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1 Wigner D-matrix conventions

We start from functions of the form

D, (e, B,7) = exp(—tma) d,(B) exp(—k) @)
where the d-matrices are real functions of g with the following index symmetries
,d]mk = (_1)m_k,d;<m
) = (_1)n?_kd]7mfk 2)
dfnk = d]fkf

2 Real combinations of Wigner D-matrices

We consider a «, B, 7y trigonometric polynomial such as

N +j  +k

fla,B,7) =Y "Dl (2, B,7) 3)

j=lm=—jk=—j

We require the polynomial to be real, i.e.

flaBv) = (fla, p7)) (4)

this conditions implies that

L om= 2 () (Ph)

jmk
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renaming the m,k indices in the r.h.s

) cmkDfﬂk =Y (C;m’k) exp(—ma)d__ (B) exp(—iky)
jmk jmk

¥ D, = X (7)o,
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which for the orthonormality of the Wigner D-matrices implies

et = (o) ©



2 REAL COMBINATIONS OF WIGNER D-MATRICES

If we explicitely write the imaginary part and the real part of the coefficients as

k mk

a b’
mk ] ]

it =1
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the condition Eq. [f|becomes

which will be useful in the following.
Now we get back to expression 3| For later convenience, we split the sum as
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and consider each term separately.

(A) Let’s start from (A). The condition expressed in Eq. 5|implies that
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i.e. the coefficient is real. For later convenience we call it a?o. The Wigner function D{)O = d{m itself is

real, and we can keep this term in the expansion as it is.

(B1) Now we focus on term (B;). Dividing the m > 0 part of the sum from the m < 0, and using Eq. [/}

we get
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We note that

DZrzk + (—1)mD];m7k = exp(—1ma — 1k7y) dink(,B) + (—1)" exp(zma + 1k7y) d];mfk(ﬁ) =

= d{ﬂk(ﬁ) (exp(—1ma — tky) + exp(1ma + 1ky)) = 2d{nk(ﬁ) cos(ma + k7)
and analogously . | |
D)o — (=1)"DL g = —2ud},, () sin(ma + kv)

So the term (B1) becomes

ot , j ' '
;0 c}”ODfﬂo = Zl a}"o (dfﬂo(ﬁ) cos(rmx)> + b;"o (d{no(ﬁ) sin(moc))

which is a linear combination of real functions with real coefficients.
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2 REAL COMBINATIONS OF WIGNER D-MATRICES

(B2) In a completely analogous way, the term (B;) can be rewritten as

;J OkD{)k _ Z a?k (dék(’g) cos(k’y)) + b})k (d{)k(ﬁ) sin(k'y)) (13)
k#0 =1

(O Now let’s turn our attention to the term (C). The only difficulty here is that we have to pay attention
to split the sum over m and k, so that for each term m,k in one sum there is one term -m,-j in the other
sum. There is no unique way to to this (and different choices result in different sign conventions). We
set
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Using Eq. [10]and [IT] we get

mkyl L mk (4 mk (4 ;
Y Yo D=2 % (], (B) cos(ma+ky)) + 5™ (d(B) sin(me+ky))  (14)
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which is again a linear combination of real functions with real coefficients.

(conclusion) If we collect all the cosine expressions for a single j of the different terms we have:
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where the prime symbol over the sum in k indicates that for m = 0, only non-negative values of k should
be considered.
In a similar fashion, we can collect the sine terms as

2 Z b’”k ( B) sin(ma +kfy)>

m=0 k=—j
and the double prime here means that for m = 0, only positive values of k should be considered (we
could equivalently include a m = 0,k = 0 term, since it is identically zero). So in conclusion the real
Wigner D-matrix expansion can be written as
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3 SYMMETRY OPERATORS

3 Symmetry operators

Now we want to characterize the rotational and reflection operations which should be taken into account
in the construction of the PES.

In our potential, the coordinates of the molecule are parametrized with seven coordinates: the
C-H bond length r, the angles &, 8,y and the X, Y, Z position of the carbon atom. We have then to
characterize how the symmetry operations of the PES operate on our parametrization of the potential.

Parametrization of the potential We start from reviewing the definitions of our coordinates. We
define the geometry of the molecule starting from a fixed geometry, which is given by the following set
of 5 cartesian vectors: rc,ry,rp,,rp,,rp, This initial geometry is function of r only (more precisely, only
the geometry of the ry vector is function of r). In detail the initial vectors are

0 0 1.952333 —0.976214 —0.976214
rc=1| 0 rg=1| 0 |, rp, = 0 rp, = | —1.690814 | rp, = 1.690814
0 r —0.68805 —0.68805 —0.68805
(16)
Then the cartesian coordinates of the atoms in the final geometry of the molecule are obtained as
rc =  TxyzRapytc
ry = TxyzRap,tH
tp, = TxyzRupytp,
tp, = TxyzRupytD,
r/Ds = &YZR“,B’YIDs

where Txyz is a 3D rigid translation of vector (X,Y,Z),

X x+ X
Txyz| v | = yv+Y (17)
z z+ 7

while R,p, is a 3D rigid rotation of Euler angles &, and «y

cacPey — sasy —cacPsy — sacry casp
Rapy = RiRlngfy = | sacPcy — casy —sxcPsy + cacry sasp (18)
—spcy sasy cp

(ZYZ convention, counterclockwise rotations)

Umbrella rotational symmetry Let’s consider first the symmetry of the CHD3 molecule. The molecule
has C3 symmetry, hence its geometry is invariant for rotations of %” and %’T around the umbrella axis of
the molecule. This kind of operation can be easily applied when the molecule is in the initial orienation,
in the molecule frame. If we generally indicate the geometry of the methane in its molecular frame as
X, , we have that

Xy = R3, 3 Xr n=12 (19)

and hence
Txvz szﬁ'yxr = Txyz RIXIB"/Rén 7-[/3Xr

But we can rewrite the two rotations matrices as a single one

Rl’élﬁRgnn/S = RiR%Rzr énn/S = Rucﬁ'y+2n7r/3




3 SYMMETRY OPERATORS

In conclusion in our parametrization of the methane coordinates, the action of the umbrella rotations
can be expressed as

Ronnsz (1, XY, Z,0,B,7v) = (r,X,Y,Z,a,B,v+2nm/3) (20)

Surface rotational symmetry Now let’s consider the rotations of the molecule with respect to the
space axis (i.e. with respect to the surface). This symmetry depends on the site of the surface in which
the molecule is located. When we fix the X,Y coordinates of the carbon atom to the coordinates of one
of the high symmetry sites, we can then see that

TxyzRe, RapyXr = TxyzRapyXr (21)

where w;, are a series of values which depends on the symmetry of the site (e.g. w, =n% n=1...5 for
the TOP site, which has Cs symmetry).

Again, the action of the operator Rf, can be easily expressed in our parametrization of the potential
as

RE), Rapy = Ro), ReRgRE, = Rocrao, py

R, (nX,Y,Z,a,B,7) = (r,X,Y,Z, a4 wy,B,7) (22)

Reflection symmetry Now let’s consider the reflection symmetry of the potential. We limit ourself to
considering the potential in some high symmetry points, and we take into account a symmetry plane
which passes through the high symmetry point and is given by x = 0 (otherwise the basis functions
have to be rotated along « so that « = 0 coincides with the symmetry plane).

In cartesian coordinate, this symmetry operations can be written as

Note that the the potential is invariant for this symmetry operation acting both on the initial
geometry of the methane
X, = oX; (23)

(because of the symmetry of the molecule in its reference frame) and on the rotated geometry of the
methane, then translated in the appropriate high symmetry site of the surface

TxvzRaprXr = Txyz0 Rapy Xr

(because of the symmetry of the surface in the high symmetry sites).
To evaluate the action of the symmetry operator on the geometry, we can use the fact that co =1 (a
reflection coincides with its inverse)

ORupy Xr = ORupy 00Xy = (0Rup,0) (0X;)
we can use the fact that X, = ¢X, and obtain
ORapy Xr = (0 Rapy0) Xy

By expliciting the operators as matrices acting on the cartesian components of the atom positions,
we can easily obtain that
(0Rapy7) = R-ap—v




4 SYMMETRIZATION OF THE BASIS SET

In conclusion
T)‘(YZ‘TRaﬁvxr = TXYZR—aﬁ Xy

o(r,X,Y,Z,uaB,v) = (r,X,Y,Z,—a,B,—7) (24)

4 Symmetrization of the basis set

We assume that we expand our potential in terms of a generic complex polynomial, which is a sum of
product of trigonometric functions in «, 8, y. It can easily see that both Eq. [I|and [15|can be cast in a
form such as

f,B7) =} Cunany exp(imr) exp(1n2) exp (n3y) (25)

ninang

Umbrella rotational symmetry Now, let’s see the implications of the rotational symmetry with respect
to the operations expressed by Eq.

Ronryaf(a, B,7) = (&, B,7) (26)

fla, B,y +2n7/3) = f(a,B,7)
If we substitute the expression of f(«, B,7), we get

Y Crungny exp (i) exp(in2f) exp(inz(y +2n7/3)) = Y Cuyngny exp(in1a) exp(in2) exp(in3y)
Nn1non3 ninzng
Because of the orthonormality of the complex exponentials, last equation implies that the coefficients

Cnynons are nonzero if and only if
exp(2imnzn/3) =1n=1,2

This is true only for those n3 which are multiples of 3, i.e.
ng=3ii € Z

If we consider the way that sine and cosine functions are obtained from complex exponentials, it is
evident that from a sum of exponentials which contains only n3 = 3i terms we can obtain trigonometric
functions which are functions of 3iy only. Hence, the condition of Eq. is satisfied by the real
expansion Eq. [15|when we consider terms of the form

Flapr) =Y Y ¥ a7 (), 5(B) cos(ma+3ky) ) + b (d),,(B) sin(ma+3k7) )

j=1m=0 k=—j

Surface rotational symmetry This case is completely analogous the the previous one. We want to
impose the condition

R&, f(, B, v) = fla, B, v)

which can be expressed as
flae+wnB,v)=fla,B,v) wp=2mn/N n=1...N—-1

where N is the order of the rotation symmetry.
We can show that this condition implies that the coefficients ¢y, 4,4, of Eq. 25/are nonzero if and only
if
exp(2imtnmn/N) =1




4 SYMMETRIZATION OF THE BASIS SET

which is true only for those 11 which are multiples of N, i.e.
ny = N]] eZ

Again, this limit the sum of Eq only to the terms in which 7 is multiple of N

fla, B, 7) Z Z Z mk( Nk (B) cos(Nmoc+3k'y)) + by (d]Nmk(ﬁ) sin(Nmuc+3k'y)>
j=1m=0 k=—j

Reflection symmetry Now we want to consider the effect of the invariance expressed by Eq. In
this case the condition

of(a,B,7) = f(—a, B, —7) = f(a,8,7)
becomes

Y Congns exp(—1m1a) exp(in2f) exp(—inzy) = Y. Cuyngny €xp(in100) exp(in28) exp(in3y)

ninong ninznz
we can change the order of summation and transform the dummy integers n; to —n; and n3 to —n3. In
this way the equation becomes

Z Cnymy—ns exp(1n1a) exp(1n2B) exp (inzy) = Z Crynyns €XP (1n1) exp (112 B) exp (1n37)

ninpna ninpns
because of the orthonormality of the complex exponentials, last equation implies that the coefficients
Cnynany Satisfy
C*n1n2*n3 = Cn1n2n3 (27)
To see what this condition implies for the expansion of Eq. [25| we first split the summation in three
pieces
f(@,B,y) =Y comoexp(imaP) + Y Cuymns exp(inia) exp(inzf) exp(inzy)+
na n1>0,nn3>0
Y o exp(—imia) exp(inaf) exp(—nyy)
n1>0,nn3>0
substituting Eq. 27 we get
fla,By) = Y comoexp(imaP)+ Y Cumms exp(map) [exp(ima) exp(inzy) + exp(—tma) exp(—1n37)]

1y n1>0,nn3>0

the term in square brackets can be recognized as
exp(inmia) exp(inzy) + exp(—mnia) exp(—ingy) = 2 cos(imia + tmzy) =

= 2 cos(imja) cos(1mzy) + 2 sin(inya) sin(inz7y)

With respect to Eq. 15 it is immidiate to realize that the reflection symmetry implies that only cosine
terms should be included in the expansion

fla,B,7) Z Z Z amkd] B) cos(ma + k)

j=1m=0 k=—j

In conclusion Imposing all the symmetry invariances, implies that our real D-matrix expansion (Eq.
becomes
N ]
fla,By)=) ). Z amkdé\,m 3 (B) cos(Nma + 3kvy)
j=1m=0 k=—j
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