THE INTERSECTION FORMULA

FEDERICO BINDA

ABSTRACT. Notes for a seminar in commutative algebra about Serre’s “Tor” formula.
The goal is to present and describe the minimum background material in order to un-
derstand Serre’s definition of intersection multiplicity.
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1. THE SAMUEL MULTIPLICITY OF AN IDEAL

Following [8], in this section we review some classical results on Samuel’s multiplicity.
Let B = @,., B; be a graded ring, where By is Artinian and B is generated, as Bo-
algebra, by r elements of degree 1. Recall that for a graded module M = D.~o M, finitely
generated over B, we define the Hilbert function Hy; of M by Hy; (i) = length(M;). This
function is polynomial-like and we call the associated polynomial the Hilbert polynomial
of M. We call the degree of the Hilbert function the degree of the associated Hilbert
polynomial.

Let A be a local Noetherian ring with maximal ideal m and let M be a finitely generated
module of dimension d. Let ¢ C m be an ideal of A such that M/qM has finite length,
i.e. Supp(M/qM)(= Supp(M ® A/q) = Supp(M) N Supp(A/q)) = {m}, so that m is the
only prime ideal in the support of M containing q.

In our setting, we have the graded ring G4(A) = @,5, 9 /9", called the associated
graded ring of g, and the associated graded module G4(M) = @,~, 9"M/q"" M. So the
Hilbert function of M is Hy,(i) = length(q*M/q"**M). Since

length(q'M/q" ™ M) = length(M/q" ™ M) — length(M /q"M)

we conclude that there exists a polynomial, called the Hilbert-Samuel polynomial (or,
when this will not create confusion, simply the Hilbert polynomial) of M with respect to

q, denoted Py(M).
1
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1.1. Definition. The Samuel multiplicity of q on M, denoted e(q, M), is d! times the
coefficient of the term of degree d in the polynomial P;(M). The multiplicity of q in A
or simply the multiplicity of q is e(q, A). The multiplicity of A is the multiplicity of the
maximal ideal m of A.

1.2. Remark. e(q, M) is an integer > 0.

1.3. Proposition. Let M be a module of dimension d and let q be an ideal of A such that
M/qM has finite length. Then

e(q, M) = db Tim <eth(M/a"M)

n—oo nd

Proof. Let Py(M)(n) = aqn® + ag—1n®' + ... + ag be the Hilbert polynomial of M.
By definition of Samuel multiplicity, the leading term of this polynomial is e(q, M)/d!.
Moreover, for n > 1, Py(M)(n) = length(M/q"M). So we have:

length(M /q" M P,(M
it lim 08RG M) g, FalM) ()
n—>00 n n—00 n
d d—1
= d! lim 2" +ad,1nd AREE L dlag = e(q, M).
n—00 n

O

We recall some facts about regular local rings. Let k = A/m be the residue field of
A and let d = dim A. We say that A is regular if it satisfies one (and then all) of the
following equivalent conditions:

i) the maximal ideal m is generated by d elements;
ii) dim A = dimy(m/m?);
iii) the k-algebra G(A) = @, m’/m"*! is isomorphic to k[X, ..., Xg].

1.4. Proposition. Let A be a reqular local ring of dimension d with mazimal ideal m and
residue field k.

i) The associated graded ring G(A) = @,~, m'/m" ™ is isomorphic to k[ Xy, . .., X4
a polynomial ring over k in d variables.

ii) A is an integral domain.

ii1) The multiplicity of A is one.

Proof. By assumption, there exist d elements, say z1, ..., x4, such that m = (z1,...,24).
Consider the epimorphism of graded rings ¢: k[X7, ..., X4 — G(A) defined by X; — T;
mod m?. Assume, by contradiction, that the map is not an isomorphism and let N =
Ker ¢. The degree of the Hilbert function of the graded ring G(A) is d — 1, since it is one
less the degree of the Hilbert-Samuel polynomial of m, which is equal to the dimension
of A. Moreover, we know that the degree of the Hilbert function of k[X7, ..., X, is also
d — 1. Since k[X,..., X ] is an integral domain, (0) is prime and so the degree of the
Hilbert function of a proper quotient of k[Xy,...,X,] is at most d — 2. If N # 0, then
k[X1,...,X4]/N ~ G(A), so that G(A) is a proper quotient of k[X1,..., X,], which is a
contradiction. This proves i).
For ii), we can prove, in general, the following lemma:
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1.5. Lemma. Let A be a Noetherian ring and let I C t(A) (the Jacobson radical of A).
Let G1(A) be the graded ring associated to the I-adic filtration of A. If G1(A) is a domain,
then so is A.

Proof. let a,b # 0 in A. By the Artin-Rees lemma, NI™ = 0. Hence there exist m,n € N
such that a € I, a ¢ I b e I", b ¢ I""'. Hence a,b # 0 in G(A). Since it is a
domain, ab = ab # 0, so ab # 0 in A. 0J

Since we have shown in i) that G(A) is an integral domain, by the previous lemma this
implies that A is an integral domain. From statement i), it also follows that the Hilbert-
Samuel polynomial of m is equal to the Hilbert-Samuel polynomial of a polynomial ring
in d variables. Hence length(A/m’) is equal to the dimension of the k-vector space of the
homogeneous polynomials of degree 7 in d variables, so that

length(A /m’) — (Z + fl_ 1).

This polynomial is of degree d and leading coefficient 1/d!. Hence the Samuel multiplicity
of Aise(m, A) = 1. O

The following proposition describe the behaviour of the Hilbert-Samuel polynomials with
respect to short exact sequences.

1.6. Proposition. Let
0O—-M —->M-—>M"—0

be a short exact sequence of A-modules. Let q be an ideal of A such that M /qM, M'/qM’
and M"/qM" have finite length. Then, if dim M = d and if a4, a); and a!j are the coeffi-
cients of degree d of the Hilbert-Samuel polynomials of M, M' and M" respectively, with
respect to q, then

aq = a, + aj.
Proof. See [8, p. 30]. O

Let A be a local ring of dimension r and ¢ be an ideal of A such that M /qM has finite
length. Let e.(q, M) denote r! times the coefficient of degree r in the Hilbert-Samuel
polynomial Py(M). By the previous proposition, we have that e,(q, —) is additive on
short exact sequences and that is zero for any module M of dimension d < r.

The multiplicity of two ideals can be the same even when one is properly contained in
the other. In fact, let A be the k-algebra k[[X, Y]] where k is a field. It is well-known
that A is a local ring: it can be identified with k[X,Y], for m = (X,|Y) C E[X,Y];
moreover, A is regular of dimension 2. Consider the two m-primary ideals a = (X2, Y?)
and b = (X2, Y2 XY). Notice that, for all n, the ideal a™ by all monomials X*Y”7 with
i+ j = 2n and both even, while b™ is generated by all monomials of total degree 2n.
The quotient b™/a" is then generated by all monomials X°Y7 with ¢ + j = 2n, 7 and j
odd. There are n such monomials and it’s easy to see that b"/a" has finite length equal
to n. Hence, the Hilbert-Samuel polynomial of the module b/a is of degree 1 (indeed
P(b/a)(n) = n). By the additivity on short exact sequences, we actually have that the
Hilbert-Samuel polynomial of a and b differ by a polynomial of degree 1 and that the
leading coefficients are equal. This is a consequence of a more general fact, but first we
have to recall the following definition
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1.7. Definition. Let I be an ideal of a ring A and B is an extension of A. We say
that an element = € B is integral over I if x satisfies a monic equation of the form
2" 4 ap_1 2"+ ...+ ap with a; € I? for all i.

Clearly for I = A we get back the usual definition of integral element of B over A. If I
and J are two ideals of A, we say that I is integral over J if every element of [ is integral
over J in the sense of the previous definition. The condition that an ideal [ is integral
over J is also referred to by saying that .J is a reduction of I. There is a very nice relation
between integral extensions and multiplicity, given by the following proposition:

1.8. Proposition. Let p and q be m-primary ideals of a local ring (A, m) such that q C p.
If p s integral over q, then the multiplicity of p is equal to the multiplicity of q.

Proof. See [8, p. 36]. O

2. THE KoszuL. COMPLEX

In this section we follow [9] and again [8]. We need to recover some properties of the
so-called Koszul complexr of a sequence of elements of a ring A. Following Serre, we may
begin with the “simple case”. Let A be a commutative ring (which we may assume to be
Noetherian, even if it is not strictly required for the time being) and let = be an element
of A. We denote by K (z) the following complex:

Ki(x)=0 ifi#0,1;

Ki(z) = Ko(x) = A
with the map d: K;(xz) — Ky(x) given by the multiplication by . We identify Ky(x) with
A and we choose a basis of the free A-module K;(x) such that d(e,) = z. The derivation
d is thus defined by A-linearity d(ae,) = az for all a € A.

Let M be an A-module; we write K (z, M) for the complex obtained by tensoring K (x)
with M, i.e. the tensor product complex K(z) ®4 M. Then we have:

Kz, M), =K,(z)@a M =0 ifn#0,1,
K((L’ M)l—K1($)®AM M
K(z, M)y = Ko(z) @4 M = M

and the derivation d® 1 =d, d: K(x,M); — K(x, M), given by
d(e, ®m) =xm for all m € M.
We can compute the homology modules of this complex. They are:
Ho(K(x), M) = M/d(M) = M/xM,
Hi(K(z),M)=Anny(x)/0 = Anny(x) = Ker(zp: M — M),
H(K(z),M)=0 ifn#0,L.
(K

We will denote H;(K(z), M) by H;(x, M).

The second step is to take a complex of A-modules L and consider the tensor product
complex K () ®4 L. The homology modules of this complex are related to the homology
modules of L in the following way:
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2.1. Proposition. For every p > 0, we have an exact sequence:

0 — Hy(xz,H,(L)) = Hy(K(x) ®4 L) = Hy(x, H,_1(L)) — 0.
Proof. By definition of tensor product of two complexes, for all n we have:

(K(z)®a L)y = P K(2),®@a Ly
p+g=n

Since K(z); = 0 for i # 0,1, the above formula can be written as (K(z) ®4 L), =
(K(x)o®a L) @& (Kq(x) ®4 Lp—1). If we consider Ky(x) and K;(x) as A-modules, using
the natural injection and projection, we obtain the following exact sequence

0— (K(z)o®a L), = (K(z) ®4 L), = (K1(2) ®4 L)p—1 — 0

so that we have an exact sequence of complexes. Using the fact that Ky(z) = K;i(x) = A,
we can write that sequence in a fancy way

0—L— K(x)®4 L — L[-1] =0,

where L[—1] is the complex obtained from L by a shift of —1 (i.e. L[—1], = L,_1) together
with a sign change on the boundary map (this is a convention designed to simplify the
notation). We have the corresponding long exact sequence of homology modules

o Ky(2) @4 Hy(L) 225 Ky @4 Hy(L) — Hy(K(2) @4 L) —

— Ky(2) @4 Hy1(L) 25 Ko @a Hy (L) — . ..

where the boundary map d ® 1 is equal to scalar multiplication by x. Hence the above
exact sequence splits into short exact sequences:

0— X, = H),(K(z)®4L) =Y, 1 —0
with
X, = Coker(K;(x) ®4 Hy(L) - Ko ®a H,(L)) = Ho(x, Hy(L))
}/p = KeI‘(K1<CL’) XA Hp_l(L> — KO XA Hp_l(L)).
O

A complex of A-modules L is called an acyclic complex on M if H,(L) = 0 for p > 0
and Hy(L) = M. In other words, we have an exact sequence

o.—>L,— ... > L1 > Ly—M—0.
From the previous proposition we get the following

2.2. Corollary. If L is an acyclic complex on M and if v € A is not a zero-divisor in M,
then K(x) ®4 L is an acyclic complex on M /xM.

Proof. Since L is acyclic, we get Ho(z, H,(L)) = Hi(z,H,—1(L)) = 0 for all p > 1,
so that, by the previous proposition, H,(K(x) ®4 L) = 0 for p > 1. For p = 1 we
have Ho(flf, H1<L)) = O, hence H1<K<l’> XA L) = H1<K<l’> XA H()(L)) = Hl(K(I) XA
M) = Ker(zy) = 0 since z is not a zero divisor for M. Similarly, for p = 0, we get
Ho(K(z) ®4 L) = Hy(x, M) = M/zM. O
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Now we consider the general case. Let (z1,...,x,) be r elements of A. We denote by
K(x1,...,z,) the tensor product complex

K(zy,...,2,) = K(11) ®4 K(22) ®4 - @4 K(x,).

One can show! that K,(z1,...,2,) is the free module generated by the elements ¢;, ®
@€, iy <y <...<ip, where ¢; = e,, is the generator of the free A-module K (x;)
mentioned above. In particular, it is isomorphic to A”(A"), the p-th exterior product
of A”. Let M be an A-module. We write K(x1,...,z,;M) = K(x, M) for the tensor
product complex

K(zy,...,x,) ®4 M,
where x = (x1,...,x,). For all p, the module K,(z1,...,z,; M) is a direct sum of modules
i, @a -+ Qae, ®a M, iy <y < ...< i, with derivations d: K,(x, M) — K,_(x, M)
(see [6], Appendix C)
p
dlen, ®...®e, @m) =Y (-1 g6, ®... 04 ®...0e, @m.
k=1

We denote by H,(x, M) the p-th homology module of the Koszul complex K(x, M). An
easy computation shows that

Ho(x,M)=M/(xq,...,2,)M

H,y(x, M) = [\ Ker((z:)s: M — M) = {m € M |x;m =0 for all i}.
=1

One of the main uses of the Koszul complex is as a criterion for a sequence of elements
to be regular for a module M, in the sense of the following

2.3. Definition. Let M be a non-zero module over a local ring A and let zq,...,z, be
a sequence of elements in the maximal ideal m. We say that z,...,z, form a regular
sequence on M if, for every i, 1 < i <r, z; is not a zero-divisor in M/(xy,...,z;_1)M.

The following propositions describe the case where the homology modules of the com-
plex are zero for p > 0 (see [9, IV.A.2] for proofs).

2.4. Proposition. Under the preceding hypotheses, if for all i, 1 < 1 < r, x; is not a
zero-divisor in M [(xy,...,x;i—1)M, then H,(x, M) =0 for p > 0.

2.5. Proposition. If A is Noetherian, M is finitely generated and the x; belong to the
radical Nil(A), then the following are equivalent:

(1) Hy(x,M) =0 for p > 1.

(2) Hy(x,M)=0.

(3) For everyi, 1 <i<r, z; is not a zero-divisor in M/(xy,...,x;—1)M.

2.6. Corollary. Condition 3 does not depend on the order of the sequence (1, ...,x;).

Ldirect computation in lower degrees, then by induction.
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2.7. Remark. Notice that we are not assuming the local hypothesis in proposition 2.5.
The proof of the same result in the local case can be found in [8, p. 60]. However, the
exactness of the Koszul complex does not imply that the sequence is regular for nonlocal
rings: a regular sequence is defined as in the local case except that the condition that the
x; are in the maximal ideal is replaced by the condition that M/(zy,...,z,)M # 0. In
order to obtain a similar result we have to require (as Serre does) that the x; belong to
the radical. To see this, we can make the following example.

Let A = k[X,Y, Z] and consider the sequence XY, X —1, XZ. This sequence is regular
for A (in the sense specified above). Indeed, A/(XY, X — 1, XZ) # 0; X — 1 is not a zero
divisor in A/(XY') (thanks to the constant term —1). A/(XY, X —1) = k[Y, Z]/(Y) and
X7 = Z in this quotient (since X = 1). Hence, again, we have that X7 is not a zero
divisor in A/(XY, X —1). Now consider the permutation XY, XZ X — 1 of the sequence:
this is not a regular sequence (XZ is a zero divisor in A/(XY")). However, the Koszul
complex K(XY, XZ, X — 1; A) is exact.

The map M +— K(x, M) is clearly functorial for a fixed sequence of elements z1, ..., x,.
Notice that for all p, the module K,(x1,...,x,) is free, being isomorphic to A”(A"), hence
flat as A-module. In particular, this implies that the (covariant) functor M — K(x, M)
is exact. So, if 0 - M' — M — M"” — 0 is an exact sequence of A-modules, we obtain
an exact sequence of complexes

0— K(x,M')— K(x,M)— K(x,M") =0

and the corresponding exact sequence of homology modules:?

0— H,(x,M')— H.(x,M) — H.(x, M") = H,_1(x, M) — ...

e Ho(X, M/) — Ho(X, M) — H()(X, M”) — 0
Moreover, Hy(x, M) = M/(x)M is isomorphic (naturally in M) to A/(x) @4 M. 1t is
possible (see [3], Chap. III, Proposition 5.2 and Corollary 5.3) to extend this isomorphism
of functors (in a unique way) to a natural transformation

Wir Hy(wy, ... 20 M) — Tori (A/(z1,. .., 2,), M).

Suppose that conditions a), b) and c¢) of proposition 2.5 are satisfied for M = A (in
particular, this is equivalent of requiring that for 1 < ¢ < r, x; is not a zero-divisor

in A/(x1,...,2;-1)). Then K(z1,...,z,) is an A-free (hence projective) resolution of
Ho(zy,...,2,5A) = A/(xq,...,x,) and so the map 9; is an isomorphism for every i and
every M, i.e. the functors Tor?(A/(x1,...,z,),—) and Hy(x1,...,x,; —) are isomorphic.

Similarly we have natural maps
o' Exty(A/(z1,...,z.), M) — H' (Hom(K(x; M)) = H,_j(x; M)
that, in the same assumptions, turns out to be an isomorphism of functors.

Finally, we summarize some useful properties of the Koszul complex in the following
proposition:

2.8. Proposition. Let A be a local Noetherian ring and assume that the ideal x =

(x1,...,2,) is contained in the mazimal ideal m of A. Let M be a finitely generated
A-module. Then:

2Notice that we clearly have Hy, 1 (z1,...,zp; M) = 0 for all A-modules M, since A" (A") = 0.
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(1) The annihilator of Hi(x1,...,z,; M) contains (x1,...,x,) and Ann M for all i.
(2) If S is a multiplicative subset of A, then K(x,S™'M) = ST K(x, M). Therefore
Hi(X, S_lM) = S_lHi(X, M)

Proof. See [9, p. 56] and [2, chap. 17]. O

3. FILTRATION OF A KOSZUL COMPLEX

The Koszul complex on a set of elements has many properties that play an important
role for intersection multiplicities.

3.1. Definition. Let F' be a bounded complex of modules such that, for all ¢, H;(F') has
finite length. Then we can define the Fuler-Poincaré characteristic of F to be

X(F) = 3 (~1) lensgth(Hi(F)).
The Euler-Poincaré characteristic of a complex is additive on short exact sequences, i.e.
if
0O—=E—=F—=G—=0

is an exact sequence of bounded complexes with homology of finite length, then x(F) =
V(G) + X(E).

Let A be a local Noetherian ring and assume that the ideal x = (xy, ..., z,) is contained
in the maximal ideal m of A. Let M be a finitely generated A-module such that M /xM
has finite length. The homology modules of the Koszul complex H,(x, M) are the finitely
generated and, by prop. 2.8, are all annihilated by x + Ann M. Hence® they have finite
length. We can then define the Euler-Poincaré characteristic

X(x, M) =" (—1)"length(H,(x, M)).
p=0
Since M /xM has finite length by assumption, dim4 (M) < r (using Chevalley definition
of dimension), hence the Hilbert-Samuel polynomial Py(M) has degree < r. In section
1 we defined the Samuel multiplicity of an ideal to be 7! times the term of degree r
of the Hilbert-Samuel polynomial. The main result of this section is to show that the
Samuel multiplicity of the ideal generated by zi,...,x, is equal to the Euler-Poincaré
characteristic of the Koszul complex K (x, M), i.e.

3.2. Theorem. Under the previous assumptions
X(x, M) =e.(x,M).

Proof. This is the proof given by Serre in [9]. A (slightly) different approach can be found
in [8].

Let K = K(x,M). We can write K as the direct sum of its components K, =
Ky(x, M) = AP(A"). For every i € Z, define the submodule F*(K,) of K, by F'K, =
x""PK, where x = A if j < 0. Denote by F'K the complex obtained considering F'K),
(that is actually a subcomplex of the Koszul complex K). By definition we have that

3We know that p € Supp(H,(x, M)) if and only if p D Ann H,(x, M) D x+Ann M. Hence p D Ann M,
so p € Supp(M) and p D x. So p € Supp(M/xM) = {m}.
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F'K = K (since F'K, = K,). Moreover, for every fixed p we have that x" ?K, =
F'K, D F'"''K, = x"""PK, since x'? D x"™7P. Thus we get a decreasing filtration of
complexes

K=F'K>F'K>...DOFKD>...

which is an x-good filtration of K, i.e. for all p the filtration (F'K,); of K, is x-good.
Let gr(A) be the graded ring associated with the x-adic filtration of A, that is

gr(A) = Gx(A) = @Xi/xiﬂ.

So gro(A) = A/x and gri(A) = x/x%. Let &, ..., & be the classes of xy,...,x, in the
quotient x/x? and denote by E = (&;,...,§,) the ideal of x/x? generated by &, ...,&,.
Let now gr(M) = Gx(M) be the graded module associated with the x-adic filtration of
M. Hence gr(M) is a graded gr(A)-module.

It worth noticing that the Koszul complex K (E, gr(M)) is a graded complex, isomorphic
to gr(K) = @, F'K/F"™ K (this can be seen by direct computation, using the explicit
description of the modules of the K, as free modules generated by the elements e;, ®...®
€y 11 <y < ... <1y, where e; = e,,).

The homology modules H,(E, gr(M)) are all finitely generated modules over gr(A)/2 =
A/x (since A is Noetherian). Since Ann M annihilates the modules H,(x, M), using the
description of K(E,gr(M)) in terms of the complex associated to the x-adic filtration
gr(K)) we see that Ann M actually annihilates H,(E, gr(M)). Hence we can give them
a structure of A/(x + Ann M)-module. Since M /xM has finite length, the unique prime
ideal that contains both x and Ann M is m. Hence A/(x+Ann M) is Artinian (Noetherian
of dim0) and then, by a well-known result, H,(E, gr(M)) have finite length (for all p).

As a consequence, since H,(Z, gr(M)) is the direct sum of the H,(F'K/F"K), we
have that there exists an m > 0 such that H,(F'K/F™K) = 0 for all i > m and all p.
Without loss of generality, we can assume m > r.

Notice that we can actually say more:

Claim. for all p and for i > m we have H,(F'K) = 0.

This can be shown in two steps: first, arguing by induction, it is possible to see that
H,(F'K/F*K)=0forp€Z,i>mandj > 0. Then the claim follows from a corollary
to Artin-Rees lemma (for details about this step of the proof, see [9, p. 58, §3.5-3.6]).

The claim can be reformulated as follows: for all p € Z, the map, induced in homology
by K — K/F'K, Hy(x,M) = H,(K) — H,(K/F'K) is an isomorphism for i > m.

The next step is to show that the Euler-Poincaré characteristic x(x, M) is equal, for
i > m to the characteristic x(K/F'K). Indeed, by the claim, we have that

s T

X(x, M) =" (—1)"length(H,(x, M)) = > (—1)"length(H,(K/F'K)).

p=0 p=0

The complex K/F'K has finite length. Since the length is additive on short exact se-
quences, a simple computation shows that the Euler-Poincaré characteristic of a complex
of finite length is equal to the characteristic of the corresponding homology complex.
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Hence we have:

T 7

X(x, M) = " (=1)length(H,(K/F'K)) = Y "(—=1)"length(K,/F'K,) = x(K/F'K).
p=0 p=0
But K,/F'K, = K,/x"PK, = K, ®, A/x'"?. Since K, = K,(x, M) is a direct sum of
(;) modules e;, ®4 -+ @4 €, ®4 M where i1 <ipy < ... <1y, K,®4 A/x"P is isomorphic
to (;) copies of M ® 4 A/x""P = M/x""PM. Hence, if i > m, we have
o b0) = Y (-1 (7 Ytemge (e x30).
p=0 p

If ¢ is large enough we can rewrite this equality as

w3 = Y (1) - )

p=0 P

with the Hilbert-Samuel polynomials Py(M). By direct computation, the right side is
equal to e.(x, M). O

As a consequence (by the properties of e,(q, M) proved in section 1)

3.3. Corollary. We have x(x, M) > 0 if dims (M) = r and x(x, M) = 0 if dims (M) < 7.

4. REDUCTION TO THE DIAGONAL

In this paragraph we present the so-called reduction to the diagonal: it is a simple but
clever argument that reduced the question of intersection of arbitrary affine varieties to
a question of intersection of an algebraic set with a linear variety. Let k be a field. First
of all, recall that a subset V' C A7(k) is called an affine algebraic variety if the ideal
Z(V) = p is prime. It is well known that an affine algebraic set V' is irreducible if and
only if Z(V') is prime (hence varieties are irreducible algebraic sets). So let V' C A} (k) be
an affine variety and let p = Z(V'). We define the dimension dim V' to be the dimension
of the Noetherian ring A = k[Xy,..., X,,]/p (which is indeed a domain).

Let U,V be two affine varieties. The set U NV needs not to be irreducible, but is clearly
an algebraic set (actually U NV = V(p + q) where p and q are the ideals Z(V') and Z(U)
resp.): consider an irreducible component W of V' N U. Then we have the inequality

dimW >dimV +dim U — n.
Following Serre, this result can be restated in a purely algebraic language as follows:

4.1. Proposition. Letp and q be two prime ideals of the polynomial ring A = k[ X, ..., X,].
Let B be a minimal element of V(p + q). Then we have

ht(9B) < ht(p) + ht(q).

As we said above, the idea behind the proof is to look at A ®; A and at the two prime
ideals corresponding to the product V' x U and to the diagonal A respectively. We need
two lemmas:
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4.2. Lemma. Let A’ A” be domains which are finitely generated k-algebras. For every
manimal prime ideal p of A’ @y A", we have

dim(A’ @, A" /p) = dim(A’ ®; A”) = dim A" + dim A”.
Proof. By Noether normalization lemma, there exist two polynomial k-algebras B’ =
k[Xi,...,X,] and B” = k[Y7,...,Y,,] such that A" is an integral extension of B’ and A”

is an integral extension of B”. By the Going Up theorem, this implies dim A’ = dim B’
and dim A” = dim B”. Notice that the tensor product

B @y B" = k[X1,..., Xo] @ k[Yi, ..., Y] 2 kX1, ... X, Y1, V]
is again a polynomial ring. Therefore, since we know the dimension of a polynomial
algebra, we have dim(B’ ®; B"”) = dim B’ + dim B”".

Now, since A’ is integral over B’, then A’ is finitely generated over B’. Similarly, A” is
finitely generated over B”. But then the ring A'®; A” is finitely generated over the product
B'®y, B” by the (tensor) products of the generators of A’ over B" and of A” over B”, hence
integral. Again by the Going Up theorem, we have dim(A’ ®; A”) = dim(B’ ®x B"). So
we have:

dim(A’ @, A") = dim(B’ ®; B") = dim B’ + dim B” = dim A’ + dim A".
Let p be a minimal prime of A’ ®; A”. Let K', K" L', L" be the field of fractions of
A, A" B', B”. We have the diagram of injections

0_> L/ ®k [///_> K/ ®k; K//

0_’Bl®k B”—»A/®kAH

0 0

As K’ is an L' vector space, it is free over L'. Similarly K" is free over L”. Since direct
sums commute with tensor products, we have that K’ ®; K" is free over L' ®;, L”; in
particular, it is a torsion-free module over the polynomial algebra B’ ®, B”. Notice that
the intersection of the prime ideal p with B’ ®, B” is 0. In fact, let x € p N B’ ®, B":
notice that we can think at x as an element of A’ ®; A”. Since p is a minimal prime, then
it is associated to (0). Hence x € p implies that z is a zero-divisor in A’ ®; A”. Therefore
there exists y € A’ ®; A” such that zy = 0. But then y is a B’ ®; B’-torsion element of
K @, K", sox=0.

As a consequence, we have that A’ ®; A”/p is integral over B’ ®; B” and so, finally, we
get

dim(B’ @ B") = dim(A’ @, A" /p)

and this completes the proof. O
4.3. Lemma. Let A be a k-algebra, let C' = A®, A and let ¢: C — A be the homomor-
phism defined by p(a ® b) = ab. Then:

i) The kernel d of ¢ is the ideal of C generated by the elements 1 ® a —a ® 1, for
a€ A.



12 FEDERICO BINDA
i) If p and q are two ideals of A, the image via ¢ of the ideal p @ A+ A® q is
equal to p + q.
Proof. It’s a simple computation. For details, see [9, p. 48]. 0
Now we can return to the proof of the proposition.

Proof. Consider the exact sequence
0—=2pRk A+ ARQrq— AR A— A/p®r A/q — 0.

Let I = o '(B) where p: A ®p A — A is the multiplication map p(a ® b) = ab. Notice
that I € V(0) (i.e. I D0 = Kery) and I € V(q) where g := p® A+ A®q. Thus
I €V(q)NV(0) =V(q+0). Notice that I is actually a minimal prime ideal of V(g + 0),
since any J prime that contains ¢ must contain also I (by definition). Let now Q be the
image of I in A/p ®; A/q: it is prime and actually a minimal prime ideal of V(?") where
0’ is the image of 9 in A/p ®; A/q. So we have the following situation:

0—>qg—=0CI—=0CcQ—0

and (0 C 1) 2 (0 C P). By lemma 4.3, we have that the kernel d is generated by the n
elements X; ® 1 +1® X;. Hence we can deduce that ht(Q) < n. If Qg is a minimal prime
ideal of A/p ®; A/q contained in £, then again we have ht(Q/9Q) < n. So, according to
lemma 4.2, we have

dim((A/p ®x A/4)/Qo) = dim(A/p) + dim(A/q).
Moreover, since also A/p®y A/q is finitely generated as k-algebra, we can use the formula

ht(Q/Q0) = dim((A/p @1 A/a)/Qo) — dim((A/p @k A/q)/Q)

and so, using the fact that dim((A/p ®x A/q)/Q) = dim A/PB, we get

n > ht(Q/Qy) =dim A/p + dim A/q — dim A/B
so that

n—dimA/P <n-—-dimA/p+n—dimA/q
i.e. ht(PB) < ht(p) + ht(q). OJ
As we mentioned above, the proof is an algebraic analogue of the set-theoretic formula

VNW = (VxW)NA. Notice also that the first lemma shows that every irreducible

component of the product of two algebraic (affine) varieties has dimension equal to the
sum of the dimensions of the two varieties.

5. MULTIPLICITY OF A MODULE AND INTERSECTION MULTIPLICITY OF TWO
MODULES

Let A be a Noetherian ring. Assume that all A-modules mentioned in this section are
finitely generated.

5.1. Definition. An element of the free abelian group Z(A) generated by the elements of
Spec(A) is called a cycle of A. We say that a cycle Z is positive if it is of the form

Z = Zn(p)p with n(p) > 0 for every p € Spec(A)
p
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For each i, we denote by Z;(A) the free Abelian group with basis consisting of all prime
ideals p such that the dimension of A/p is i. The group Z;(A) is called the group of
cycles of A of dimension . If we assume that A is local of dimension n (that implies, in
particular, that the dimension of A/p is bounded by n for all p € Spec(A)), we have that
the group Z(A), also called the group of cycles of A, is the direct sum of its subgroups

In order to understand the definition, we can consider the following example: let A =
k[X,Y] be the polynomial ring in two variables over a field k. It is well-known that the
dimension of k[X,Y] is, as one might expect, 2. As a consequence, the groups of cycles
Z1(A) are zero for all k except for k = 0,1 and 2. The group Zy(A) consists of the free
Abelian group generated by the set of prime ideals such that A/p has dimension 0. Since
A/p is a domain, this implies that is actually a field. Hence Zy(A) is the free Abelian
group on the set of maximal ideals of A. If k is algebraically closed, by the Nullstellensatz,
this set is in one-to-one correspondence with the set of points (a,b) in k& x k (actually
it is the set of closed points of Spec(A)). Z;(A) has a basis consisting of primes p with
codimension 1, which correspond to irreducible curves. Finally, Z5(A) is free of rank 1,
generated by the (0) ideal.

Let M be an A-module: we wish to define the group of cycles of M. A first, naive, idea
is to consider the set of associated primes of M and then take the free module generated
by them. Anyway, it turns out to be more useful to make a different choice. Notice (see
9, V.A.1]) that the category of A-modules M such that dims(M) < i is abelian. Given
an exact sequence of A-modules

0O—-M —->M-—->M' —0

with M’ and M"” of dimension less or equal than i, then, since Supp(M) = Supp(M’) U
Supp(M"), also M has dimension less or equal than i. We provisionally denote by K;(A)
the category of A-modules M with dim4(M) <i. Let p € Spec(A) such that dim(A/p) =i
and let M € K;(A). Then the module M, over A, is of finite length (maybe zero): in fact,
if p ¢ Supp(M), then M, = 0. If p € Supp(M) we have* that dim(A/p) =i = dima (M)
and so Supp(M,) = {pA,}. Denote the length of M, as A,-module by length(M,). This
length satisfies the following property: if

0OCcMyC...CM;C...CM;=M

is a finite filtration of M whose quotients M;/M,_; are of the form A/q, where q € Spec(A),
then there are exactly length(M,) quotients of the form A/p.
Thus, we can finally define the function z;: K;(A) — Z;(A) by

zi(M) = Z length(M,,)p.

dim A/p=i

We define z;(M) to be the cycle of dimension i associated to M. The function z; is zero
on K; 1(A). As we have already observed in the example above, if A is a domain, then
Zn(A) 2 Z for n = dim(A). Similarly, z,(M) is (by definition) the rank of the A-module
M.

4since dim (M) = SUPpegupp(M) (CONE p)
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Assume A is local and let m be its maximal ideal. Let q be an m-primary ideal. Recall
that by the so-called Dimension theorem, for every non-zero A-module M, the Hilbert-
Samuel polynomial Py(M) is of degree equal to d = dimy M. Moreover, as we have seen
in section 1, its leading coefficient is e(q, M)/d!. More generally, we defined e;(q, M) for
all positive integer i and M module such that d = dimy M < itobe 0if d < i and e(q, M)
if d = 7. Hence ¢;(q, M) is an additive function on K;(A) which is zero on K;_1(A). It can
be proved® that any such function on K;(A) factors through z;(M) defined above. Thus
we have the following additive formula:

ei(a, M) =Y length(M,)e;(a, A/p)
dim A/p=i

Let x be an ideal of definition of A, generated by z1, ..., x, where n = dim A. According
to theorem 3.2, the i-th homology module of the Koszul complex K(x, M) has finite
length for every A-module M and every i > 0 and we have
V(5 M) = (3, M) = 3 (1) Li(x, M)
i=0
where £;(x, M) := length(H;(x, M)).

In section 4, we introduced the viewpoint of the reduction to the diagonal: in particular,
given the k-algebra A = k[X7, ..., X,,], we introduced A ®; A as the coordinate ring of
the product A} (k) x A% (k). Similarly, A/p ®; A/q can be seen as the coordinate ring
of U xV and (A ®; A)/0 as the coordinate ring of the diagonal A. In particular, A
can be identified with (A ®; A)/0 and this gives a A ®; A-module structure to A. The
isomorphism of U NV with the intersection (U x V)N A is the expressed in algebraic form
as the base change®

Alp®aAla=(A/p @ A/q) ®aga A.

This idea can be generalized as follows: let A be a k-algebra (k field, not necessarily
algebraically closed) and let M, N be two A-modules. Let B = A ®; A and let 0 be the
ideal generated by a®1—1®a, a € A (is the kernel of the multiplication map ¢ of section
4). Then A = B/d has a B module structure and we have the formula (see [3, Chap. IX,
2.8] and [9, p. 101])

Tor? (M @y, N, A) = Tor (M, N).
This is the new “reduction to the diagonal” argument. Using this isomorphism we get
a new way of computing the Tor?(M, N) using the Koszul complex. In fact, from the
definition of the Tor functor we have that given a projective resolution

—P,—...>FP—A

of A as B-module, there is a natural isomorphism between the homology modules of the
complex (M ®;, N) ®p P and the modules Tor? (M ®; N, A). Using the reduction to the
diagonal argument, we get the isomorphism (natural in M and N) between Tor” (M, N)
and H,((M ®; N) ®p P). In particular, if A is the polynomial ring k[X;,...,X,], a

5This is more or less the universal property of the Grothendieck group of A. See [1, p.88]
6Recall that the support of a tensor product of modules M ® 4 N is simply the intersection of the
supports of the two modules M and N.
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projective resolution of A as B = A ®; A module is given (again, see [9] for details) by
the Koszul complex K2((X; ® 1 —1® X;), B).
Now we need one last tool:

5.2. Proposition. Let A be a Noetherian ring such that, for every mazimal ideal m, Ay
is a domain. Then A is a direct product of a finite number of domains.

Proof. Since A is Noetherian, we can consider the decomposition of the nilradical of A
as a finite intersection of primes: \/@ = Nil(A) = p; N ... N p,: they are exactly the
minimal prime ideals of A. Let m be a maximal ideal of A. Then A, is a domain and so
it has exactly one minimal prime ideal (actually (0)). As a consequence, m must contain
exactly one of the p’s. Hence there is no maximal ideal m such that m D p; +p; for 7 # j
and so p; +p; = A, i.e. they are pairwise coprime. By CRT we get

A/ (b = A/Ni(4) = T Afp

We claim that Nil(A) = 0, i.e. A is reduced. In fact, let z € Nil(A) and let m a maximal
ideal of A containing the annihilator Ann(z). Then x € A, is not zero but x is still
nilpotent there, contradicting the assumption that A, is a domain. O

5.3. Definition. A Noetherian ring A is called a regular ring if it has finite global homo-
logical dimension.

Equivalently, A is regular if the localization at every prime ideal is a regular local ring.
Since a regular local ring is a domain, from the previous proposition we get that every
regular ring A is a direct product of a finite number of regular domains. We need also
the following

5.4. Definition. A domain A is called of equal characteristic if, for every prime p, A/p
and A have the same characteristic. If A is a regular ring, A = [["_| B;, we say that A is
of equal characteristic if the components B; are domains of equal characteristic, which is
to say if, for every prime p, the ring A, is of equal characteristic.

We are finally ready to state the following result:

5.5. Theorem. If A is a reqular ring of equal characteristic of dimension n, M and N
are two finitely generated A-modules and q a minimal prime ideal of Supp(M ®4 N) =
Supp(M) N Supp(N), then:
i) The Euler-Poincaré characteristic xq( M, N) := 3.1 (—1)"length(Tor;*(M, N),)
18 well-defined and > 0.
ZZ) dimAq Mq -+ dimAq Nq < htA(q)
i) dimg, Mg+ dimg, Nq < hta(q) if and only if xq(M, N) = 0.
Where Tor (M, N), = Tor?“ (Mg, Ng) is the localization at q.
The theorem is a generalization of the results that we collected along the way (in
particular theorem 3.2). We don’t give a proof, since it requires results and definitions

about completed tensor product and completed Tor;. Details can be found in [9, pp. 102-
106].
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6. THE Tor FORMULA

In this section we will describe the connection with algebraic geometry. Let X = A7 (k)
be the n-dimensional affine space over a field k. We can assume, for simplicity, that
the field k is algebraically closed. Let U,V be two irreducible varieties and let W be an
irreducible component of U N V. Suppose that the local ring A of A} (k) at W

A=A{f/glf.g€klXy,....,X,],gW) #0} =k[Xq1,..., Xolpw

(where pyy is the prime ideal corresponding to W) is a regular local ring. Then (see section
4) we have:

dimU +dimV < n 4+ dim W.

When the equality holds in this formula, the intersection is called proper at W (and,
following Serre, we say that U and V' intersect properly at W).

Let now py and py be the prime ideals of the regular local ring A corresponding to
U and V respectively. If we apply theorem 5.5 to the modules A/py and A/py (finitely
generated over A) we get that the Euler-Poincaré characteristic:

(6.1) X (A/pu, Afpy) = _(=1)length(Tor! (4 /py, A/py))
i=0
is well defined; it is an integer > 0.

Indeed the hypothesis of the theorem are satisfied: A is regular and, for M = A/py,
N = A/py, we have Supp(M ®4 N) = Supp(M) N Supp(N) = {m} where m is the
maximal ideal of A, since M @4 N = A/(py + py) has finite length. Hence m is the
(unique) minimal prime ideal of Supp(M ®4 N): using the Koszul complex and the
previous results, we get that the modules Tori'(A/py, A/py) have finite length, i.e. the
Euler-Poincaré characteristic is well-defined. Finally, x*(A/py, A/py) > 0 using part i)
of the theorem.

6.1. Definition. The non negative integer x(A/py, A/py) in formula 6.1 is Serre’s defi-
nition of intersection multiplicity of U and V' at W.

For” X = A%(k), the function I(X,U - V,W) = x*(A/py, A/py) satisfies the formal
properties of an intersection multiplicity (see below).

Let X be a non singular affine variety of dimension n and let A be its coordinate ring.
If a € N and if M is an A-module of dimension less or equal than a, we defined, at the
beginning of section 5, the cycle z,(M) = 34, 4/q= length(Mg)q. It’s a positive cycle of
dimension a (i.e. z,(M) € Z;(A)) which is zero if (and only if) dim M < a. Using the
function I defined above, we want to define a product of cycles in Z(A).

6.2. Proposition. Let a,b,c € N such that a +b=n+c. Let M, N be two A-modules
such that dim M < a, dim N < b and dim M ®4 N < c. Then the cycles

za(M) = Z length(Mj)q, 2(N) = Z length(N,)p
dim A/q=a dim A/p=>b

"We can restate the above results in the (slightly) more general situation where X is an algebraic
variety and U, V, W are three irreducible subvarieties of X, W being an irreducible component of U N V.
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are defined and the intersection cycle (defined by linearity using the function I(X,U -
V.W) == xYA/pu, A/pv)) 2o(M) - z,(N) is defined and coincides with the cycle

zo(Tor* (M, N)) := ) (=1)"z(Tor(M, N)).
Proof. The result follows from a direct computation: for details see [9, p. 113]. O

6.3. Remark. In the case M = A/py, N = A/py with dimM = a, dim N = b the
condition a + b = ¢+ n is exactly the case of U and V' which intersect properly at an
irreducible subvariety W of dimension ¢. Notice also that M ®4 N = A/(py + pv).

The product of cycles defined using the function I has the so called fundamental prop-
erties of intersection theory; namely it’s commutative, associative, and satisfies two more
properties (the product formula and the reduction to the diagonal). This should convince
us that Serre’s definition of intersection multiplicity makes sense. Actually, it’s not hard
to show that the following result holds:

6.4. Theorem. With the above notations, we have:

(1) If U and V do not intersect properly at W, we have x4 (A/py, A/py) =0
(2) If U and V intersect properly at W, x*(A/py, A/pv) > 0 and coincides with the
intersection multiplicity in the sense of Samuel.

We will not give the general definition of Samuel’s intersection multiplicity: the key
point here is that Samuel’s definition is strictly geometric, while Serre’s definition is purely
algebraic.

Here there is an idea of the proof. First consider the case where U is a complete
intersection in W, i.e. the ideal py in the local ring A of X at W is generated by h
elements z1,...,z, with h =dim X —dimU = dim V — dim W. We have (see section 2)

Tor (A/pu, A/pv) = Hi(x, A/py).
Hence
A(A/pu, Afpv) =) (—1)length(H;(x, A
X (A/pu, Afpv) = Z( )length(H;(x, A/py))

and, by theorem 3.2, this gives x*(A/py, A/pv) = en(x, A/py) (where n = dim X and x
denotes the ideal of A/py generated by the images of the z;’s). This number coincides
(actually we can take it as a definition) with Samuel’s definition of multiplicity of U and V'
on W in the complete intersection case. The general case can be reduced to the previous

one using the reduction to the diagonal, which holds for both I and Samuel’s multiplicity.
Actually the diagonal A is non singular and so is locally a complete intersection.

7. EXAMPLES AND APPLICATIONS

In this section we prove that Serre’s definition of intersection multiplicity is the “right
one” at least in the case of affine plane curves. Consider the 2-dimensional affine plane
AZ (k) over an algebraically closed field k. Let Op = k[X,Y](x_qy_p) be the local ring
at the point P = (a,b) € Ai(k). Let U and V be two irreducible curves and let P be a
point in the intersection. Let py and py be the prime ideals in Op corresponding to U
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and V respectively. From classical algebraic geometry, the intersection multiplicity of U
and V at P, up(U,V) is defined as follows:

pp(U, V) = dimg(Op/(pv + pv)) = dim,(Op/pr ®o, Op/pv).

Then we have the following
7.1. Proposition. Let A= Op. Then we have up(U,V) = x(A/py, A/pv).

Proof. Recall (see section 2) that, the Koszul complex of a commutative ring A for z € A
is such that H;(x, M) = Tor(A/x, M) for all i and M.
We use the definition of xy(A/py, A/py); clearly dim A = 2, hence

X (A/pu, Afpy) =
= length(TorS‘(A/pU, Alpy)) — length(Torf(A/pU, Alpy)) + length(Tor‘zq(A/pU, Alpv))
= length(A/py ® A/py) — length(Torf(A/pU, Alpy)) + length(Tor‘;(A/pU, Alpy))

Let f € A be the generator of the principal® ideal py and let M = A/py. f is not a
zero divisor of M, since the two curves U and V are both irreducible and distinct (in
particular, they do no share irreducible components). So, using the Koszul complex, we
get:

(A/py @ Alpy) = Ho(f, M) = M/(f)M
(Tory (A/pu, A/pv)) = Hi(f, M) = Ker(m — fm) =0
(Tory (A/pu, A/pv)) = Ha(f, M) =0

Moreover

M/(f)M = (A/pu)/((f)A/pv) = A/ (pv + pu) = A/pv @4 A/py
hence we have done, since clearly dimy(A/(py + pr)) = length ,(A/py ®4 A/py). O

7.2. Example. To see why the higher Tor are actually useful (so that Serre’s “Tor-
formula” is really the right one for computing the intersection numbers), we conclude
with the following example (taken from [5] and [4, p. 428]).

Consider the affine space Af(k) (over a fixed field & that may be chosen algebrically
closed). Let V be the plane V' = V(x1 — x3, x5 — x4) and let U = V(xq23, X124, T2x3, ToXy)
be the union of two planes meeting at a point. Notice that (z1,z2) N (z3,24) = (21, 22) -
(x3,14) = (173, 124, Tox3, Toxy), ie. U = Up U Uy where Up = V(z1,22) and Uy =
V(x3,x4) are the two irreducible components. We want to (naively) compute the inter-
section multiplicity at the point P = (0,0,0,0) for the two varieties using the definition
given for curves: in other words we have to compute the dimension as k-vector space of
the ring

k[xla T2,T3, x4](x1,x2,x3,x4)
(1 — @3, 2 — x4) + (123, T124, ToT3, Toly)
Actually (since localization commutes with the quotient), this dimension coincides with

dlmk ( k[$1,$2,x3,$4] )(

(x1 — x3, 22 — x4) + (2123, T124, ToT3, Toly)

1,%2,23,%4)

8It’s the localization of the principal ideal defining the curve V, hence it’s still principal.
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However D ~ (k[T1, %3] /(Z1?, T1T2, T2°) )z7,75 Which has dimension 3. This number is what

we would call the “intersection multiplicity” at P of the two varieties after this naive

computation. Since the variety U is not irreducible, it is quite natural to check what

happens if we consider the two irreducible components. So let us compute the intersection

of Uy with V' at P and of U, with V' at P. For example,
]{7[33'1, T2, T3, .1'4]

(z1 — 23,02 — 24) + (71, T2)
and clearly this does not change after localizing at 77, so the intersection multiplicity
of VNU; at P is 1. Similarly for V N U;. So, since V meets each component of U
in one point P, we have, by linearity, that the intersection number is simply the sum
1+1=2=1I(A* UV, P). Clearly 2, that is the correct number, is different from 3, that
is the result of our first computation.

~k
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