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On algebraic 1-motives
related to Hodge cycles

Luca Barbieri-Viale

Abstract. The goal of this paper is to introduce Hodge 1-motives of algebraic varieties
and to state a corresponding cohomological Grothendieck-Hodge conjecture, generalizing
the classical Hodge conjecture to arbitrarily singular proper schemes.

We also construct generalized cycle class maps from the (Quillen) K-cohomology
groups HPV(C,) to the sub-quotiens Way, H?PT" /Wa,_o given by the weight filtration.
However, in general, the image of this cycle map (as well as the image of the canonical
map from motivic cohomology) is strictly smaller than the rational part of the Hodge
filtration FP on H?PT¢,
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0. Introduction

Let X be an algebraic C-scheme. The singular cohomology groups H*(X,Z(-))
carry a mixed Hodge structure, see [11, ITI]. Deligne theory of 1-motives (see [11,
ITI)) is an algebraic framework in order to deal with some mixed Hodge structures
extracted from H*(X,Z(-)), i.e., those having non-zero Hodge numbers in the
set {(0,0),(0,—1),(—1,0),(—1,—1)}. Therefore, these cohomological invariants
of algebraic varieties would be algebraically defined as 1-motives over arbitrary
base fields or schemes. Note that a general theory of mixed motives can be re-
garded as an algebraic framework in order to deal with all mixed Hodge structures
H* (X, Z()).

A 1-motive M over a scheme S is given by an S-homomorphism of group
schemes

M =[L5d]

where G is an extension of an abelian scheme A by a torus T over S, and the group
scheme L is, locally for the étale topology on S, isomorphic to a given finitely-
generated free abelian group. There are Hodge, De Rham and ¢-adic realizations
(see [11, III] and [12]).

If X is a smooth proper C-scheme then H*(X,Z(j)) is pure of weight i — 27.
If 1 = 2p is even a natural 1-motive would be given by the lattice of Hodge cycles
in H??(X,7Z(p)), i.e., of those integral cohomology classes (modulo torsion) which
are of type (0,0). Classical Hodge conjecture claims that (over Q) such a 1-motive
would be obtained from classes of algebraic cycles on X only. For ¢ = 2p + 1 odd
the 1-motive corresponding to H?PT1(X,Z(p + 1)) is given by the abelian variety
associated to the largest sub-Hodge structure whose types are (—1,0) or (0, —1).
Grothendieck-Hodge conjecture characterize (over Q) this sub-Hodge structure as
the coniveau > p sub-space, i.e., the abelian variety as the algebraic part of the
intermediate jacobian.

Grothendieck-Hodge conjectures are concerned with the quest of an algebraic
definition for the named 1-motives. In fact, the usual Hodge conjecture can be
reformulated by saying that the Hodge realization of the algebraically defined Q-
vector space of codimension p algebraic cycles modulo numerical (or homological)
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equivalence is the 1-motivic part of H?’(X,Q(p)). Moreover, the 1-motivic part
of H?**T1(X,Q(p + 1)) would be the Hodge realization of the isogeny class of the
universal regular quotient.

The main task of this paper is to define Hodge 1-motives of singular varieties
and to state a corresponding cohomological Grothendieck-Hodge conjecture, by
dealing with their Hodge realizations.

0.1. A short survey of the subject.

The classical Hodge conjecture along with a tantalizing overview can be found in
[13]. Recall that Grothendieck corrected the general Hodge conjecture in [19]. The
book of Lewis [27] is a very good compendium of methods and results.

Recall that Jannsen [23] formulated an homological version of the Hodge con-
jecture for singular varieties. Moreover, Bloch in a letter to Jannsen (see the
Appendix A in [23] ¢f. Section 5), gave a counterexample to a naive cohomological
Hodge conjecture for curves on a singular 3-fold. However, in the same letter,
Bloch was guessing that the Hodge conjecture for divisors, i.e., F' N H%(X,Z) is
generated by c; of line bundles on X, holds true in the singular setting “because
one has the exponential”. Anyways, jointly with V. Srinivas, we gave a counterex-
ample to this claim and questioned a reformulation of the Hodge conjecture for
divisors in [3] by restricting to Zariski locally trivial cohomology classes, i.e., let
LPH*(X,Z) be the filtration induced by the Leray spectral sequence along the
canonical continuous map X, — Xzar, is F1 N LYH?(X,Z) given by c; of line
bundles on X ? Still, this reformulation doesn’t hold in general, e.g., see [7] where
it is also proved for X normal.

From the work of Carlson (see [9] and [10]) and the theory of Albanese and
Picard 1-motives [4] it now appears that the theory of 1-motives is a natural set-
ting for a formulation of a cohomological version of the Hodge conjectures for
singular varieties. For example, F'' N H?(X,Z) is simply given by ¢; of simpli-
cial line bundles on a smooth proper hypercovering 7 : X. — X via universal
cohomological descent 7* : H?(X,Z) = H?(X.,Z). This Néron-Severi group
NS (X.) @ F!' n H*(X,Z) is actually independent of the choice of the smooth
simplicial scheme. Furthermore, NS (X.) admits an algebraic definition as the
quotient of the simplicial Picard group scheme Picx_ by its connected component

of the identity (cf. [4]). However, the 1-motivic part of H?(X,Z) is still larger
than NS (X.). Therefore the largest algebraic part of H?(X,Z) will be detected
from a honest 1-motive only (see [2]).

Note that the rank of the usual NS (X) (= the image of Pic (X) in H*(X,Z))
is actually smaller than NS (X.), in general. Moreover F*NWyH?(X,Q) = 0 thus
NS (X.)q is naturally a subspace of H?(X,Q)/Wj.

Considering the Leray filtration LP H?P(X, Q) a natural question formulated in
[7] is if FP N LPH?*"(X,Q) will be given by higher Chern classes. However, this
would not be true without some extra hypothesis on X and does not tell enough
about the algebraic part of all H?P(X, Q).
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0.2. An outline of the conjectural picture.

Let X be a proper integral C-scheme. Let Y H?P*(X) be our mixed Hodge
structure on H?P+i(X,Z)/(torsion) for a fixed pair of integers p > 0 and i € Z.
First remark that we always have an extension

0— gryy H — WopH/Way oH — gryg H — 0.
An extension always defines an extension class map
e’ HY'? — JP(H)

which is not, in general, a 1-motive. In fact, J?(H) is a complex torus which is not
an abelian variety, in general. Recall that Carlson [9] studied abstract extensions
of Hodge structures showing their geometric content for low-dimensional varieties.
For higher dimensional schemes consider the largest abelian subvariety AP(H) of
the torus JP(H). Denote HP(H) the group of Hodge cycles, that is the preimage
in HP? of AP(H) under the extension class map. Note that an example due to
Srinivas shows that the group HP(H) of Hodge cycles in this sense can be strictly
smaller than HY'? (see Section 5.2).

Define the Hodge 1-motive of the mixed Hodge structure H the so obtained
1-motive

e’ HP(H) — AP(H).

Conversely, Deligne’s theory of 1-motives [11] grant us of a mixed Hodge struc-
ture H" corresponding to this 1-motive (see Section 2.2 for details). According
to Deligne’s philosophy of 1-motives there should be an algebraically defined 1-
motive whose Hodge realization is H". The algebraic definition (see Section 2.1)
is predictable via Grothendieck-Hodge conjectures and Bloch-Beilinson motivic
world as follows.

Assume X smooth. Consider the filtration Ff on the Chow group CHP(X)
given by F? = CHP(X), F} = CHP(X)ay the sub-group of cycles algebraically
equivalent to zero and F? = the kernel of the Abel-Jacobi map. Thus the graded
pieces are gr% = NSP(X), the Néron-Severi group, and gry = JP(X) = the
group of C-points of an abelian subvariety of the intermediate jacobian. We then
get an extension

0—>J5(X) —>CHP(X)/F3 —>NSP(X) — 0.

Note that Grothendieck-Hodge conjecture claims that JP(X) = AP(H*~1(X))
up to isogeny, i.e., JP(X) is the largest abelian subvariety of the intermediate
jacobian.

If X is not smooth then let X. be a smooth proper simplicial scheme along
with 7 : X, — X, a universal cohomological descent morphism (cf. [18]). In zero
characteristic, such X, was firstly provided by the construction of hypercoverings
n [11], then by that of cubical hyperresolutions in [16] where the dimensions of
the components are bounded or by the method of hyperenvelopes given in [15]. In
[14] such a simplicial scheme is provided in positive characteristics.
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The above extension, given by the filtration F* on the Chow groups of each
component of the so obtained simplicial scheme X., yields a short exact sequence
of complexes. Let (N.SP)® and (JP)* denote such complexes. By taking homology
groups we then get boundary maps

Not H'((NSP)®) — H™H((JD)*).

We conjecture that the boundary map A} behave well with respect to the extension
class map eP yielding a motivic cycle class map, i.e., the following diagram
) Al )
HI((NSP)*) = H™H(JE)")
1 1
P S (X))

commutes. Note that all maps in the square are canonically defined. We guess
that the image l-motive (up to isogeny!) is the above Hodge 1-motive of the
mixed Hodge structure (see Conjecture 2.3.4 for a full statement). In fact, we may
expect JP? would be obtained as the universal regular quotient of CHP (X )1 and
that the filtration F* would be induced by the motivic filtration conjectured by
Bloch, Murre and Beilinson. Accordingly we can sketch an algebraic definition of
such Hodge 1-motives (see Section 2.1).
If X is singular one is then puzzled by the role of

Hom yus(Z(—p), H2p+i(X))

where the Hom is taken in the abelian category of mixed Hodge structures.
That is the integral part of F? (the Hodge filtration on H?PT¢(X,C)) which is
contained in the kernel of the extension class map eP above. Note that FP N
Wap_o H?PTH(X,Q) = 0 here. In the smooth case, such a target is usually reached
by algebraic cycles. In order to obtain cycle class maps we may use local higher
Chern classes and edge maps in coniveau spectral sequences (see [8] and [1]).

In the singular case, we show that such edge maps can be recovered by weight
arguments. In order to do this we define Zariski sheaves of mixed Hodge struc-
tures, obtaining infinite dimensional mixed Hodge structures on their cohomology
(see Section 3). The main example is given by the Zariski sheaf H% associated
to the presheaf U C X — H*(U) of mixed Hodge structures. On the smooth
simplicial scheme X, we also have a simplicial sheaf H}. of mixed Hodge struc-

tures. Since 7 : X, — X yields H*(X) = H"(X.) we then obtain a local-to-global
spectral sequence

L59 = HP(X. MY )= HP(X)

in the category of infinite dimensional mixed Hodge structures. The sheaf HY%

has weights < 2¢ and the same holds for its cohomology. There is an edge map
(see Section 4)

sOPHHPTY(X, M )/ Wap—2 — Wap HP (X)) [ Wapo.
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We expect that the image of s/P*% is the mixed Hodge structure H?*»*+¢(X)" cor-
responding to the Hodge 1-motive.

Moreover, consider K-cohomology groups H*(X.,K,) where K, are the sim-
plicial sheaves associated to Quillen’s higher K-theory. Recall that there are local
higher Chern classes

¢p: Ky — HY (p)
for each p > 0. We thus obtain a generalized cycle class map
PP (XL ) — Wop, HPTH(X, Q) /Wap—_a.

However the image of c/P*" is not FP N H**(X,Q), i.e., the rational part of the
Hodge filtration can be larger (see Section 5.1 where Bloch’s counterexample is
explained). The same applies to the canonical map

HPH(X,Q(p)) — H?(X,Q(p))

from motivic cohomology.

0.3. Towards Hodge mixed motives.

Any reasonable theory of mixed motives would include the theory of 1-motives,
i.e., it would be a fully faithful functor from the Q-linear category of 1-motives to
that of mixed motives. This is the case of the triangulated category of geometrical
motives introduced by Voevodsky (see [39, 3.4], ¢f. [26] and [29]). Hanamura’s
construction (see [22] and [21]) doesn’t apparently provide such a property as yet.

As remarked by Grothendieck [19, §2] and Deligne [13, §5] the Hodge conjecture
yields nice properties of the Hodge realization of pure motives, i.e., the usual Hodge
conjecture means that the Hodge realization functor is fully faithful. It would be
interesting to investigate such a property in the mixed case, e.g., if this formulation
of the Hodge conjecture provide such a property of mixed motives.

We remark that M. Saito recently observed (see [36, 2.5 (ii)] and [37]) that the
canonical functor from arithmetic Hodge structures to mixed Hodge structures is
not full. Even if the Hodge realization factors through arithmetic Hodge structures,
this non-fullness doesn’t imply the non-fullness of the Hodge realization of mixed
motives (as noticed by M. Saito as well).

However, the first natural attempt to go further with Hodge mixed motives is
to provide an intrinsic definition of such objects internally. In fact, since 1-motives
provide mixed motives we may claim that such Hodge mixed motives exist and
would be naturally defined over any field or base scheme.

Acknowledgements. Papers happen because many people co-operate with one
another. Often the author is just one of a whole group of people who pitch in, and
that was the case here. Gratitude is due therefore, firstly, to V. Srinivas: he has
been exceedingly generous to me with his time, shared enthusiasms over the years
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I am grateful also to S. Bloch, O. Gabber, H. Gillet, M. Hanamura, U. Jannsen,
M. Levine, J. D. Lewis, J. Murre, A. Rosenschon, M. Saito, C. Soulé and V. Vo-
evodsky for discussions on some matters treated herein.

Finally, I would like to thank Paolo Francia for his helpful insights and invalu-
able guidance in the vast field of algebraic geometry by dedicating this paper to
his memory.

Note that this research was carried out with smooth efficiency thanks to several
foundations. I like to mention Tata Institute of Fundamental Research and Institut
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1. Filtrations on Chow groups

Following the general framework of mixed motives (e.g., see [12], [26] and [24] for

a full overview) we may expect the following picture for non-singular algebraic

varieties over a field k (algebraically closed of characteristic zero for simplicity).
Let X be a smooth proper k-scheme. Bloch, Beilinson and Murre (cf. [24],

[25] and [34]) conjectured the existence of a finite filtration F,;, on Chow groups

CHP(X) df z» (X)/ =yat of codimension p cycles modulo rational equivalence such

that
e FOCHP?(X)=CHP(X),

e FLOHP(X) is given by CHP(X )hom, i-€., by the sub-group of those codi-
mension p cycles which are homologically equivalent to zero for some Weil
cohomology theory,

e I CHP(X) should be functorial and compatible with the intersection pair-
ing, and

e this filtration should be motivic, e.g., gr },ﬂm CHP(X)g depends only on the
Grothendieck motive h?P~%(X).

1.1. Regular homomorphisms.

Consider the sub-group CHP(X)ae of those cycles in CHP(X) which are alge-

braically equivalent to zero, i.e., CHP(X)alg e ker(CHP(X) — NSP(X)). De-

note CHP(X ),p the sub-group of CHP(X ), of those cycles which are abelian
equivalent to zero, i.e., CHP(X),p is the intersection of all kernels of regular ho-
momorphisms from CHP(X ). to abelian varieties.

Assume the existence of a universal regular homomorphism p? : CHP(X)ae —
(k) to (the group of k-points) of an abelian variety A% /i defined over the

A/
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base field k (c¢f. [30]). This is actually proved for p = 1,2, dim(X) (see [32]). Note
that CHP(X)ap is then a divisible group (see [6]).

Thus CHP(X)ae € CHP(X)nom and there would be an induced functorial
filtration F¥ on CHP?(X) such that

o FOCHP(X) = CHP(X),

e FiCHP(X) = CHP(X)al is the sub-group of cycles algebraically equivalent
to zero, and

o F2CHP(X) = CHP(X)ab, i.e., is the kernel of the universal regular homo-
morphism pP defined above.

Note that the existence of the abelian variety A% Ik is not explicitly mentioned in
the context of mixed motives but is a rather natural property after the case k = C.

For X smooth and proper over C one obtains that the motivic filtration is
such that (i) FLCHP(X) = CHP(X )hom is the sub-group of cycles whose cycle
class in H*(X,Z(p)) is zero, and (ii) F2CHP(X) is contained in the kernel of
the Abel-Jacobi map CH? (X )om — JP(X) and FZCHP(X) N CHP(X),g is the
kernel of the Abel-Jacobi map CHP (X )az — JP(X). In this case, CHP(X),p, will
be the kernel of the Abel-Jacobi map CHP(X )a — JP(X), i.e., (iii) Ag(/(c is the
algebraic part of the intermediate jacobian. Is well known that the image J?(X)
of CHP(X )aig into JP(X) yields a sub-torus of JP(X) which is an abelian variety:
moreover, is known to be universal for p = 1,2, dim(X) (see [32] and [33]).

In the following, for the sake of simplicity, the reader can indeed assume that
k = C and (i)-(iii) are satisfied by the first two steps of the filtration F?. In
fact, for k = C, S. Saito has obtained (up to torsion!) such a result (see [38,
Prop. 2.1], ¢f. [28] and [25]). Moreover, in the following, the reader could also
avoid reference to the motivic filtration by dealing with the first two steps of the
“algebraic” filtration F! defined above.

1.2. Extensions.

Let X be smooth and proper over k. For our purposes just consider the following
extension

0—grp CHP(X)— CHP(X)/F? — gr, CHP(X)—0 (1)
Note that A% (k) is contained in gr, CHP(X) (since Fy = F, N CHP(X)ayg)
and gr9 CHP(X) has finite rank.

For p = 1 this extension is the usual extension associated to the connected
component of the identity of the Picard functor, i.e., Aﬁ(/k = Pic g(/k and gr9 is
the Néron-Severi of X. If p = dim X then F}}, will be the kernel of the degree map
and F? is the Albanese kernel, i.e., A‘;{i;‘}cx is the Albanese variety and gr% = 7%¢
where ¢ is the number of components of X.

However, if 1 < p < dimX then CHP(X)ay # CHP(X)hom in general.
Let GrifP(X) denote the quotient group, i.e., the Griffiths group of X. Since
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grp, CHP(X) = A% ), (k) and gry CHP(X) = NSP(X) we then have a diagram

with exact rows and columns

0 0
! !
0 — F2/F? — GrifP(X)
l ) )
0— Af;{/k(k) — CHP(X)/F? — NSP(X) -0 (2)
l i) l
0— gr},ﬂmCHp(X) — CHP(X)/F% — gr%mCHp(X) —0
! !
0 0

Note that these extensions still fail to be of the same kind of the Pic extension.
However, considering the extension

0— CHP(X)ag — CHP(X) - NSP(X) — 0

we may hope for a natural regular homomorphism to k-points of an abstract
extension in the category of group schemes (locally of finite type over k)

0—-A—-G—N-—=0

where G is a commutative group scheme which is an extension of a discrete group
of finite rank N, associated to the abelian group of codimension p cycles modulo
numerical equivalence, by an abelian variety A, isogenous to the universal regular
quotient (¢f. [17]). If k = C it is easy to see that such extension G(C) exists
trascendentally.

2. Hodge 1-motives

Let k be a field, for simplicity, algebraically closed of characteristic zero. Consider
the Q-linear abelian category 1 — Moty of 1-motives over k with rational coeffi-
cients (see [11] and [4]). Denote Mg the isogeny class of a 1-motive M = [L — G].
The category 1 — Moty contains (as fully faithful abelian sub-categories) the tensor
category of finite dimensional Q-vector spaces as well as the semi-simple abelian
category of isogeny classes of abelian varieties. The Hodge realization (see [11]
and [4]) is a fully faithful functor

THodge 1 — MOt(C — MHS MQ (g THodge(MQ)

defining an equivalence of categories between 1 — Mot¢ and the abelian sub-category
of mixed Q-Hodge structures of type {(0,0),(0,—-1),(—1,0),(—1,—1)} such that
gr} is polarizable. Under this equivalence a Q-vector space corresponds to a
Q-Hodge structure purely of type (0,0) and an isogeny class of an abelian variety
corresponds to a polarizable Q-Hodge structure purely of type {(0,—1), (—1,0)}.



10 On algebraic 1-motives related to Hodge cycles

2.1. Algebraic construction.

Let X be a proper scheme over k. We perform such a construction for simplicial
schemes X, coming from universal cohomological descent morphisms 7 : X, — X
(cf. [11], [16], [15], [22] and [14]).

Let X. be such a proper smooth simplicial scheme over the base field k. By
functoriality, the filtration F?,CHP on each component X; of X, yields a complex

. . & . * .
(FS.CHP)* : - — Fi.OHP(X; 1) 5 FS CHP(X;) 2 F3 CHP(Xi11) — -

where &7 is the alternating sum of the pullback along the face maps 9F : X;11 — X;
for 0 <k <i—+1.

The complex of Chow groups (CHP)®, induced from the simplicial structure as
above, is filtered by sub-complexes:

0C (FPLCHP)® C --- C (FLCHP)® C (FALCHP)® = (CHP)®.

Define % (CH?)* % (Fx CHP)®.

The extension (1) given by the filtration F,,CHP?(X;) on each component X;
of the simplicial scheme X., for a fixed p > 0, yields the following short exact
sequence of complexes

0— grp, (CHP)* — (CH?)*/F}, — g%, (CHP)* — 0 (3)
Note that gr j, (C'HP)" contains the group of k-points of the abelian variety A% Ik

and, moreover gr %m (cHe >b is the finite dimensional vector space of codimension
p cycles on X; modulo homological (or numerical) equivalence.

From (3) we then get a long exact sequence of homology groups and, in par-
ticular, we obtain boundary maps

N H'(gr's, (CHP)®) — H™ (gr y, (CHP)*).

p

Denote A% the complex of abelian varieties A’ Sk Since A’;(. /k(kz) is a sub-

X.,/k
complex of gry (CHP)* we then get induced (functorial) maps on homology
groups

0 HY (AL, (k) — B (grk, (CHP)®).

Note that (3) is involved in a functorial diagram (2). The corresponding complex
of Néron-Severi groups (IN.S?)* yield boundary maps

N, HY(NSP)®) = HINAL (k). (4)

These maps fit into the following commutative square

Hi(erl, (CHP)*) 2= Hi+l(grl (CHP)*)

T | o
H((NSP)*) 25 HNAR ().
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Moreover, the kernel of # is clearly equal to the image of the boundary map

T Hi(grk, (CHP)* AN (k) — HYY(AS  (F)).

Problem 2.1.1. Is the image of the connected component of the identity of
H”l(A’;(./k) under 0" an abelian variety, e.g., is T° = 0 up to a finite group ?
This is clearly the case if p = 1 (see below for the case k = C). For k = C this ques-
tion is related to Griffiths Problem E in [17] asking a description of the “invertible
points” of the intermediate jacobians (also ¢f. Mumford-Griffiths Problem F in
[17]).

Assume that the above question has a positive answer and denote H*+* (A% / Bl

the so obtained abelian variety. We then obtain an algebraically defined 1-motive
as follows.

Let H'(gr%, (CH?)®*) be the sub-group of those elements in H'(gr%, (CHP)*)
which are mapped to H “‘1(A§<- /k)T under the boundary map A%, above.

Definition 2.1.2. Let X. be such a smooth proper simplicial scheme over k.
Denote

—ipdef o ot A i

=V [H (gt (CHP)*)T = HHY (AR D)o

the isogeny 1-motive obtained from the construction above. Call Z%P the Hodge
1-motive of the simplicial scheme.

We expect that Z*P is independent of the choice of 7 : X, — X. The main
motivation for questioning the existence of such a purely algebraic construction is
given by the following analytic counterpart.

2.2. Analytic construction.

Let MHS be the abelian category of usual Deligne’s mixed Hodge structures [11].
An object H of MHS is defined as a triple H = (Hz, W, F') where Hyz is a finitely
generated Z-module, W is a finite increasing filtration on Hz ® Q and F' is a finite
decreasing filtration on Hz; ® C such that W, F and F is a system of opposed
filtrations.

Let H € MHS be a torsion free mixed Hodge structure with positive weights.
Let W.H denote the sub-structures defined by the intersections of the weight
filtration and Hz. Let p be a fixed positive integer and assume that gr gg_lH is
polarizable.

Consider the following extension in the abelian category MHS

Wop H

w
L L H—0 5
WapoH 5200 7 (5)

0— grg‘;le —
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Taking Hom (Z(—p), —) we get the extension class map

e? : Hom (Z(—p), gr 5y, H) — Ext (Z(—p), gt 5,1 H)
where Hom (Z(—p),gr) H) = HY" is the sub-structure of (p, p)-classes in griy H
and

w
def gr 2p71[{(C

Ext (Z(~p), gt o, H) = JP(H) = oV
2p—1

is a compact complex torus. Note that (cf. [9])
Ext (H}?, gry _H) = Hom (H}?, J?(H)).
Thus e? € Hom (HY?, JP(H)) corresponds to a unique extension class
0—gry, H—H®— HJ)P -0 (6)
which is the pull-back extension associated to H)"¥ — gril H and (5). Moreover,
since we always have gr gg_lH N FP =0 then
FP A HE = ker(HP? & JP(H)).

Now, if grj) | H is (polarizable) of level 1 then the torus JP(H) is an abelian
variety and H¢ is the Hodge realization of the 1-motive over C defined by the
extension class map e? above.

In general, let H' be the largest sub-structure of Ws,_1 H which is polarizable
and purely of type {(p — 1,p), (p,p — 1)} modulo Wa,_oH, i.e., if

g1 (gt gee-1y,

is the polarizable sub-structure of gr gg_lH of those elements which are purely of
the above type, then H' is defined by the following pull-back extension

0— Wap oH — H — H?' -0,

along the canonical projection Wo,_1 H—-gr %71H.
Let H” C Wo, H be defined by the following pull-back extension

0— ngle — H'" - Hg,p — 0,

along the canonical projection Wo, H—»gr E;H . Thus, the extension (6) can be re-
garded as the push-out of such extension involving H” along Wa,_1 H—»gr gg_lH .
Namely, we obtain that

H//

L -
Wap_oH

fitting in the extension
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Let
H/I HI
h? : Hom (Z(—p), — Ext (Z(—p), —=
om (Z(~=p), 57) — Ext (Z( p),ng_gH)
be the extension class map obtained from (7).

Proposition 2.2.1. The map hP above yields a 1-motive over C which is just the
restriction of P : HY’P — JP(H) to the largest abelian subvariety in JP(H). In
particular: ker(hP) = ker(eP).

Proof. Since we have that H'/Wa,_oH = H2P~! by construction we also get that
Ext (Z(—p), H2P~!) is the largest abelian sub-variety of Ext (Z(—p),gr, H) =
JP(H). Moreover, note that we also have induced extensions

H' Wap 1 H

Oaw—)grg‘;_lHH — 0

and

Waop—1H H"
= w0
yielding, together with (6) and (7), the following commutative diagram with exact
rows

0

Hom (Z(—p), W) — Hom (Z(—p), I}—fI{_///) — Hom (Z(—p), Hg’p) —

I W Le? I

Hom (Z(—p), W) — Ext (Z(_p)a #—,21‘1) — Ext (Z(—p), grnglH) e

where the last group on the right part of the diagram is Ext (Z(—p), W)

Since Hom (Z(—p), W) =0 = Hom (Z(—p), H2P~1) everything follows from a

diagram chase. O

Definition 2.2.2. Let AP(H) T Ext (Z(—p), H?~1) denote the abelian part of

the compact complex torus J?(H). Denote HP(H) L Hom (Z(—p),H"/H') the

group of Hodge cycles, i.e., the sub-group of HY"’ mapped to AP(H) under the
extension class map eP. Define

H" % Tygage (HP(H) 25 AP (1))

the mixed Hodge structure corresponding to the 1-motive defined from (7) above.
Call this 1-motive the Hodge 1-motive of H.

We remark that the mixed Hodge structure H" clearly corresponds to the following
extension

0— H* ' - H"  HP(H) — 0,

obtained by pulling back HP(H) = FP N (H"/H')z along the induced projection
Heé—H"/H' in (7). In particular H* C H® and FP N Hy C FP 0H£ =FPNHS.
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2.3. Hodge conjecture for singular varieties.

Let X be a proper smooth C-scheme. The coniveau or arithmetic filtration (cf.
[19])
M er(HI(X) -  lim  HI(X — Z))

codimx Z>i
yields a filtration by Hodge sub-structures of H7(X). We have that N'H7(X) is
of level j — 2i and

NHI(X)

N'HI(X)g C H(X,Q) N F'HI(X). (8)

Conjecture 2.3.1. (Grothendieck-Hodge conjecture [19]) The left hand side of
(8) is the largest sub-space of the right hand side, generating a sub-space of
HY(X,C) which is a sub-Hodge structure.

Let X be a proper (integral) C-scheme. Recall that the weight filtration on
H*(X,Q) is given by the canonical spectral sequence of mixed Q-Hodge structures

E}Y = HY(X,)=H"(X.)

for any smooth and proper hypercovering 7 : X. — X and universal cohomological
descent H*(X) = H*(X.) (see [11]). In fact, the spectral sequence degenerates at

E5. Denote (H')® the complexes E;" of Fj-terms. We clearly have
H'((H")*) = gr )" H'M(X).

Consider the complexes (N'H')® induced from the coniveau filtration N'H*(X;)
on the components X; of the simplicial scheme X.. We then have a natural map
of Hodge structures

vil s HY((NYHY)®) — grVHTH(X).
Note that the image of v is contained in the sub-space gr |V H'*1(X, Q) N F'.

Conjecture 2.3.2. The image of v is the largest sub-space of gr \V H*1 (X, Q)N
F which is a sub-Hodge structure of gr |V H'TH(X).

It is reasonable to expect that such a statement will follow from the original
Grothendieck-Hodge conjecture and abstract Hodge theory.

Grothendieck-Hodge conjecture (for coniveau p and degrees 2p, 2p + 1) can be
reformulated as follows (¢f. Grothendieck’s remark on motives in [19]). Consider
grf CHP?(X)and A’;’;i Cgrp CHPT(X) (for k = C this is the algebraic part of
JPHL(X)) as 1-motives with rational coefficients. The Hodge realization of these
algebraically defined 1-motives is NP H?P(X) and N? H?P*1(X) respectively.

Conjecture 2.3.3. Let X be smooth and proper over C. Then
Thoage(lgt F,, CH? (X) — Olg) = Hg”
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and

THodge ([0 — Af;;i]@) = (HPPFL 4 grHLe)g,

Note that gr}, CH?(X) would be better defined as Z”(X )/ =num, up to torsion.

Now apply to the mixed Q-Hodge structure H = H?’*¢(X) the construction
performed in the previous section. For a fixed pair (¢, p) of integers recall that (5)
is an extension of gr 3 H?P*(X) by griy | H***/(X), where:

_ B . ker(H?P~1(X;11) — H?» 1(X;42))
HAY(HP™Y)) = gr ¥ HPH(X) = - -
(%) = erap I X) = =0 1 () = B 1 (X))

and

H'((H?")®) = gry, H(X) = kmﬁﬁgﬁ = H(X&ii

We then have that JP(H) = JP(HTY((H?*~1)*))) is isogenous to HT1((JP)*))
where (JP)*® is the complex of jacobians JP(X;) of the components Xj.
Consider the complex A% /c of abelian sub-varieties given by the algebraic

p

5 /C((C) is a sub-complex of the

part of intermediate jacobians. The complex A
complex of compact tori (JP)®. Therefore, the induced maps

H (A o(C)) — JP(H)

are holomorphic mappings (which factor through 6?) and whose image is isogenous
to an abelian sub-variety of the maximal abelian sub-variety AP(H) of J?(H).

Moreover, the homology of the complex of (p, p)-classes is mapped to Hy" =
FP N HY((H?P)®). Thus, there are canonical maps

H(NS) - By
which factor through H(gr% (CHP)®).

m

We expect that the Hodge 1-motive of the simplicial scheme X. would be
canonically isomorphic to the Hodge 1-motive of H?PT¢(X).

Conjecture 2.3.4. Let X be a proper C-scheme and let m: X. — X be a smooth

and proper hypercovering. Let H?PT(X) denote Deligne’s mized Q-Hodge struc-
ture on H*+(X,Q), i.e., obtained by the universal cohomological descent isomor-
phism H?**T'(X,Q) = H***"(X.,Q).

1. The following square
HI((NSP?) % H*(A%, ()

! !
H2p+i (X)pPp Lt Jp(H2p+i(X))

commutes, yielding a motivic “cycle class map”.
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2. The image of the motivic “cycle class map” is the Hodge I1-motive of the
Q-Hodge structure H*P*(X).

3. We have that
THodge(Ei,p) o~ H2p+’i(X)h.

Remark 2.3.5. Note that if X is smooth and proper then H?P**(X) is pure and
H?P+i(X)h 5£ 0 if and only if i = 0, —1 (p fixed). In this case, the above conjecture
follows from the reformulation of Grothendieck-Hodge conjecture for H?P(X) and
H?P~1(X).

3. Local Hodge theory

See [11] for notations, definitions and properties of mixed Hodge structures.

3.1. Infinite dimensional mixed Hodge structures.

Let MHS denote the abelian category of usual Deligne’s A-mixed Hodge structures
[11], i.e., for A a noetherian subring of R such that A ® Q is a field, an object H
of MHS is defined as a triple H = (Ha, W, F) where H4 is a finitely generated
A-module, W is a finite increasing filtration on H4 ® Q and F is a finite decreasing
filtration on H4 ® C such that W, F and F is a system of opposed filtrations.

Definition 3.1.1. An oo-mixed Hodge structure H is a triple (Ha, W, F') where
H, is any A-module, W is a finite increasing filtration on Hy ® Q and F is a
finite decreasing filtration on H4 ® C such that W, F' and F is a system of opposed
filtrations.

Denote MHS® the category of co-mixed Hodge structures or “infinite dimen-
sional” mixed Hodge structures, i.e., where the morphisms are those which are
compatible with the filtrations.

The category MHS™ is abelian and MHS is a fully faithful abelian subcate-
gory of MHS®®. Note that similar categories of infinite dimensional mixed Hodge
structures already appeared in the literature, see Hain [20] and Morgan [31]. For
example the category of limit mixed Hodge structures MHS!™ | j.e., whose objects
and morphisms are obtained by formally add to MHS (small) filtered colimits of
objects in MHS with colimit morphisms.

Consider the case A = Q. In this case, in the category MHS® we have infinite
products of those families of objects {H;};cr such that the induced families of
filtrations {W;}ier and {F;};cr are finite. Moreover such a (small) product of
epimorphisms is an epimorphism.

For the sake of exposition we often call mixed Hodge structures the objects of
MHS as well as those of MHS™ (or MHS"™).
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3.2. Zariski sheaves of mixed Hodge structures.

Let X denote the (big or small) Zariski site on an algebraic C-scheme. How-
ever, most of the results in this section are available for any topological space or
Grothendieck site.

Denote X. a simplicial object of the category of algebraic C-schemes over X:
recall that (see [11, 5.1.8]) simplicial sheaves on X. can be regarded as objects of
a Grothendieck topos with enough points.

Consider presheaves of mixed Hodge structures. Note that a presheaf of usual
Deligne’s A-mixed Hodge structures will have its stalks in MHS"™™,

Consider those presheaves (resp. simplicial presheaves) of Q-mixed Hodge
structures on X (resp. on X.) such that the filtrations are finite as filtrations
of sub-presheaves on X. These presheaves can be sheafified to sheaves having
finite filtrations and preserving the above conditions on the stalks.

Make the following working definition of sheaves (or simplicial sheaves) of mixed
Hodge structures. Let A,Q and C denote as well the constant sheaves on X (or
X.) associated to the ring A, the rationals and the complex numbers.

Definition 3.2.1. A (simplicial) sheaf H of A-mixed Hodge structures, or “A-
mixed sheaf” for short, is given by the following set of datas:

i) a (simplicial) sheaf H4 of A-modules,
it) a finite (exhaustive) increasing filtration W by Q-subsheaves of Hg e Q,

iii) a finite (exhaustive) decreasing filtration F by C-subsheaves of Hc @ C;

satisfying the condition that W, F and F is a system of opposed filtrations, i.e.,
we have that

w _
gregregry, (H) =0
for p 4+ q # n.

There is a canonical decomposition

g () = @ A

where AP % 77 A F7 and conversely.

In the case of a simplicial sheaf assume that the filtrations are given by sim-
plicial subsheaves, i.e., the simplicial structure should be compatible with the
filtrations on the components. A simplicial A-mixed sheaf Hy  on the simplicial
space X, can be regarded (cf. [11, 5.1.6]) as a family of A-mixed sheaves Hx, (on
the components X;) such that the simplicial structure is also compatible with the
filtrations Wx, and Fx, of Hx,.

A morphism of A-mixed sheaves is a morphism of (simplicial) sheaves of A-
modules which is compatible with the filtrations. Denote M'HSx and MHSx

the corresponding categories.
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In order to show the following Lemma one can just use Deligne’s Theorem [11,
1.2.10].

Lemma 3.2.2. The categories MHSx and MHSx  of Q-mized sheaves are

abelian categories. The kernel (resp. the cokernel) of a morphism ¢ : H — H' has
underlying Q and C-vector spaces the kernels (resp. the cokernels) of pg and ¢
with induced filtrations. Any morphism is strictly compatible with the filtrations.
The functors gryy and grrz are exacts.

Note that if X = {oo} is the singleton then MHS is equal to MHS™. Ex-
amples of Q-mixed sheaves are clearly given by constant sheaves associated to
@Q-mixed Hodge structures, yielding a canonical fully faithful functor

MHS*® — MHSx.

Stalks of a Q-mixed sheaf H are in MHS®, the filtrations being induced stalk-
wise. In fact, the condition on the filtrations given with any Q-mixed sheaf is local,
at any point of X. Skyscraper sheaves z,(H ) associated to an object H € MHS*
and a point z of X are in MHSx. There is a natural isomorphism

Hom ppgee (Hza H) = Hom MHS x (H7 L (H))

More generally, a presheaf in MHS®, with finite filtrations presheaves, can be
sheafified to an A-mixed sheaf, in a canonical way, by applying the usual sheafifi-
cation process to the filtrations together with the presheaf.

Definition 3.2.3. Say that an A-mixed sheaf H is flasque if H 4 is a flasque sheaf.

For a given Q-mixed sheaf H we then dispose of a canonical flasque Q-mixed

sheaf
H L (Hz)

rzeX

where the product is taken over a set of points of X.

3.3. Hodge structures and Zariski cohomology.

We show that, if H is a Q-mixed sheaf then there is a unique Q-mixed Hodge
structure on the sections such that I'(—, gr(f)) = grI'(—, 1). In fact, the mixed
Hodge structure on the Q-vector space of (global) sections is such that the following

I'(X,Hg) C ] He
reX

is strictly compatible with the filtrations; in the same way, for a simplicial sheaf,
the following

D(X.. Hy,,) Cker [] Ho— [] He

z€Xo reX
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is strictly compatible with the filtrations.

Proposition 3.3.1. Let Hx € MHSx and Hx, € MHSx_ as above. There

are left exact functors
Hx — T'(X, Hx) MHS x — MHS*™
and

HX- HF(X.,H)(_) MHSX- —>MHSOO

These functors yield Q-mized Hodge structures on the usual cohomology, which we
denote by H*(X, Hx) and H*(X.,Hx ) respectively, such that if

0—-H —-H—-H'—0
is exact in MHSx, respectively in MHSx _, then

- HY(X,Hx) = H'(X,H%) = HTH (X, Hy) — -

is exact in MHS™, and respectively for the cohomology of X.: moreover, in the
latter case we have a spectral sequence

EP = HY(Xp, Hx,)=H (X, , Hx,)
in the category MHS™.

Proof. In fact, there is an extension in MHS

0—-H— Hx*(Hz)—>Zl—>O

rzeX

where Z! has the quotient Q-mixed structure; as usual, we then get another
extension

02" = J[z(2) = 2> >0
rzeX

and so on. We therefore get a flasque resolution

I 2 (He) = ] z(22) = ] 2(22) — -

zeX reX reX

in MHS: the canonical Q-mixed flasque resolution.

If Hx is flasque then I'(X,Hx) has a canonical Q-mixed Hodge structure as
claimed above; note that the filtrations would be given by flasque sub-sheaves.

In general, by construction, the cohomology is the homology of the complex
of sections in MHS®™. Thus H*(X,Hx) has a canonical Q-mixed Hodge struc-
ture. The same argument applies to the total complex of the double complex of
flasque Q-mixed sheaves given by the canonical resolutions on each component of
a simplicial sheaf.
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Refer to [SGA4] and [26, Chapter IV] for a construction of canonical Godement
resolutions available on any site and compare [11, 1.4.11] for the existence of
bifiltered resolutions. O

In particular, the mixed Hodge structure H* (X, Hx ) is such that H*(X,Hx)g =
H*(X,Hg), WH*(X,Hx)gp = H*(X,WHg) and FH*(X,Hx)c = H*(X, FHc).
There is a decomposition

gt HY (X, Hx) = @ H*(X, ARY).
pt+g=n

Remark 3.3.2. Note that any (non-canonical) Q-mixed flasque resolution in MHS
yields a bifiltered complex and a bifiltered quasi-isomorphism with the canonical
resolution. Therefore, the so obtained co-mixed Hodge structure on the cohomol-
ogy is unique up to isomorphism.

Considering complexes in MHSx and MHSy  we construct the derived cat-
egories of Q-mixed sheaves D*(MHSx) and D*(MHSx ) as usual, as well as
D*(MHS®?). We have a total derived functor

RI(X,—): D*(MHSx) — D*(MHS™)

sending a complex of Q-mixed sheaves to the total complex of sections of its
canonical resolution. Moreover, if f : X — Y is a continuous map, we have a
higher direct image Q-mixed sheaf R?f,(Hx) on Y, which corresponds as well to
an exact functor

Rf. : D" (MHSx) — D*(MHSy).

There is an inverse image exact functor f* : D*(MHSy) — D*(MHSx). More-
over, Grothendieck six standard operations can be otained in the derived category
of Q-mixed sheaves.

3.4. Local-to-global properties.

Let X be an algebraic C-scheme and let X,, be the associated analytic space. For
any Zariski open subset U C X the corresponding integral cohomology H" (Uay, Z(t))
carry a mixed Hodge structure (see [11, 8.2]) such that the restriction maps
H"(Uan, Z(t)) — H"(Van, Z(t)) for V. C U are maps of mixed Hodge structures.
Thus the presheaf of mixed Hodge structures

U H"(Uan, Q(t)) 9)

can be sheafified to a Zariski Q-mixed sheaf. In fact, for a fixed r, the resulting
non-zero Hodge numbers of H" (U,y, Q), for any U, are in the finite set [0, r] x [0, 7]
(see [11, 8.2.4]).
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Definition 3.4.1. Denote H% (Q(¢)) the Q-mixed sheaf obtained hereabove. For
X. asimplicial C-scheme denote H% the simplicial Q-mixed sheaf given by H,

on the component X,.

If X has algebraic dimension n then all its Zariski open affines U do have
dimension < n thus H’ = 0 for r > n.

Scholium 3.4.2. The Zariski cohomology groups H* (X, H’) carry co-mized Hodge
structures. Possibly non-zero Hodge numbers of H*(X, H% ) are in the finite set
[0,7]x[0,7]. The Zariski cohomology H*(X ., H% ) carry co-mized Hodge structure

and the canonical spectral sequence

BT = HY(X,, Hy, )=H (X, Hy )
is in the category MHS™.

Let w : Xan — Xzar be the continuous map of sites induced by the identity
mapping. We then have a Leray spectral sequence

Lg’T = Hq(XZar, R"w, (Z)):>Hq+T(Xan, Z)

of abelian groups. Since R"w,.(Q) = H’ these sheaves can be regarded as Q-mixed
sheaves and its Zariski cohomology carry oco-mixed Hodge structures as above.

For X. a simplicial scheme we thus have w. : (X.)an — (X.)zar as above and
a Leray spectral sequence

L7 = HO(X., R (0.). (@)~ E(X..2)
where R"(w.)«(Z) = HY .

Claim 3.4.3. (Local-to-global) There are spectral sequences
LI = HY(X, H%)=H"" (Xan, Q)
and
LI" =HYX., HY )=H""(X.,Q)
in the category of co-mixed Hodge structures.

The proof of this compatibility result will appear elsewhere; however, for
smooth C-schemes and using (12) below, the compatibility follows from [35, Corol-
lary 4.4].

4. Edge maps

Recall that the classical cycle class maps can be obtained via edge homomorphisms
in the coniveau spectral sequence. This is a consequences of Bloch’s formula
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[8]. Working simplicially we then construct certain cycle class maps for singular
varieties via edge maps in the local-to-global spectral sequence. We first show
that the results of [8] hold in the category of co-mixed Hodge structures.

4.1. Bloch-Ogus theory.

From Deligne [11, 8.2.2 and 8.3.8] the cohomology groups H},(X) (= H*(Xmod X —
Z,7) in Deligne’s notation) carry a mixed Hodge structure fitting into long exact
sequences

= H(X) = Hp(X) — Hp_5(X = Z) — Hy ' (X) — - (10)

for any pair Z C T of closed subschemes of X.
Since classical Poincaré duality is compatible with the mixed Hodge structures
involved, then the functors

ZC X — (Hz(X),Hi(2))

yield a Poincaré duality theory with supports (see [8] and [23]) in the abelian
tensor category of mixed Hodge structures. Furthermore we have that the above
theory is appropriate for algebraic cycles in the sense of [1].

Let XP? be the set of codimension p points in X. For x € XP let

% def ;. %
H(X)= lgﬂn HmmU(U).
Uvcx

Taking direct limits of (10) over pairs Z C T filtered by codimension and apply-
ing the exact couple method to the resulting long exact sequence we obtain the
coniveau spectral sequence

vt = [ HIP(X)=HPT(X)
reXP

in the abelian category MHS™ (cf. [1]).

Consider X smooth over C. By local purity, we have that HI™P(X,Z(r)) =
H9P(x,Z(r — p)) if = is a codimension p point in X, i.e., here we have set

H'@)E  lm  H(V).
V open Cm

Sheafifying the (limit) sequences (10), we obtain the following exact sequences of
@Q-mixed sheaves on X:

0= Hyy — [ 2(H7(2)) = H L — 0 (11)
reXP
where H7,, is the Q-mixed sheaf associated to the presheaf

U lim Hyop(U).

codimx Z>p
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In fact, the claimed short exact sequencs (11) are obtained wia the “locally ho-
mologically effaceable” property (see [8, Claim p. 191]), i.e., the following map of
sheaves on X

% zero
HZP+1 HZP

vanishes for all p > 0.

Proposition 4.1.1. (Arithmetic resolution) Let H% (Q(t)) be the Q-mized sheaf
defined in (9). Assuming X smooth over C then

0—HQ1) - [] wH 2)®) - [ z(H T @)t -1)) =+ (12)

reX0 reX1

- = H o (HY (2)(t — g+ 1)) Hz* (t—q)—0

reXa—1 reXd

is a flasque resolution in the category MHSx. Therefore, the coniveau spectral
sequence

Cy4 = HP(X, H(Q(t))=H""(X,Q(t)) (13)
is in the category MHS™.
Proof. Follows from construction as sketched above. In fact, all axioms stated

n [8, Section 1] are verified in MHS and the results in [8, Sections 3-4] can be
obtained in MHS*®. O

In particular, consider the presheaf of vector spaces
U F'H*(U) (resp. U — W;H*(U))

and the associated Zariski sheaves F*H* (resp. W;H*) on X filtering the sheaves
H*(C) (resp. H*(Q)). These filtrations are defining the sheaf of mixed Hodge
structures H% above according to (9). From Lemma 3.2.2 (¢f. [11, Theor.1.2.10
and 2.3.5]) the functors F*, W;, gr}V and grt (any i € Z) from the category of
@Q-mixed sheaves to that of ordinary sheaves are exact. Applying these functors
to the arithmetic resolution (12) we obtain resolutions of F'H* (resp. WiH*) as
follows.

Scholium 4.1.2. The arithmetic resolution (12) yields a bifiltered quasi-isomorphism

(H*a]—"TaWﬂ) E) ( H :C*H*_G(;L'), H x*FT_Gv H x*Wﬁ*QQ)a
TEXO® TEXO zEXO
e., there are flasque resolutions:

0—FH! = [ e.(F'H@) = ] 2P H @) — -
reX0 reX1
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and
0= WiH? = [ (W;H (@) — [] 2.(W; oH ' (2)) — -+
re X0 rzeX!
as well as

0= gripgr)"HI(C) — [] =.(griwgr) HY(z)) — ---
reX0

= [ #lory2gr} s, H (2)) — 0.
reXd

Consider the twisted Poincaré duality theory (F™H*, F~™H,) where the integers
n and m play the role of twisting, i.e., we have

PR (X) = P H(2)

for X smooth of dimension d. From the arithmetic resolution of F*H? (see the
Scholium 4.1.2) we obtain the following:

Scholium 4.1.3. Assume X smooth and let i be a fized integer. We then have a
coniveau spectral sequence

FiCY? = HP(X, F'HY)=F HPT1(X) (14)
where HP (X, F'H?) = 0 if ¢ < min(i,p).

Concerning the Zariski sheaves gri-H? and F' we indeed obtain corresponding
coniveau spectral sequences as above.

Note that the spectral sequence F'Cy can be obtained applying F? to the
coniveau spectral sequence (13).

Remark 4.1.4. i) Remark that applying F* (resp. W;) to the long exact se-
quences (10), taking direct limits over pairs Z C T filtered by codimension
and sheafifying, we do obtain the claimed flasque resolutions of F*H* and
W;H* without reference to the category of Q-mixed sheaves.

1) Note that for X (equidimensional) of dimension d, the fundamental class nx
belongs to W_oqHo4(X) N F~%Hy4(X) so that “local purity” yields the shift
by two for the weight filtration and the shift by one for the Hodge filtration.
Therefore one has to keep care of Tate twists when dealing with arithmetic
resolutions.

i4i) Note that for z € X° we have H9(x) = HZ and there is a natural projection

in MHSX
[T w0t = T w.(H@))

reX re X0
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which is the identity on H?. The mixed Hodge structure induced by the
arithmetic resolution on H*(X,H?) is not the canonical one (which is the
one induced by the canonical Q-mixed flasque resolution) but yields a mixed
Hodge structure which is naturally isomorphic to the canonical one (being
induced by a natural isomorphism in the derived category D*(MHSx)).

4.2. Coniveau filtration.

Let X be a smooth C-scheme. The coniveau filtration (cf. [19]) N*H’(X) is a
filtration by (mixed) sub-structures of H’(X). This filtration is clearly induced
from the coniveau spectral sequence (13) via (10). Remark that from the coniveau
spectral sequence (13)

gl LI (X) = Ci it

which is a substructure of H*=1(X, H/=*1) for i < 2. In fact, from the arithmetic
resolution we have that C3'? = HP (X, H4(t)) = 0 for p > q.

Case i =1 Let X be a proper smooth C-scheme. Note that we have N'H’(X) =
ker(H7(X) — H°(X,H’)) = { Zariski locally trivial classes in H’(X)}. Thus
I (X, Q) n FUHY(X)
N'HI(X)
We remark that 77 /F?! is the constant sheaf associated to H’(X,Ox). Thus
F'nHY(X,H?) =2 ker(H*(X,H’) — H/(X,Ox)).

If j = 1 then HY(X) = H°(X,H") from (13) and (8) is trivially an equality. If
j=2then F'N H°(X,H?) = 0 from the exponential sequence. But for j = 3 and
X the threefold product of an elliptic curve with itself Grothendieck’s argument
in [19] yields a non-trivial element in F' N HO(X, H?).

=g YHI(X)NF' C HY(X,H/)n F.

Case ¢ = p and j = 2p Let X be a smooth C-scheme. If j = 2p we then have
NiH?P(X)(t) =0 for i > p and NPH?P(X)(t) = C&P. Moreover, from (13) there
is an induced edge map

it HP (X, H% (p)) — H?(X)(p)

which is a map of co-mixed Hodge structures and whose image is NP H?P(X)(p).
This equal the image of the classical cycle class map cf? : CHP(X) — H?*(X)(p).
In fact, by [8, 7.6], the cohomology group

HP(X, My (p)) = coker( [[ H'(z)— [] 2)

reXr—1 reXP

coincide with N .S?(X), the group of algebraic cycles of codimension p in X modulo
algebraic equivalence. Thus ¢f? factors through sff and the canonical projection

(see [1]).
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©f gr(X, FiH) — HP(X,H%(C)) is injective and

Recall that FPHP(X,H?)
HP(X,FPH?) = coker( [[ F'H'(z) = [] ©
rzeXpr—1 zEXP
whence the canonical map HP(X, FPHP) — NSP(X) ® C is also surjective. As
an immediate consequence of this fact, e.g., from the coniveau spectral sequence
(14), we get the following.

Scholium 4.2.1. Let X be a proper smooth C-scheme. Then

FOHP(X, HP(p)) % HP (X, FOHP(p)) = NSP(X) ® C

and the image of the cycle map is in H*?(X,Q(p)) N FPH*(X,C(p)).

Now imeflfy = NPH?*(X,Q(p)) and H**(X,Q(p)) N FOH?*(X,C(p)) is equal to
H{?, i.e., the sub-structure of rational (p,p)-classes in H*?(X). Note that Hy"
corresponds to the 1-motivic part of H?P(X)(p). For X a smooth proper C-scheme,
the Hodge conjecture then claims that im cfp = Hp”.

In this case gri 'H2(X)(p) = C&7P+! is a quotient of HP~ (X, HE ' (p)).
For example: gr i H4(X)(2) = HY (X, H% (2)).

Problem 4.2.2. Is F2NHY(X,H3) =0 ?

Case i = p and j = 2p+ 1 Let X be a smooth C-scheme. If j = 2p + 1 then
NiH?PF1(X) =0 for i > p and NPH?PTH(X)(t) = CPPH! which is a quotient of
HP (X, H%™), i.e., there is an edge map

stV HP(X,HR (p+ 1) — HPPH(X) (p + 1)

with image NPH?**1(X)(p + 1). In this case the Grothendieck-Hodge conjec-
ture characterize NP H*+1(X) as the largest sub-Hodge structure of type {(p,p +
1),(p+ 1,p)}. This is the same as the 1-motivic part of H*P*1(X)(p + 1).

This 1-motivic part yields an abelian variety which is the maximal abelian
subvariety of the intermediate jacobian JP™1(X). On the other hand, it is easy to
see that NP H?PT1(X)(p+ 1) yields the algebraic part of JPT1(X), i.e., defined by
the images of codimension p+ 1 cycles on X which are algebraically equivalent to
zero modulo rational equivalence (cf. [19] and [33]).

4.3. Exotic (1, 1)-classes.

Consider X singular. We briefly explain the Conjecture 2.3.4 for p = 1. Moreover
we show that there are edge maps generalizing the cycle class maps constructed
in the previous section.

For X a proper irreducible C-scheme, consider the mixed Hodge structure on
H?%4(X,7) modulo torsion. The extension (5) is the following

0 — H'M((H")*) — WoH(X) /Wy — H'((H?)*) — 0. (15)
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Since the complex (H')* is made of level 1 mixed Hodge structures then
H2+’L (X)h — H2+i (X)e

in our notation.

If X is nonsingular then H?T¢(X) is pure and there are only two cases where
this extension is non-trivial. In the case ¢ = —1 the above conjecture corresponds
to the well known fact that H;(Pic®(X)) = H'(X,Z). The case i = 0 corre-
sponds to the celebrated theorem by Lefschetz showing that the subgroup HZL1 of
H?(X,Z) of cohomology classes of type (1,1) is generated by ¢; of line bundles on
X. Since homological and algebraic equivalences coincide for divisors, the Néron-
Severi group NS'(X) coincide with H,'. For such a nonsingular variety X we
then have

NS} (X) = F'nH*(X,Z) = Hy' = H{(X, HY) = N'H*(X,Z).

For + = —1 and X possibly singular, the conjecture corresponds to the fact
(proved in [4]) that the abelian variety corresponding to gr}’ H! is

ker’(Pic®(Xy) — Pic%(Xy)).

For ¢ = 0 the Conjecture 2.3.4 is quite easily verified by checking the claimed
compatibility of the extension class map. Such a statement then corresponds to a
Lefschetz (1, 1)-theorem for complete varieties with arbitrary singularities.

For ¢ > 1 we may get exotic (1,1)-classes in the higher cohomology groups
H?*(X) of an higher dimensional singular variety X. We ignore the geometrical
meaning of these exotic (1, 1)-classes. It will be interesting to produce concrete
examples. The conjectural picture is as follows.

Let 7 : X. — X be an hypercovering. Let (H9(H!))® be the complex of

E7}%-terms of the spectral sequence in Corollary 3.4.2 for r = 1. Now E{"q =
Hq(Xi,Hﬁg) = 0 for ¢ > 2 (where X; are the smooth components of the hyper-
covering X. of X) and all non-zero terms are pure Hodge structures: therefore
the spectral sequence degenerates at E5. Thus, from Corollary 3.4.2, we get an
extension

0 — HlJri((HO(Hl)).) N HlJri(X”H%(-) — HZ((Hl(Hl))') — 0 (16)

in the category of mixed Q-Hodge structures. We have H'T'((H(HY))®*) =
HA+L((HY)) = gr I H? and Hi((HL(HY)*) = H(NS)*) = H'(N'H?)*).

Moreover, from the local-to-global spectral sequence in Claim 3.4.3 and coho-
mological descent we get the following edge map

sOTHY (XL HY ) — WoHPTH(X) /W,

In fact, first observe that WoH?>t(X) = H*T"(X.,H% ). From (16) above we
then see that WoH'™(X.,H% ) = 0. The map s¢'*% is then easily obtained as

an edge homomorphism of the cited local-to-global spectral sequence and weight
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arguments. This cycle map will fit in a diagram

0— H1+i((H1>0) N W2H2+i(X)/WO N Hz((HZ)o) —0
1) st T
0— HUW(HOMY)?) — HH(X, ML) - H(HHY)?) 0

mapping the extension (16) to (15).

Scholium 4.3.1. The image of the map s*** is H*Ti(X)e.

Following [4] consider the simplicial sheaf O% and the corresponding Zariski
cohomology groups H'**(X., 0% ). Since the components of X. are smooth, the

canonical spectral sequence

BV = HY(X,, 0%, )=H"(X., 0% )
yields a long exact sequence
1 *\\® 7 * 7 : . d’ 1 *\\®
H™((HY(0%)*) — H'(X., 0% ) — H'((Pic))*) —— H*"'((H*(0"))*) — -+

According to [4] (see the construction in [2]) we may regard H'™*(X,, 0% ) as the

group of k-points of a group scheme whose connected component of the identity
yields a semi-abelian variety

0— H'((H*(0%))*)/o — H'T(X.,0% )" — H'((Pic”))*)° — 0

where o is a finite group. The Hodge realization of the so obtained isogeny 1-
motive is

THodge([O - HlJri(X- ) O;{_ )O]Q) = WIHI-H(Xv @)(1)

This last claim is clearly related to Deligne’s conjecture [11, 10.4.1]. For i = —1,0
this is actually proven in [4] and for all ¢ in [2].

Recall the existence of a canonical map of sheaves ¢; : 0% — HY yielding a
map

o HU'P(XL, 0% ) — H(X. Hy ).

By composing s¢!*% and ¢; we then obtain a cycle map

H'(X., 0%, ) — WoH* ™ (X)/Wh.

We may regard the image of this cycle map as the discrete part of H' (X, 0% ).

Over Q, it is clearly equal to F*NH?**(X, Q). The reader can easily check that this
is the case, e.g., H*"(X., O% [—1]) coincides with Deligne-Beilinson cohomology

(see [5, 5.4]). In general, we may expect the following picture for cycle maps.
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4.4. K-cohomology and motivic cohomology.

Let X. be a smooth simplicial scheme. Consider the local-to-global spectral se-
quence in Claim 3.4.3. For a fixed p we then obtain a spectral sequence

WopHY (X HY )/ Wap—a= W, HITT (X, Q) /Wap—s.

The sheaf H% has weights < 2r and so the mixed Hodge structure on its coho-
mology has weights < 2r. Thus Wy, HY(X., H% ) = HY(X., H% ) and
Wo,HY(X ., H% )/Wap—o = 0if r < p. Thus, there is an edge map

sPPT HPH(X.,H})’(, )/ Wap—2 — Wa, HPF(X.) /Wy (17)

Note that if X. = X is constant then s#T0 = s¢b and s¢?~! = s¢” | in the notation
of Section 4.2, modulo Wa,_».

Scholium 4.4.1. The image of the edge map s¢P*? is H*»+(X)h,

Consider Quillen’s higher K —theory. Consider Zariski sheaves associated to
Quillen’s K-functors. The K-cohomology groups are H*(X.,K,) (as usual we
consider Zariski simplicial sheaves KCp,). Local higher Chern classes give us maps
of simplicial sheaves ¢, : K, — H% (p) for each p > 0 (cf. [1]). We thus obtain a
map

cp  HPFH(X . KC,) — HPF(X L, HE (p)). (18)

Note that in the canonical spectral sequence
Bt = H'(X,, Kp)=H"(X.,K,)
we have H'(X,, Kp) = 0 if t > p. The same hold for the sheaf H% . We then have

a commutative square

Cp

HPYY(X., ) = HPPY(XL HE ()

o o
H'(CH?)*)  —  H'((NS")*).

Thus the image of ¢, in H*((INS?)®) is clearly contained in the kernel of the map
X! defined in (4). We also have the following commutative square

. p+i .
HT (X M ) Wapoa "5 Wa HPPHH(X.)/Way s
R |
Hi((NS?)*) — gy H¥T(XL),

Composing s¢P** and ¢, above we then obtain a simplicial cycle map

P HPY (XL K,) — Wo, HPTH(XL) /Wap_a. (19)
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Let X be a proper C-scheme and let X. — X be a universal cohomological descent
morphism. By descent, H"(X.) & H*(X) as mixed Hodge structures. Let H

denote the mixed Hodge structure on H?**™*(X,Z)/(torsion). Let F? denote the
Hodge filtration. Note that

FP N Hy = Hom mus(Z(—p), H) = Hom mus (Z(—p), Wep, H).
Moreover
Hom mus(Z(—p), WopH) C Hom yus(Z(—p), WapH/Wap—oH) = FP N Hy,.
Thus
FPAHy C FP A HE = FP 0 HY = ker(HP? & JP(H)).

Therefore we have the following natural question.

Problem 4.4.2. Let X be a proper C-scheme and let m : X. — X be a proper

smooth hypercovering. Is FP N\ H?P*(X, Q) the image of the cycle class map clPT*
in (19) ¢

Bloch’s counterexample answer this question in the negative (see Section 5.1
below). Note that here we actually deal with the simplicial scheme X. (not just
X) as, e.g., in [3] it is shown that F! N H?(X,Z) can be larger than the image
of Pic(X), if X is singular. However, F! N H?(X,Z) is the image of the Pic of
any hypercovering of X. However, F? N H*(X,Q) is larger than the image of
H?(X.,Ks) if X is the singular 3-fold in Section 5.1 below.

Let’s then consider the case p = 2 in the above. In this case we have that
H q(Xi,chi) is purely of weight ¢ + 2 by the coniveau spectral sequence (14).
Thus the canonical spectral sequence in Corollary 3.4.2 degenerates yielding the
following extension

0 — H'WH((H (H)*) — H*V/(X., M, )/ We — H((NS?)*) — 0. (20)

Note that H'(X;, H%,) = N'H*(X;) and Woll! (X., H% ) = H’((H(H?))*).
The map in (17) is mapping the extension (20) to the following canonical extension
0— H'"W((H?)*) — WaH" (X)) /Wo — H'((H")*) — 0.

According to Conjectures 2.3.2-2.3.4 we may expect that the image of the mixed
Hodge structure H**(X ., H% )/Ws under this map is H*(X)".

Finally, making use of the triangulated category of motives (see [39] and [26])
let HY (X,Q(-)) denote the motivic cohomology of the proper C-scheme X. Since
motivic cohomology is universal we may get a canonical map H2P™(X,Q(p)) —
H?*(X Q(p)) compatibly with the weight filtrations. This map will factors
trhough Beilinson’s absolute Hodge cohomology [5]. However, in general, its im-
age will not be larger than c¢/P** in (19), i.e., smaller than the rational part of
FPH?PHi(X, C). In fact, we can see that only Beilinson’s absolute Hodge cohomol-
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ogy (or Deligne-Beilinson cohomology) would have image equal to F2 N H*(X, Q)
if X is the singular 3-fold in Bloch’s counterexample below.

5. Examples

We finally discuss a couple of examples where one can test the conjectures.

5.1. Bloch’s example.

We now consider Bloch’s example explained in a letter to U. Jannsen, reproduced
in the Appendix A of [23] (see also Appendix A.I in [27]). This example, originally
requested by Mumford, is a counterexample to a naive extension of the cohomo-
logical Hodge conjecture to the singular case. Moreover (as indicated by Bloch’s
Remark 1 in [23, Appendix A]) it shows that no cohomological invariants of alge-
braic varieties, that agree with Chow groups of non-singular varieties, can provide
all Hodge cycles for singular varieties.

Let P be the blow-up of P? at a point z in Sy C P a smooth hypersurface of
degree > 4 over Q. The point z is assumed Q-generic. Let S be the blow-up of Sy
at z over C. Thus S C P and H3(S,Q) = 0.

Let X be the gluing of two copies of P along S, i.e., the singular projective
variety defined as the pushout

s11s ‘B prip
¢l 1
s L X
Such a Mayer-Vietoris diagram always defines a cohomological descent morphism
X. — X (e.g., a distinguished (semi)simplicial resolution in the sense of Carlson

[9, §3 and §13]).
Thus we obtain a short exact sequence

0— HY(X,Q(2)) — H*(P,Q(2))** — H*(S,Q(2)) — 0

)
where CH?(P)g = H*(P,Q(2)). Thus H*(X,Z) has rank 3, is purely of type
(2,2) and the Hodge 1-motive is [H*(X,Q(2)) — 0]. From (20) we obtain

HP (X )/ W2 = H((NS?)%)) = HY(X,Q(2)).
Since the Albanese of S vanishes, the algebraically defined Hodge 1-motive is
given by H?((NS?2)*®)) = ker(NS?(P)®? — NS?(5)) and we clearly have that
[HO((NS?)*)) — 0] = [H*(X,Q(2)) — 0]

as predicted by Conjecture 2.3.4. However H°((CH?)*)) = ker(CH?(P)®? —
CH?*(S)) has rank 2, and it is strictly smaller than H*(X,Q(2)), as Bloch’s
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observed. Moreover, from the above we may regard HQ(X ., K2)p mapping to
both H((CH?)*)) and H*(X,Q(2)). Then ¢? in (19) is not surjective because
H°((CH?)*)) # H*(X,Q(2)). The same argument applies to motivic cohomology
H(X,Q(2)). In fact, if Y is a smooth variety Hp (Y,Q(2)) = CH*(Y)g. How-
ever, Beilinson’s absolute Hodge cohomology is HA(X,Z(2)) ® Q = H*(X,Q(2)).
Thus, Beilinson’s formulation of the Hodge conjecture in [5, §6] doesn’t hold in
the singular case.

Note that in this example, all Hodge classes are involved, as the Hodge structure
is pure.

5.2. Srinivas example.

The following example has been produced by Srinivas upon author’s request. It is
similar to Bloch’s example however, in this example, the space of “Hodge cycles”
is strictly smaller than H(é’Q.

Let Y be a smooth projective complex 4-fold with H*(Y,Z) = H3(Y,Z) = 0,
and with an algebraic cycle « € CH?(Y) whose singular cohomology class @ €
H*(Y,Q) is a non-zero primitive class. For example, Y could be a smooth quadric
hypersurface in P°, and a € CH?(Y) the difference of the classes of two planes,
taken from the two distinct connected families of planes in Y. Let Z be a general
hypersurface section of Y of any fixed degree d such that H3°(Z) # 0 (this holds
for any large enough degree d; for example, if Y is a quadric then we may take
Z =Y N H to be the intersection with a general hypersurface H of any degree
> 3).

Then Z is a smooth projective 3-fold, and by the theorem of Griffiths, ifi : Z —
Y is the inclusion, then i*a € CH?(Z) is homologically trivial, but no non-zero
multiple of i*« is algebraically equivalent to 0. In fact, H3(Z,Q) has no proper
Hodge substructures, and so (because H3%(Z) # 0) the Abel-Jacobi map vanishes
on the group CH?*(Z )alg Of cycle classes algebraically equivalent to 0; on the other
hand, the Abel-Jacobi image of i*« is non-torsion.

Now let X be the singular projective variety defined as a push-out

7 ill4
11z = Y]IIY
ol LS
z L X

so that X is obtained by gluing two copies of Y along Z.

Consider the simplicial scheme X, obtained as above (e.g., the Cech hyper-
covering of X, with Xy — X taken to be the quotient map f : Y[V — X).
Then H*(X.,Q) &2 H*(X,Q) as mixed Hodge structures, and we have an exact
sequence of mixed Hodge structures (of which all terms except H*(X,Z) are in
fact pure)

0— H*Z,7) — HYX,Z) — H*(Y,2)%* % H*(Z,7)
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where s(a,b) = i*a —i*b. Then (@, 0) and (0, @) are linearly independent elements
of ker s, since i*@ = 0 in H*(Z,Q) (this is essentially the definition of @ being a
primitive cohomology class).

In this situation, the group of Hodge classes in H*(X, Q)/Ws3 is non-trivial, but
since H3(Z, Q) has no non-trivial sub-Hodge structures, the intermediate Jacobian
J%(Z) has no non-trivial abelian subvariety. The extension of Hodge structures

determined by the Hodge classes is not split; for example the extension class of
the pullback of

0— H*Z,Z) — H*(X,Z) — kers — 0

under Z(—2) — ker s determined by (@, 0) is (up to sign) the Abel-Jacobi image
of i*a, which is non-torsion. Here rank (ker s) = 3, so we get an extension class
map Z> — J2(Z); one checks that the image has rank 1, generated by the image
of (@,0) (or equivalently by the image of (0,@)).

So the lattice for the corresponding Hodge 1-motive is, by definition

ker(Z® — J*(Z)) = F2 N H*(X,7Z),

which is strictly smaller than the lattice of all Hodge classes in H*(X,Z). More-
over, since H(Z,H?) = N'H3(Z) = 0, from the extension (20) we obtain

H(X. Mk, )/W2 = H(NS?)*).

Finally, the cycle o € CH?(Y') projects to a cycle in NS ?(Y) which restricts to
a non-zero class i*a € NS?(Z)g by construction. Since CH?(Z)a, = CH?*(Z)alg
then the algebraically defined 1-motive is given by the image of H((NS?)®) =
ker(NS?(Y)®2 — NS?(Z)) in H*(X,Z), providing generators for ker(Z* — J?(Z))
as claimed in Conjecture 2.3.4.
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