composition with the projection a k-algebra homomorphism f, : A — k[e]. We

therefore obtain a map sending x € X (k) together with ¢ € T,.(X) to f, € Homy(A, k[e])
which we denote

(3.2) o {(x,0)/x € X(k) and £ € T,(X)} — Homy(A, k[e])

3.1. Proposition. The map ¢ in (3.2) is an isomorphism.

PROOF. A k-algebra homomorphism from A to k[e] say f € Homy (A, k[e]) is provided
with a maximal ideal m, C A given by the kernel of the composition into k. By restriction
of ftom, C A we get m, — (¢) thus a k-linear mapping ¢ : m,/m? — (¢) = k since
g2 = (0. This is showing that ¢ is invertible (note that the push-out diagram in 3.1 grants
it). O

3.2. Remark. (a) Note that the previous constructions are local. This means that the
push-out diagram in 3.1 can be provided for A, without changes and Homy (A, k[¢]) can
be nicely described by the collection of pairs {(x, f,)} where x € X (k) and f, is a local
k-homomorphism f, : Ay, — kle]. In fact, in the proof of 3.1 since k[¢] is local, m,
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is mapped to (¢) and f(A — m,) is invertible in k[e] we get f, € Homy(An,, k[]) by
the universal property of A, . By restriction of f, to m,A,, we get the same k-linear
mapping as in the proof of 3.1.

(b) The result in 3.1 can be translated in the functorial language as follows. Consider
the covariant representable functor F' = Homy(A, —) on the category of k-algebras and
the induced mapping F(k[e]) — F (k). Let z € F(k) and let T,,(X) denote the subset
of F(kle]) of those elements mapping to x. Then T,(X) is actually the Zariski tangent
space. This translation suggests that one can define the tangent space to a functor F
even if it is not representable.

(c) Notably, the interpretation of the tangent space given in 3.1 is suggesting that
in order to develop differential geometry techniques catching infinitesimal phenomena in
algebraic geometry we have to handle the functor Homy(A,—) on non reduced rings.
Roughly, its value on fields is concerned with points and its value on local Artinian rings
provides infinitesimal neighbourhoods of points.
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