THE LOOP AND SUSPENSION FUNCTORS & FIBRATION
SEQUENCES

ZIYANG GAO

In the first part, we will consider a fixed model category C and f,g: A = B two maps
in C where A is cofibrant and B is fibrant.

Notation 1. Left and right homotopies are denoted as follows:

Aual® . B Bl B
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Definition 2. (1) Let h: Ax I — Band b : Ax I' — B be two left homotopies
from f to ¢g. By a left homotopy from A to h’ we mean a diagram
I h+h'

Ax]LIAuAAx B
[ |
O'+0'/ J074‘]} H
~.
A AxJ

where jo + j1 is a cofibration and 7 is a weak equivalence. Here A X I Lig0 A X I’
is the push-out of the maps dy+0; : AUA — AxTand 9)+0; : AUA— AxTI.
(2) Dually, let k: A — B and &' : A — B be two rightarrow homotopies from f to
g. By a right homotopy from & to k' we mean a diagram
t

BJ\ B
K‘ (ZC;JJ;) J(S’S/)
N
A m BI X BxB BI/

where 50 + 31 is a fibration and ¢ is a weak equivalence. Here B! x5 B’ " is the
pullback of the maps (dy,d;) : B — B x B and (d),d}) : B — B x B.

Definition 3. Let h : A x I — B be a left homotopy from f to g and let k : A — Bf
be a right homotopy from f to g. By a crrespondence between h and k£ we mean a map
H:AxI— Blst. H)y = k,HO, = sg,dgH = h and diH = go. It’s good to bear in
mind the following diagrams:

Q
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with the horizontal lines referring to left homotopies and the vertical lines referring to
right homotopies.

Lemma 4. Given B! and h : A x I — B, there is a right homotopy k corresponding
to h. Dually, given A x I and a right homotopy k : A — B!, there is a left homotopy
h:AxI— B corresponding to k.

Proof. Consider the commutative diagram:

A—Y . p!
01 \ \(do,dl)
AxT Bx B
(h,go)

Since the left arrow is a trivial cofibration, there exists an H : A x I — B st. every
triangle commutes. Now k = H 0, satisfies the condition. OJ

Lemma 5. Suppose h: AxI — B and h' : Ax 1" — B are two left homotopies from f to
g and that k : A — B! is a right homotopy from f to g. Suppose that h and k correspond.
Then h' and k correspond iff b’ is left homotopic to h.

Proof. Let H : A x I — B’ be a correspondence between h and k, and H' : A x I' — B!
be a correspondence between A’ and k. Let A x J, jo + j1 and 7 be as before. Then the
dotted arrow K exists in the diagram

Ax U Ax 21 pr

v
K _ -
Jo+J1 -7 dy

AxJ

a7

and doK : A x J — B is a left homotopy from h to '

Conversely, suppose given H : A x I — B! a correspondence between h and k, and a
left homotopy K : Ax J — B from h to h'. Then jo: Ax I — A X J is a cofibration since
it’s the composition of jo + j; and A x I — A x I Uyya A x I' which is the pushout of
0o + 01. Also jp is trivial since 7jp = 0. Hence the dotted arrow ¢ exists in the diagram

Ax -2 B!

. e -
Jo\ - \(do,dﬂ

AXJWBXB

and ¢j; : A x I' — B! is a correspondence between h' and k. O

Corollary 6. ~; is an equivalence relation on the class of left homotopies from f to g and
the equivalence classes form a set 7 (A, B; f,g). Dually right homotopy classes of right
homotopies form a set wi(A, B; f,g). Correspondence yields a bijection ©i(A, B; f,g) ~

(A, B; f,9)-
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Proof. Lemma 5 yields the equivalence relation assertion. Lemma 4 shows that to give
an equivalent class of h is equivalent to give a k : A — B! with fixed B, and thus the
equivalence classes form a set. The last assertion is clear from Lemma 5 and its dual. [

By Corollary 6, we may simply write the set as m (A, B; f, g) and refer to an element
of this set as a homotopy class of homotopies from f to g.

Definition 7. (1) Let f1, fa, f3s € Hom(A, B), let h: A x I — B be a left homotopy
from f; to fo and let b’ : A x I’ — B be a left homotopy from f5 to f3. By the
composition of h and h’, we mean the homotopy h” : A x I — B where A x " is
defined by pushout

% AxT

JD

mn1

Ax T — Ax "\

0_/ AN
O
AY
R

and h"iny = h,h"inyg = h'. Note that A x I"” is also a cylinder object with
| = in10p, 0) = in20y,0"in; = o and ¢”ing = o’. This composition is denoted
by h -1, and it gives a left homotopy from f; to fs.
(2) If f,g € Hom(A,B) and h : A x I — B is a left homotopy from f to g, then by
the inverse of h, we mean the left homotopy A’ : A x I’ — B from ¢ to f, where
A x I' is the cylinder object for A given by AxI' = Ax [, 0y = 0,,0] = 0p,0' =0
and where i/ = h. This inverse is denoted by h~1.

Hence, we have the following pictures:

h h

fi fa f3
h—1 /

Proposition 8. Composition of left homotopies induces maps 7' (A, B; f1, f2) X7 (A, B; fa, f3)
— 7wt (A, B; f1, f3) and similarly for right homotopies. Composition of left and right ho-
motopies is compatible with the correspondence bijection of Corollary 6. Finally the cat-
egory with objects Hom(A, B), with a morphism from f to g defined to be an element of

™ (A, B; f,g9) and with composition of morphisms defined to be induced by composition of
homotopies, is a groupoid, with the inverse of an element of 7' (A, B; f, g) represented by

h being represented by h™1.

9

Proof. Let h (resp. k) be a left (resp. right) homotopy from f; to fa, let A’ (resp. k') be
a left (resp. right) homotopy from f; to f3, and let H (resp. H') be a correspondence
between h and k (resp. h' and k’). Then we have the following correspondence between
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h-h' and k- K":

fao fao’

! / |/ / !
k Ko v H s'f3

_f20_ _h/_

k H sj:fz Sh, sfs
h h!
Taking Lemma 5 into account, this proves the first two assertions of the proposition.

Composition os associative because (h-h’) - h” and h- (h'- h") are both represented by
the picture

h hl h//

If h : AxI — Bis a left homotopy from f to g and H : Ax I — B is a correspondence
of h with some right homotopy k, then the diagrams

go go go go
k ko & H sg k H sg Sgo sg
fo h h go

and Lemma 5 give fo-h ~ h, h-go ~ h, proving the existence of identities and hence that
Hom(A, B) is a category. Finally let H' : Ax I' — B! be H: A x I — B, where A x I
is Ax I with 9 = 01,0, = 0y, and 0’ = o, and let H” : A x I' — B! be a correspondence
of h"': Ax I' — B with some k" : A — B!, and let H : A x I — B! be H". Then the
diagrams

go go fo fo
sg H & H sg sf F[ k" H” sf
9 h—1 f h 9 h h—1

show that h=!-h ~ go and h-h™! ~ fo proving the last assertion of the proposition. [J
g

It is clear that if i : A’ — A is a map of cofibrant objects, then there is a functor
i* : Hom(A, B) — Hom(A’, B) which sends f into fi and a right homotopy k : A — B!
into ki : A’ — B!. Similarly if j : B — B’ is a map of fibrant objects, there is a functor
J« : Hom(A, B) — Hom(A, B').

Lemma 9. The diagram
(A, B; f,9) ——= m(A', B; fi, gi)

m(A, B'sjf,jg) — m(A, B, jfi, jgi)
commautes.
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Proof. Let o € m (A, B; f,g) and represent a by h: Ax I — Bk : A — B! and let H
be a correspondence between h and k. By Lemma 4, we may assume that 0 : Ax [ — A
is a trivial fibration and s : B — B is a trivial cofibration. So we may choose dotted
arrows in the diagrams:

Opi+011 s'j
AUA T AxT B— . (B!
v v
ag+ag\ e \g s f/i . (dh.d,)
i g
A x T A pl Bddh) pro pr

Then ¢ H is a correspondence between jh and ¥k. Hence ¥k represents j.,a and so
ki represents ¢*j.«. Similarly, Hy is a correspondence between ki and he. Hence hy
represents ¢*« and so jhp represents j.i*«. Finally ¥ Hyp is a correspondence between
ki and jhe which shows that i*j,.a = j.2% . 0

Notation 10. A pointed category is a category C with a zero object . If X and Y are
arbitrary objects of C, we denote by 0 € Home(X,Y) the composition X — % — Y.
In a pointed model category, if A € C. and B € Cy, we will abbreviate m (A, B;0,0) to
(A, B). It’s a group by Proposition 8.

Theorem 11. Let C be a pointed model category. Then there is a functor (HoC)°x HoC —
Ggrp, sending (A, B) — [A, By, where [A, By is determined up to canonical isomorphism
by [A,Bly = m(A, B) if A is cofibrant and B is fibrant. Furthermore, there are two
functors X,Q : HoC — H oC(they are called the suspension functor and the loop functor
respectively) and canonical isomorphisms

of functors (H oC)° x (H oC) — Sets where [X,Y] = Hompy.c(X,Y).

Proof. Let A be cofibrant. Choose a cylinder object A x I and let A x I = XA be the
cofibre of 0y + 0y : ALUA — A x I, then YA is cofibrant. We shall define a bijection

p- 7T<EA7B) = 7-‘-1(*’4’B)

which is a natural transformation of functors to (sets) as B runs over Cy (Here, 7(X,Y) :=
Home(X,Y)/ ~). Let ¢ : ¥A — B be a map and let p(p) be the element of 7 (A, B)
represented by om : A x I — B. If ¢, ¢’ € Hom(2 A, B) and ¢ ~ ¢/, then there is a right
homotopy h : XA — BT from ¢ to ¢'. Let H : A x I — B! be a correspondence of ¢'m
with some right homotopy & from 0 to 0 and consider the diagram

0o

k H s0

/

p'm

s0 hm s0
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This shows that o7 corresponds to s0-k and ¢’ corresponds to k, as s0-k and k represents
the same element of 71 (A, B) so do ¢m and ¢'m and hence p(¢) = p(¢'). This shows that
p is well-defined. p is surjective by the definition of ¥ A. Finally, if p(¢) = p(¢’), then
there is a left homotopy H : A x J — B from @m to ¢'n. Let H' : A x J — B be given
by H'jo = H'j; = ¢7 and let K be the dotted arrow in the diagram

AxT B!

P
jo\ 7 \(doydl)
Ax g2 BB

(o was shown to be a trivial cofibration in the proof of Lemma 5.) Then Kj; : AxI — B!
is a right homotopy from ¢ to ¢'m s.t. Kj1(0p+01) = 0 and so induces a right homotopy
YA — B! from ¢ to ¢'. This shows p is injective.

Dually if we choose a path object B! and let QB be the fibre of (dy,d;) : Bl — B x B,
then Q2B is fibrant and there is a bijection

(A, QB) = 1. (A, B)

which is a natural transformation of functors as A runs over Cg.

For general A, B, use the cofibrant replacement functor and the fibrant replacement
functor, then we can extend the functor we’ve obtained (from (HoC.)°x HoCy to Grp) to a
funcotor (A, B) — [A, B]; from (HoC)° x HoC to Grp unique up to canonical isomorphism
(note that it doesn’t have to be unique), and the bifuncotr [-,-]; is representable in the
first and second variables. 0J

spm

Remarks 12. Actually, here we kind of abuse the notations of writing > for both the
functors on H oC and writing ¥ A for the cofibre of ALUA — A x [ when A € C.. Actually,
the former one is a left derived functor. So if we should encounter a situation where
this abuse of notations would lead to confusion, we shall denote the former one by L.
Similarly, RS2 will be used for the loop functor on H o C if necessary.

Now we proceed to develop an extra structure on HoC, namely the long exact sequences
for fibrations and cofibrations. From now on, C denotes a fixed pointed model category.

Notation 13. If o : X — Y is a monomorphism in a category and 3 : Z — Y is a map,
then by a3 we mean the unique map v : Z — X with ay = £, if such a map exists.

Let p: E — B be a fibration where B is fibrant and let ¢ : F — E be the inclusion of

B 4B
the fibre of p into E, then F' and FE are both fibrant. Let B =, B! Lgd7), B x B be a

factorization of Ap into a weak equivalence followed by a fibration. We shall construct
an object BT which is nicely related to BY.

Let E xp B! (resp. B! xp E) denote the fibre product of p: E — B and df : B’ — B
(resp. dP : B! — B), and let the fibre product sign xgB! to the left (resp. dP :
B! — B to the right) of B! denote fibre products with df (resp. d?) in what follows.

Let E 5 B! g e dy), E xp B! x5 E be a factorization of (1g,s%p, 1x) into a weak
equivalence followed by a fibration. The notation E, s”, etc. is justified because s” is a
weak equivalence and (d¥, d¥) is a fibration since it is the composition of (d¥, p!, d¥) and
(pri,pr3) : E xp Bl xg B — E x E, which is the base extension of (d¥,dP) by p x p. A
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similar argument shows that (d¥,p’) : B! — E xp B! (E xg B! xgp E — E xp B! is the
base extension of p : E — B by dPpry) and (p!, d¥) are fibrations.

The map pry : E xg B! — FE is the base extension of d¥ by p and hence is a trivial
fibration. Hence the fibration (d¥,p’) : BT — E x g B is trivial since 1 = pri(d¥, p')s.

Lemma 14. The diagram
FxgE ' xgF &+ E!

(14.1) ,,\ \(dapn
FxQOB— "l ExpyB!

is cartesian where ™ = (pry, j 'p'pra) and where j : QB — B! is the fibre of (d¥,d?).

Proof. (1) Claim: pd¥ = dSp!, pdF = dPp!.
The first equation can be shown by the commutative diagram:

EI
(df ,p?) J
ExgB' 2+ FE
- \
D2 p
Bl %.p

and the second part can be proved similarly.
(2) Show that j~1p’pry is well-defined. In fact, by the commutative diagram:

FxpE' 2 F

_
pra )
El %,
p’ P
B —%.p
we have that df¥p’pry = pipry = 0. Similarly, dPp’pro = 0. So the dotted arrow
exists:
OB *
/4 _,
A5
pr P pr @A) poop

(3) By the diagram above, we have (dZ, p!)pry = (d¥pro, plpry) = (ipry, ji~tplprs) =
(1 x j)m.
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(4) We have the following diagram which concludes:

J (dE ph)
F x QB E x5 B!

where A\ = (¢, p,i 1d¥p). Here i7'dF¢ can be defined since pd¥yp = dPplp =
dBjips = 0 (The last equation can be deduced from the following diagram).

iXJ

OB *
7 e |
J
B ;B
X pl W) gy p

O

By this lemma, we can see that 7 is a trivial fibration, and thus we can obtain in H oC
a map
m:FxQB— F

a1 T
given by the coposition F x QB =—— F xp El xg F 2% F.
In fact, m may be defined in another way.

Proposition 15. Let A be cofibrant and let the map m, : [A, F] x [A,QB] — [A, F]| be
denoted by (a,\) — a - \. If a € [A, F] is represented by u : A — F, if A € [A,QB] =
[A, B]y is represented by h : A x I — B with h(0y + 01) = 0, and if b is a dotted arrow
in the diagram

A", F

/4
YA
80 ’ ’ p

AxI-+B
then o - X is represented by i 'h'd; : A — F.

Proof. Let H : Ax I — B! be a correspondence of h with k : A — B!. Let K be a lifting

1mn
sEn’o;

A VEI
81 \ . < - (dOEva)
Ax 1M By, B!
Picture: .
0—2 0 d°Ky "= W0,
I

k H sBo 2 Kdo K sEn'oy
0 0 1 h/al
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Now K9y : A — ET induces a map K0y : A — F xg B! x5 E s.t. 1Ky = (u,j'k) (see
14.1) and hence by the definition of m we have that « - A is represented by i~'d¥ Kd, :
A— F. But i''dPK : Ax I — F is a homotopy from i 'd¥ K09, to i~*h/d; and this
proves the proposition. O

Proposition 16. The map m is independent of the choice of p' : B! — B! and is a right
action of the group object QB on F in H oC.

Proof. m is independent of p! by Proposition 15 since the diagram there is independent
of p!. On the other hand, let o, A\, u, h,h’ be as in Proposition 15, let \; € [4, B]; be
represented by hy : A x I — B and let h| be a dotted arrow in the first diagram:

A" p A E

w. \ | \
I P 9 v P

AxT-2+B Ax1 . p
s.t. i~ 'h,0; represents (a - \) - A\; by Proposition 15. As the composite homotopy h - h;
represents - Ay, the second diagram and Proposition 15 show that (k- h})d; represents
a-(N-A). But (W - h})0] = A\ 0, hence (a- A) - A1 = a- (A- A1) and m is an action as
claimed. ]

m

Ao

Definition 17. By a fibration sequence in H oC, we mean a diagram in H oC of the form
XX/ —-X—-Y —Z

which for some fibration p : £ — B in C; is isomorphic to the diagram

(17.1) FxOQBLFLELB

constructed before.

Proposition 18. If 17.1 is a fibration sequence, so is

(18.1) OBxQELOBL FLE

where O is the composition QB O g OB ™ F and where n. : [A,QB] x [A,QFE] —

[A,QB] is given by (A, p) — ((p)apt) ™t - .

Proof. We may assume that (17.1) is the sequence constructed above from a fibration p.
Let p’ : BT — B! be as in the definition of m. Then pri : E x5 B! x5 * — E is the base
extension of (d¥,dP) by (p,0) : E — B x B and hence is a fibration; so we get a fibration
sequence

(18.2) OB x QOE % 0B Y gy Bl s+ "L E.

We calculate n by Proposition 15. Let A € [A, QB] be represented by u : A — QB, let
i € [A,QF] be represented by h: A x I — E and let (h, H,0) be a lifting in

0,ju,0 0c
A0 B B xp #
v
80\ /// \pm Jju Ho,
.- (hH0)
AxT

h ph
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where H : A x I — B! is pictured at the right. By Proposition 15, j~'H9,; represents
n.(\, 1) in [A,QB]. Letting H : A x I — B! be a correspondence of Hd; with b’ :
A x I — B, we obtain the correspondence

Oc 0o
Ju H ‘ Hl sBo
ph h'

of ju with ph - I/, which shows that A = (Qp).p - na(\, p) or nu(A, ) = [(Qp)sps] ™ - A
Thus the map n in (18.2) is the same as that in (18.1).

,0,0 . . . .
The map F' 00, E x g B! x p* is a weak equivalence since it may be factored F

El' xp F ~ E! ><B * — FE xp B! xp * where the last map is a trivial fibration (base
( 0 P )

(sPi,1p)

extension of F! —~% E xp B!) and where the first map is a section of the trivial
fibration B! x5 F 22 F (base extension of d¥.) We shall show that the diagram in H oC

QB

(18.3) / W)

000 E x5 B! x5

commutes. Let A € [A, QB] be represented by k: A — Bl and let H: A x I — B! be a
correspondence of k with h. Then d,a = 0 -« is represented by i ~'1/0; : A — F where b/
is the dotted arrow in

o

AxI-+ B

So (4,0,0).0,A is represented by A wo00),

A5 Ok ExpgBlxg*, and (W, H,0) : Ax I — E x5 B! xp* is a left homotopy between
these maps, showing that the triangle (18.3) commutes in H oC. As pry o (i,0,0) = i, we
see that 1gp,(i,0,0), and 1g give an isomorphism of (18.1) with the fibration sequence
(18.2), and so by definition (18.1) is a fibration sequence. O

E x5 B! xp *, (0,4,0),) is represented by

Proposition 19. Let 17.1 be a fibration sequence in HoC, let 0 : QB — F be defined as
in Proposition 18 and let A be any object of H o C. Then the sequence

(Q99).. (Q91). (Q9p)«

— [A, QT B] —5 [A, QUF) —5 [A,Q9E] —5

(A, QE] CP 14,0B] % (A, F] B (A B] 2 (A, B
is exact in the following sense:

(1) (p.)=1(0) = Im(i..)
(2) 0.0, = 0 and i,y = i, <= g =y - A for some X\ € [A, QDB
(3) 0.(2) =0 and O\ = O A <= Ao = ()t - Ay for some p € [A, QF]
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(4) The sequence of group homomorphisms from [A,QFE] to the left is exact in the
usual sense.

Proof. We may assume (17.1) is the sequence constructed from the fibration p.

(1) Clearly pi = 0. If p,av = 0 represent a by u : A — E, let h: Ax I — B be s.t.
hdy = pu, hd; = 0. Since 0, is a trivial cofibration, we can find a k: A x [ — FE
s.t. gk = u,pk = h. Then if 3 is represented by i~1kd;, we have i,3 = a.

(2) With the notation of Proposition 15, we have that i’ is a homotoy from iu which
represents i, to h'0; which represents i,(a - A). Hence i,(a - \) = i, and in
particular i,0,A = 7,(0 - \) = .0 = 0, so i,0, = 0. Conversely, given ay, as with
141 = G,Qu9, Tepresent o; by u; and let h: A X I — E be s.t. hdy = iuy, hoy = ius
whence if A is the class of ph, a; - A = as by Proposition 15.

(3) This follows from (2) and Proposition 18.

(4) This can be shown by repeated use of Proposition 18.

OJ

Proposition 20. The class of fibration sequences in H o C has the following properties:
(1) Any map f : X — Y may be embedded in a fibration sequence F' x QY — F —
/
X =Y.
(2) Given a diagram of solid arrows

m 7 p

F x QB F E B
lyx Qo Uy \ﬁ \a
* / * il /

F'x QB 2. ' E_r.p

where the rows are fibration sequences, the dotted arrow ~y exists.

(3) In any diagram above where the rows are fibration sequences, if o« and (3 are iso-
morphisms, so is 7.

(4) Proposition 18.

Proof. (1) Any map in H o C is isomorphic to a fibration of objects in C,;.
(3) If A is any object in H o C, then Proposition 19 gives a diagram

[A,QE] — [A,QB] — [A,F] — [A,E] — [A, B]

T T N
[A,QF] — [A,QB'] — [A, F'] — [A, E'] — [A, B]

where the rows are exact in the sence of Proposition 19. However, this is enough to
conclude by the usual 5-lemma argument that 7, : [A, F] — [A, F'] is a bijection
for all A and hence that v is an isomorphism.

(2) We may suppose by repacing the diagram by an isomorphic diagram if
necessary that the rows are constructed in the standard way from fibrations p and
p' in Cy. Let B % B be a trivial fibration with B cofibrant and let £ > E x5 B

be a trivial fibration with E cofibrant, then pry : E x5 B — F is a trivial fibration
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and pry: ' Xp B — B is a fibration. So we obtain a diagram

F_'"LE_ "R
\e priv \u
F—'.p_-*.R

in C, where priv and u are weak equivalences. It follows easily from the calculation
given in Proposition 15 that

FxQBZF

FxQOB2+ F
commutes. Hence by (3) the ~ sequnce is isomorphic to first row of the original
diagram and so we may suppose that the rows of the original diagram are not only
constructed in the standard way from fibrations p and p’ but that E and B are
in C.;. Then a and 3 are represented by maps v and v in C with p'v ~ up. As
E is cofibrant, we may modify v s.t. p'v = up. Then we may take v : F — F’ in

the original diagram to be the map in C induced by v. By Proposition 15, both
squares commute.

O



