TWISTED FOURIER-MUKAI FUNCTORS

ALBERTO CANONACO AND PAOLO STELLARI

ABSTRACT. Due to a theorem by Orlov every exact fully faithful functor between the bounded
derived categories of coherent sheaves on smooth projective varieties is of Fourier-Mukai type. We
extend this result to the case of bounded derived categories of twisted coherent sheaves and at
the same time we weaken the hypotheses on the functor. As an application we get a complete
description of the exact functors between the abelian categories of twisted coherent sheaves on
smooth projective varieties.

1. INTRODUCTION

If X and Y are smooth projective varieties, an exact functor F : DP(X) — DP(Y") between the
corresponding bounded derived categories of coherent sheaves is of Fourier-Mukai type if there
exists £ € DP(X x Y') and an isomorphism of functors F' = ®¢, where, denoting by p: X xY =Y
and ¢ : X x Y — X the natural projections, ®¢ : DP?(X) — DP(Y") is the exact functor defined by

(1.1) D = Rp.(€ & ¢"(-).

Such a complex & is called a kernel of F'.

The importance of functors of this type in geometric contexts cannot be overestimated. Indeed,
all meaningful geometric functors are of Fourier-Mukai type and conjecturally the same is true for
every exact functor from DP(X) to DP(Y). As a first evidence for the truth of this conjecture,
in the fundamental paper [14], Orlov proved that any exact fully faithful functor from DP(X)
to DP(Y") which admits a left adjoint is of Fourier-Mukai type. Moreover its kernel is uniquely
determined up to isomorphism.

Since the publication of [14], some significant improvements were obtained. The main one is
due to Kawamata ([11]), who extended this result to the case of smooth quotient stacks. His proof
partially follows Orlov’s original one but at some crucial points new deep ideas are needed. It is
also worth noticing that, due to the results in [2], every exact functor F : DP(X) — D"(Y)) admits
a left adjoint (see Remark [2.1] below).

In recent years some attention was paid to the case of twisted varieties (i.e. pairs (X, «), where
X is a smooth projective variety and « is an element in the Brauer group of X). Since [3] appeared,
it has been proved that some results from the untwisted setting can be generalized to the case of
twisted derived categories. For example, if M is a K3 surface and a moduli space of stable sheaves
on a K3 surface X, then there exist « in the Brauer group of M and an equivalence between
DP(X) and DP(M, ), the bounded derived category of a-twisted coherent sheaves on M. This
was first proved by Caldararu (3| [4]) and then generalized in [12] 13}, 17] and [9, 10]. Nevertheless
a question remained open:

Are all equivalences between the bounded derived categories of twisted
coherent sheaves on smooth projective varieties of Fourier-Mukai type?

As before, given two twisted varieties (X, a) and (Y, ), a functor F : D’(X,a) — DP(Y, 3) is of
Fourier-Mukai type if there exist £ € D?(X xY,a~!X ) and an isomorphism of functors F' = ®g¢,
where ®¢ is again defined as in (L.1)).
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A complete answer to the previous question comes as an easy corollary of the following theorem
which is the main result of this paper:

Theorem 1.1. Let (X,a) and (Y, ) be twisted varieties and let F: DP(X, o) — DP(Y, 3) be an
exact functor such that, for any F,G € Coh(X, a),

(1.2) Hompy(y 5 (F(F), F(G)[5]) = 0 if j < 0.

Then there exist £ € DP(X x Y,a ' X 3) and an isomorphism of functors F = ®¢. Moreover, £
1s uniquely determined up to isomorphism.

Few comments about the relevance of the previous result are in order here. First of all observe
that any full functor satisfies . This means that Theorem gives a substantial improvement
of Orlov’s result. As a consequence, we will observe that also the hypotheses in Kawamata’s result
([I1]) can be weakened (see Remark [4.1)).

Our proof of Theorem Was inspired by [11] and [I4] although different approaches are needed
in many crucial points. In particular, the idea to use extensively convolutions of bounded complexes
comes from [I4].

In Section [p| we apply Theorem to describe exact functors between the abelian categories of
twisted coherent sheaves. In particular we deduce a Gabriel-type result for twisted varieties.

Notations. We will work over a fixed field K. All triangulated and abelian categories and all
exact functors will be assumed to be K-linear. For an abelian category A we will denote by D(A)
the derived category of A. An object C*® of D(A) is a complex in A, i.e. it is given by a collection
of objects C* and morphisms d’ : C* — C**! of A such that d"!' o d* = 0. The bounded derived
category of A is the full subcategory DP(A) of D(A) with objects the complexes C* such that
C* =0 for |i| > 0. If there is no ambiguity, we will usually write C instead of C*®. If B is another
abelian category, every exact functor G : A — B trivially induces exact functors of triangulated
categories D(G) : D(A) — D(B) and D"(G) : DP(A) — DP(B). Recall that an abelian category
A is of finite homological dimension if there exists an integer [ such that, for any ¢ > [ and any
A, B € Ob(A), Hompy(a)(A, Bli]) = 0; if N € N is the least such integer [, then A is said to be of
homological dimension N.

2. BOUNDEDNESS AND AMPLE SEQUENCES

For a smooth projective variety X consider the cohomology group Hézt(X, O%) in the étale
topology. Any o € HZ (X, O%) can be represented by a Cech 2-cocycle on an étale cover {U;}icr
of X using sections «;;, € I'(U; NU; N Uy, O%). An a-twisted quasi-coherent sheaf F consists of a
pair ({Fi}ier, {¢ij}ijer), where F; is a quasi-coherent sheaf on U; and ¢y; : Fjlu,nu, — Filuiny,
is an isomorphism such that ¢; = id, ¢;; = goi_jl and @;; 0 ik © PR = Quji - id.

The category of a-twisted quasi-coherent sheaves on X will be denoted by QCoh(X,«a). An
a-twisted quasi-coherent sheaf ({F;}icr, {@ij}ijer) is an a-twisted coherent sheaf if F; is coherent
for any i € I. We write Coh(X, a) for the abelian category of a-twisted coherent sheaves and
DP(X,a) := DP(Coh(X, a)) for the bounded derived category of Coh(X, ). The Brauer group
of X is the group Br(X) consisting of all &« € HZ (X, O%) such that Coh(X, a) contains a locally
free a-twisted coherent sheaf (actually, due to [5], Br(X) coincides with HZ (X, O%)).

Let X and Y be smooth projective varieties and let f : X — Y be a morphism. The following

derived functors are defined: — <§L§) —:DP(X,a)xDP(X,a/) = DP(X,a-o/), Rf. : DP(X, f*(B)) —
DP(Y,3) and Lf* : DP(Y, 8) — DP(X, f*(B)), where a,a’ € Br(X) and 8 € Br(Y) (see [3, Thm.
2.2.4, Thm. 2.2.6]). For the rest of this paper (X, a) and (Y, 3) will denote two twisted varieties
as in Theorem [[.1]
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Remark 2.1. (i) If (X, «) is a twisted variety and X has dimension n, then Coh(X,«) has
homological dimension n. To prove this claim, one can proceed as in the untwisted case (see [8]
Prop. 3.12]), using the fact that the functor S(—) = (=) ® wx[n] is the Serre functor of D(X, ).

(ii) If (X, a) and (Y, 3) are twisted varieties, then any exact functor G : DP(X, a) — DP(Y, 3)
has a left adjoint G* : DP(Y,3) — DP(X,«). Indeed, it is proved in [I5] (generalizing ideas
from [2] and [16]) that any cohomological functor of finite type is representable. Hence, for any
F € DP(Y, 3) the functor Hompp (v, )(G(—), F) is representable by a unique £ € DP(X, a). Setting
G'(F) := &, by the Yoneda Lemma we get a functor which is right adjoint to G. Since DP(X, «)
and DP(Y, 3) have Serre functors, G has also a left adjoint G*.

Definition 2.2. Given an abelian category A with finite dimensional Hom'’s, a subset {P;};cz C
Ob(A) is an ample sequence if, for any B € Ob(A), there exists an integer i(B) such that, for any
i <i(B),

(1) the natural morphism Homa (P;, B) ® P; — B is surjective;

(2) if j # 0 then Homppa) (P, Blj]) = 0;

(3) Homa (B, P;) = 0.
Lemma 2.3. Let E € Coh(X,«) be a locally free sheaf. If {Ap}trez is an ample sequence in
Coh(X), then {E ® Ay }rkez is an ample sequence in Coh(X,«). In particular, if L € Coh(X) is
an ample line bundle, then {E ® L®k}kez is an ample sequence.

Proof. Observe that since {Ag}xez is an ample sequence, for any £ € Coh(X, a) and for i < 0,
there exists a surjective map Homgcon(x)(Ai, EY ® £) @ A; - EY @ £. Then in the previous
definition follows from the fact that the diagram

Homgoh(x,a)(E ® Ai, ) @ E® A; £

: |

Homgon(x)(Ai, EY ®E) R ERA —=EQEY®E

commutes. Analogously, Homppy(x o) (E ® Aj, £[j]) = Hompp(x) (A, EY @ £[j]) = 0 and
Homcon(x,0) (€, B ® Ai) = Homgon(x) (€ @ EY, A;) = 0,

for i < 0 and j # 0. This proves that and hold true. The second part of the lemma follows
from the easy fact that {L®*}cz is an ample sequence in Coh(X). O

Recall that, given two abelian categories A and B, a functor G : D’(A) — D"(B) is bounded if
there exist a € Z and n € N such that H'(G(A)) =0 for any A € Ob(A) and any ¢ ¢ [a,a + n].

Proposition 2.4. Let (X,a) and (Y,5) be twisted varieties and assume that G : DP(X,a) —
DP(Y, 3) is an exact functor. Then G is bounded.

Proof. Due to Lemma given a locally free sheaf E € Coh(Y, ) and a very ample line bundle
L € Coh(Y) (defining an embedding Y < PV), the set {E ® L®},cz is an ample sequence in
Coh(Y, 3). For k < 0, Beilinson’s resolution ([I]), pulled back to Y, yields an isomorphism in
D" (Y)

(2.1) LPF = (VEoOy 5 VE [ @L— ... = VFEe LV},

where V¥ := HN (PN, QLy (i+k—N)). In particular, E® L®* = Cp in DP(Y, B) where Ci = 0, for
|i| > N, and each C’}; is a finite direct sum of terms of the form E® L’ for 0 < j < N. This implies
that {G*(E ® L®)}<o is bounded in DP(X, ), where G* is the left adjoint of G (see Remark
9.1}(i)).

This is enough to conclude that G is bounded. Indeed we can reason in the following rather
standard way. Given A € Coh(X,a) and i € Z, it is easy to see that H'(G(A)) = 0 is implied by
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Hompy v 5)(E ® L9, G(A)[i]) = 0 for k < 0. Choosing m such that H/(G*(E ® L®*)) = 0 for
|7] > m and for k < 0 and denoting by n the homological dimension of Coh(X,«) (see Remark
2.1((1)), it is clear that

Homps(y.5)(E ® L&, G(A)[i]) = Hompp x o) (G*(E ® L¥*), Afi]) = 0
for |i| > n + m and for k < 0. O
The following easy lemma will be used in the forthcoming sections.

Lemma 2.5. Let (X, ) and (Y, 3) be twisted varieties, let £ € DP(X xY,a '®j3) and letl € Z. If
E € Coh(X,a) is locally free and L € Coh(X) is ample, then H'(E) = 0 if H (®g(E ® L)) =0
for any k> 0.

Proof. Fix a locally free sheaf F' € Coh(Y, 3) and define A := £ ® p*(F") ® ¢*(F), where p : X x
Y =Y and ¢ : X xY — X are the natural projections. If H7(A) # 0, Rip,(H/(A) ®¢*(LE*)) =0
for any k > 0 if and only if 7 # 0 (for a proof of this well-known fact see, for example, [7], Chapter
ITI, Theorem 8.8). Hence, using the spectral sequence

Rip.(H/ (A) ® ¢* (L®F)) = H™ (D 4(LE*))

we deduce that H'(A) = 0 if H/(®4(L®*)) = 0, for any k> 0.
It is obvious that H'(.A) = 0 if and only if H'(£) = 0. Hence the result is proved once we show
that H'(®4(L®*)) = 0 if and only if H'(®¢(E ® L®*)) = 0. By the Projection Formula

D 4(L¥") = Rp.(A® ¢*(L¥")) = Rp. (£ @ p*(FY) ® ¢*(E) ® ¢*(L¥")) = ®¢(E ® L) @ F

which yields the desired conclusion. O

3. CONVOLUTIONS AND ISOMORPHISMS OF FUNCTORS

In this section we recall few results about convolutions of bounded complexes and we use them
to study the existence of isomorphisms of exact functors.

3.1. Convolutions. Recall that a bounded complex in a triangulated category D is a sequence
of objects and morphisms in D

(3.1) Ay 2ms A,y D0 g

such that dj o dj1; = 0 for 0 < j < m. Following the terminology of [I1], a right convolution of
(3.1) is an object A together with a morphism dy : A9 — A such that there exists a diagram in D

Ap s Ay e
id do
Am Cm—l ce Cl Aa
1 o 0 m

where the triangles marked with a O are commutative and the other triangles are distinguished
(such an object A is called instead a left convolution of in [I4]). In a completely dual way,
a left convolution of is an object A’ together with a morphism d,,+1 : A — A,, such that
there exists a diagram in D

A Ay Ty
/ \ o / \ \ O / \ O /
dm+1 id
! c! A,.
] m=1 ] 1] 1 ] 0

A/
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Remark 3.1. Assume that dg : Ag — A (respectively d,,+1 : A — Ayy,) is aright (respectively left)
convolution of . If D’ is another triangulated category and G : D — D’ is an exact functor,
then it is obvious from the definitions that G(dp) : G(Ao) — G(A) (respectively G(dp+1) : G(A") —
G(Ap,)) is a right (respectively left) convolution of

G(dm) Gldm—1),  G(d1)

G(Ap) — G(Am—1)

G(Ay).

In general a (right or left) convolution of a complex need not exist, and it need not be unique
up to isomorphism when it exists, but we have the following two results, which will be constantly
used in the rest of this paper:

Lemma 3.2. ([11], Lemmas 2.1 and 2.4.) Let (3.1)) be a complex in D satisfying
(3.2) Homp (Ag, Ap[r]) =0 for any a > b and r < 0.

Then (3.1) has right and left convolutions and they are uniquely determined up to isomorphism (in
general non canonical).

Lemma 3.3. Let

dm—
Ay = Ay g DA
lfm lfm—l ifl ifo
By —" By s 2o B 25 B

be a morphism of complexes both satisfying (3.2)) and such that
Homp (Aq, Bp[r]) =0 for any a > b and r < 0.

Assume that the corresponding right (respectively left) convolutions are of the form (do,0) : Ay —
A®A and (eg,0) : By — BOB (respectively (dy41,0) : A/DA" — A, and (ep41,0) : B&B' — By,)
and that Homp (Ap, Blr]) = 0 (respectively Homp (A’, By[r]) = 0) for r < 0 and any p. Then there
exists a unique morphism f : A — B (respectively f' : A" — B’) such that f ody = ey o fo
(respectively emi1 0 f' = fin 0 dmy1). If moreover each f; is an isomorphism, then f (respectively
1') is an isomorphism as well.

Proof. The first part is a particular case of Lemma 2.3 (respectively Lemma 2.6) of [II]. From
this it is then straightforward to deduce that f (respectively f’) is an isomorphism if each f; is an
isomorphism. O

Example 3.4. Let D := DP(A) for some abelian category A and let Z be a complex as in
and such that every A; is an object of A. Then it is easy to see that a right (respectively left)
convolution of Z (which is unique up to isomorphism by Lemma is given by the natural
morphism Ay — Z* (respectively Z*[—m] — A,,), where Z* is the object of DP(A) naturally
associated to Z (namely, Z¢ := A_; for —m < i < 0 and otherwise Z' := 0, with differential
d_i: 7" — Z™H for —m <i <0).

3.2. Extending isomorphisms of functors. Let A be an abelian category with finite dimen-
sional Hom’s and assume that {P;};cz C Ob(A) is an ample sequence.

Lemma 3.5. Any A € A admits a resolution

- d L di
(3.3) R N e NP N EL SUNGNY )
where Aj € {P;}icz and kj € N, for any j € N.

Proof. To prove that such a(n infinite) resolution exists, it is clearly enough to show that for any
B € Ob(A) there exists P € {P;};cz and a surjective map P®¥ — B, for some k € N. This follows
from condition (1) in Definition O
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Remark 3.6. Consider a resolution of A € Ob(A) as in Lemma [3.5{and assume that A has finite
homological dimension N. Take m > N and consider the bounded complex

o Dk dm Dkm_1 dm—1 dq ako
Sm = {A)™ A, —— - — Ay

If K., := ker(d,,), we have a distinguished triangle in DP(A))
Kp[m] — Sy, — A — Kpm+1].

Due to the choice of m, Homppay(A, Km[m + 1]) = Hompp(ay (Ao, Km[m]) = 0. Hence S5,

A @ K,,[m| and S, has a (unique up to isomorphism) convolution (dp,0) : A(G)Bko — A® Kp,[m]

(see Example [3.4)).

The following result, whose proof relies on an extensive use of convolutions, improves [11, Lemma
6.5] and [14, Prop. 2.16].

Proposition 3.7. Let D be a triangulated category and let A be an abelian category with finite
dimensional Hom’s and of finite homological dimension. Assume that {P;}icz C Ob(A) is an
ample sequence and denote by C the full subcategory of DP(A) such that Ob(C) = {P,};cz. Let
Fy:DP(A) = D and Fy : DP(A) — D be exact functors such that

(i) there exists an isomorphism of functors f : Fo|lc — Fi|c;
(ii) Homp (F1(A), Fi(B)[j]) =0, for any A, B € Ob(A) and any j < 0;
(iii) F1 has a left adjoint Fy .
Then there exists an isomorphism of functors g : Fo = F| extending f.

Proof. We denote by N the homological dimension of A.
For any i € Z, let f; :== f(P;) : F»(P;) = F1(P;). Given A € Ob(A), we want to construct an
isomorphism fa : F5(A) = F1(A). According to Lemma let

k; dj kiq dj—1 d d
(3.4) L e R

be a resolution of A. Fix m > N and consider the bounded complex

R Dkm dm Dkm_1 dm—1 d1 DSko
Ry = {P "™ == P """ —— ... — P70}

Due to Remark a (unique up to isomorphism) convolution of R,, is (dg,0) : Pffko — AD K, [m].
Due to Remark for i € {1,2}, the complex

tm—1

Fi(P2%)}

10

admits a convolution (Fj(dp),0) : F}(Pfko) — Fi(A ® K,,[m]). Lemma and conditions (i)
and (ii) ensure that such a convolution is unique up to isomorphism. Moreover, again by (i) and
(ii), Homp (F2(F;,), F1(A)[r]) = Homp (F2(F;,), F1(F;)[r]) = 0, for any ij,4;, % € {io,.-.,im} and
r < 0. Hence we can apply Lemma getting a unique isomorphism fa : Fo(A) = F;(A) making
the following diagram commutative:

Fo(dm A — Fo(d F5(d
Fz(PZéELkm) o )FQ(ﬂi]iT,lfﬂ 1) 5(d1) FZ(-PZ‘E(?kO) 2(do) FQ(A)

Fi(dm Ao — Fi(d Fi(d
Fy(p2kn) ) py (s L) By (poke) D) (4,

By Lemma the definition of f4 does not depend on the choice of m. In other words, if we
choose a different m’ > N and we truncate (3.4) in position m/, the bounded complexes F;(R,,/)
give rise to the same isomorphism f4.
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To show that the definition of f4 does not depend on the choice of the resolution ([3.4)), consider
another resolution

ok, d; ok, | dj_, d! k! df
(3.5) -~-—>Pi,’—J>PZ.,J1J—>---—1>P§9°—°>A—>O.
J j—1 0

Suppose that there exists a third resolution

ok da’ Dk dl'l—l d" Pk 4
(3.6) ~--—>Pl.,,J—”>PZ.,,J1”—>--~—1>P%,0—°>A—>0
j =1
) DK k. (Y34 DK, . . .
and morphisms s; : P, * — Piej “and tj: P, ' — P, 7, for any j > 0, fitting into the following
J J J
commutative diagram:
d’. / d’. s dl ’
+1 DK, DK’ _ -1 d /
p) e ph T piRe
i 1 i
d/
t; tji—1 to 0
d’ " d’ nod’ " "
+1 k" B! -1 dy ek dg
: Piuj : PZ//JI;"'HPWOHA-

j i—1 o
S Si_1 S
J fi 0
do

djt1 ek dj @k;_q di-1 d
prri j—1"J 1 PEBko
74] ij71 —_— - — iO

Define the bounded complexes

g dr =Y dgl_ da’ ®k!

Ry, = {Py,"m = P, T 2 PO
m T — )

(3.7) et f

o Fy(dy, k! Fi(d), 1) F;(dY) k!
F(RY) = (F(PgHe) B0, pypytioyy Doty B, pekiyy,

Let f/f : Fo(A) = Fi(A) be the isomorphism constructed using (3.7). Due to Remark these
complexes and their convolutions give rise to the diagram

7 F dll
FQ(.RL.??kO) 2(dg) FQ(A)
Fs(so)
id
d
FQ(Pz‘?kO )Fﬂ F>(A)
Sz,kg ff;ko lfA * I
Fl(PZ'?kO )Fﬂ Fi(A)
/ id
Fl(SO) F dll
Fl(PZ-?kO) 1(dp) Fl(A)

where all squares but % are commutative. Due to hypotheses (i), (ii) and Lemma [3.3| there exists
a unique morphism F»(A) — F;(A) making the following diagram commutative:

17 F d//
FQ(PZ?ko) 2(dg) FQ(A)
F1(d,
Fy(PER) L (),
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Since Fi(sg) o f,, f@ko o F5(so), both f4 and f{ have this property and then they coincide.

Similarly one can prove that the morphism ff is equal to the morphism f’; constructed by means

of @)

To construct ( ., we proceed as follows. First take i < 0 such that there exist a surjective
@k

morphism dj : P, — A, for some ky € N, and two morphisms sy and ¢y as required. Suppose
0

. @k/_/ @k/_/

now that Pi;/, kY, dj, sj and t; are defined. Take 17, ; < 0, k7,; € Nand d}, : l;ﬁ“ — Pi;_/ !

such that

(a.1) ker(d]) = im(d} );

(b.1) the morphism s; o al]’Jrl

j+1

factorizes through d]H;

(c.1) the morphism t; o factorizes through d’,
Observe that this is always possible because 1m(sj|ker(d;/)) C im(dj4+1) and for n < 0 the natural

map Homp (P, P;BEH) — Homa (P, im(d;j+1)) is surjective (the same holds true for dj,; and
tj).

To prove the functoriality, let A, B € Ob(A) and let ¢ : A — B be a morphism. Consider a
resolution

h; €j hi_1 €j—1
(3:8) oo PPN Sy pMT S, L 9, pihe X B,
J J—
Reasoning as before, we can find a resolution

i d;_
(3.9) =Pt P%JRLéulhg?NQAao

—1

and morphisms g; : Plejkj — P69 7 defining a morphism of complexes compatible with . Fix

m > N and take the bounded complexes
Ry o= {PElm 2 PRt 2y S ko)
T, = (i oy pimos facly o, pio)
FZ(R ) o {F'(P®k"L) Fi(dm) Fi(dm-1) L Fi(d1)

@km 1 k
- Fy(P&Fm-1) Fi(P)}
m hm—1
Fy(Ty,) == {Fy(P" )—>Fz‘(Pz€fL,l )

E;(PPhoyy,

lo

tm—1

Fi(em—1) o Fi(e1)

We can now consider the diagram

F (P@ko) FQ(dO)

io
fa

F1(do)
F1(Pi?k°) 1

F2(go) J/F1(90) lFl(@* Fa(p)

F
Fy () 0

/ y
o

Fy(PM) i)

lo
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where all squares but % are commutative. Applying (i), (ii) and Lemma we see that there is
a unique morphism F»(A) — F;(B) completing the following diagram to a commutative square

ohos Fa(do)
Fo(P™) Fy(A)
Fi(go)of{" l
Fi(eo)
Fy(PEh) —=2— Fy(B).

Since F1(go) o f?ko = fl?ho o Fy(go), both Fi(p) o fa and fp o Fa(p) have this property. Thus

0
Fi(p)o fa= [poFa(p)

If A € Ob(A), we can clearly put fup, := fa[n] for every integer n. Moreover, for any A, B €
Ob(A), the morphisms f4 and fp just constructed commute with any g € Homppa)(A, B[j]) (see
[14, Sect. 2.16.4] for the proof).

The rest of the proof follows the strategy in [14, Sect. 2.16.5] and it proceeds by induction on
the length of the segment in which the cohomologies of the objects are concentrated. In particular,
let A be an object in DP(A) and suppose, without loss of generality, that HP(A) = 0 if p ¢ [a, 0]
and a < 0. Consider a morphism v : PZ-@k — A such that

(a.2) the natural morphism wu : Pi@k — HY(A) induced by v is surjective;
(b.2) Homp (HY(Fy o F1(A)), P;) = 0.
Take a distinguished triangle
Z[-1] = P* % A— 7z
and observe that HP(Z) = 0if p & [a, —1]. Hence, by induction hypothesis, we have an isomorphism
fz : F2(Z) = F1(Z) and the following commutative diagram

F\(Z)[-1] — R (PFF) Fi(A) Fi(Z)
lle[—u i(f?’“)l 7!
Fy(Z)[-1] — Fa(PFF) Fy(A) Fy(Z).

By [14, Lemma 1.4], to complete the previous diagram with a unique isomorphism fa : Fp(A4) =
F1(A), we need to show that

Homp (F1 (A), F>(P,)) = 0.

To prove this we can suppose A € Ob(A) because the cohomologies of A are concentrated in
degrees less or equal to zero. Let w = max{n € Z : H"(F} o F1(A)) # 0}. Obviously, there exists
a natural non-zero morphism Fy o F1(A) — H"(F} o F1(A))[—w]. Hence

0 # Hompu ) (Fy 0 F1(A), H*(FY o F1(A))[-w]) = Homp (F1(A), Fy(H" (F} o F1(A)))[-w])
and w < 0 because of (ii). In particular H7 (F} o F1(A)) = 0 if j & [~b, 0], for some positive integer
b. Therefore, due to (b.2) and (ii),

Homp (F1(A), F»(F;)) = Homp (F1(A), F1(F))

= Hompp (o) (Fy 0 F1(A), P) = Homp (H°(F} o F1(A)), P;) = 0.

To prove that f4 is well-defined and functorial, one has to repeat line by line the proof in Sections
2.16.6 and 2.16.7 of [14] using (ii) instead of the hypothesis that F} and F5 are fully-faithful. We
leave this to the reader. O

Corollary 3.8. Let A and B be abelian categories such that A has finite dimensional Hom'’s, it
is of finite homological dimension and it has an ample sequence. If F': DP(A) — DP(B) is an
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exact functor with a left adjoint and such that F(A) C B, then G := F|a : A — B is exact and
DP(G) = F.

Proof. The exactness of G is trivial. Since DP(G)|a = F|a, we can apply Proposition getting
the desired conclusion. O

4. PROOF OF THEOREM [ 1]

We divide up our argument in several steps.

4.1. Resolution of the diagonal. Denoting by d : X — X x X the diagonal morphism, O :=
d+Ox can be regarded as an (o~ ! X «a)-twisted coherent sheaf on X x X in a natural way, since
d*(a"!'Xa) = 1. It is easy to see that Ox € Coh(X x X,a !X ) admits a resolution

(41) —)AZ@BZ%AlflgBlfléz;l)EI—)A()&BOEO—)OA—)O,

where A4; € Coh(X,a™!) and B; € Coh(X, a) are locally free for any j € N. Indeed, if L is an
ample line bundle on X, LK L is ample on X x X. Hence, given a locally free sheaf E € Coh(X, «),
Lemma proves that {(EV X E)® (LK L)®*},cz is an ample sequence in Coh(X x X, a ' Xa).
As (EVRE)® (LX L)®F 2 (EY @ L®*) X (E ® L®), we conclude by Lemma

4.2. Some bounded complexes. Since F is a bounded functor by Proposition[2.4] we can assume
without loss of generality that H*(F(F)) = 0 for any F € Coh(X,«) and any i ¢ [—M,0] for
some M € N. Then we fix once and for all a resolution of Oa as in , and for every integer
m > dim(X) + dim(Y') + M we define the following complexes

Co = {Am B By, 22 - 2 Ay K By}

Con = {Am B F(B,,) 22 - 2% Ay K F(Bo)}
in DP(X x X,a"! X a) and DP(X x Y,a~! K j3) respectively, where 6; denotes the image of §;
through the map

Home(XXXpﬁlIXa) (Al X BZ', Ai—l X B,;_l) = HOHIDb(X@—l)(AZ', Ai—l) & HOHlDb(X@) (BZ, Bi—l)

18, Homp(x o 1y(As, Ai—1) ® Hompy g (F(B;), F(Bi1))

= Home(XXY,oﬁllgﬁ) (Al X F(BZ), Ai,1 X F(Blfl))

Setting Ky, := ker(6,,) € Coh(X x X,a !X ) and proceeding as in Remark we see that,
if m > 2dim(X), Cp, = Oa @ Ky[m] and C,, has a (unique up to isomorphism by Lemma
right convolution (dg,0) : Ag X By — Oa @ K,,,[m]. Observe that the assumption on F' implies
that also C,, satisfies the hypothesis of Lemma hence it has a unique up to isomorphism right
convolution (%m : Ao ® F(By) = Gm.

We proceed now as in [11, Lemma 6.1]. We denote by K, the full subcategory of Coh(X, o) with
objects the locally free sheaves E such that H'(X, E® A;) =0 for i > 0 and 0 < j < m + dim(X).
Observe that, for any locally free £/ € Coh(X,a) and any ample line bundle L € Coh(X),
E' ® L®* € K, when k > 0.

As Rips,(A; K B; ® pjF) & HY(X,A; ® F) @ Bj for F € Coh(X,a) and 4,5 € N (where
p - X x X — X is the projection onto the I*! factor),

Rps,(4; B B; © i E) = ps.(A; ¥ B; @ pi E) = H'(X, A; ® E) @ B;

if £ € K,, and 0 < j <m +dim(X). It follows that the exact functor Rps,(— ® p{E) maps Cp,
to a complex

Om é
Con,p = {H*(X, A ® E) @ By, =% - =5 HO(X, Ay ® E) @ By}
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in DP(X, ), which has a (unique up to isomorphism) right convolution
(60,,0) : H(X, Ag ® E) ® By = E & Ky g[m],

where KCp, g = ker(dp,p). If p: X XY — Y and ¢ : X XY — X are the natural projections, a
similar argument shows that the exact functor Rp.(— ® ¢*F) maps C), to a complex

5m,E

- 5

Comp = {H"(X, A, ® E) ® F(Bp) —% ... =% HY(X, Ao ® E) ® F(By)}
in Db(Y, B), which has a unique up to isomorphism right convolution
(4.2) 00 m.ip : H'(X, Ao ® E) ® F(By) — Rps(Gm ® ¢*E) = &g, (E).

On the other hand, C’m g can be identified with the image of (), g through F', so that a right
convolution of Cy, g is given also by

(4.3) (F(60.r),0): H(X,Ag® E) ® F(By) — F(E) @ F(Km.g)m)|.

Therefore ®g, (E) & F(E) ® F(Kpmg)[m], and so, in particular, H'(®g, (E)) = 0 unless i €
[-m — M,—m] U [—M,0]. Since this holds for every E € K,,, applying Lemma we deduce
that also H'(G,,) = 0 unless i € [-m — M, —m] U [-M,0]. This implies that G, = &, ® F,, with
H(E,) =0 unless i € [~M,0] and H(F,,) = 0 unless i € [-m — M, —m)].

4.3. Uniqueness of the kernel. We are going to show that a kernel of F' (if it exists) is necessarily
isomorphic to &, for m > 0. Indeed, assume that £ € D?(X x Y, o' X f3) is such that ' = ®¢.
A standard computation shows that

L
E =pl0r @p5E eDP(X x X x X xY,aRa ' Ka X p3)

(where p;; is the obvious projection from X x X x X x Y and O is now considered to be (aXa™1)-
twisted) defines a functor of Fourier-Mukai type

e : DP(X x X, 0 ' Ka) - DP(X xY,a ' K 3)

L
such that ®g/(F) = R(q13)« (¢} F @ ¢33€) for every F € DP(X x X,a" ! K a) (here, again, g;;
denotes the obvious projection from X x X x Y). It follows easily that ®¢/(Oa) = € and

L L L
e (AN B) 2 AKX 0e(B) = AKX F(B)

for A € DP(X,a™!) and B € D?(X,a). In particular, we see that &g maps the complex C,, to
Cyn, hence if m > 2dim(X) a convolution of the latter complex is given by ®g/(Oa B K,n[m]) = E®
De/ (Kr,)[m]. Therefore €@ P (Kp,)[m] = Gy, = Epy & Frn, and we can conclude that £ = &, (and
Per (Kyp)[m] = Fpp) provided m > 0 (more precisely, it is enough that Hompp (y xy,a-158) (€, Fin) =
0 and Hompp x xy,q-158) (Em, Per (Km)[m]) = 0, which is certainly true for large m by definition of
Em and F,,, and because ¢ is bounded).

4.4. Isomorphism of functors on a subcategory. Now we fix an integer m > dim(X) +
dim(Y) + M and we will prove that £ := &, is really a kernel of F. To simplify the notation we
will suppress the subscript m also from G,,, Fn, C’m JoR gém p and K. As a first step, we will
show that ®¢|k and F|k are isomorphic as functors from K to DP(Y,3). To see this we use the
argument in [I1, Lemma 6.2]. In fact for every E € K by and the complex C' has two
right convolutions, namely

8.1 = (d0,1,0) : H(X, Ay ® E) ® F(By) — ®g(E) = 0¢(E) ® ¢5(E)

and (F'(do,g),0). Due to Lemma this implies that there exists a unique isomorphism ¢(E) :
dg(E) = F(E) such that F(6p,r) = ¢(E) o . In order to see that this isomorphism is
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functorial, just notice that for every morphism v : E — E’ of K, again by Lemma there is a
unique morphism ®¢(E) — F(E’) such that the diagram

0 SO,E
H(X, Ay ® E) @ F(By) Pe(E)
Ho(id®7)®idl l
. , F (59, ) )
HO(X, Ay ® E') @ F(By) F(E)

commutes. Since both F(v) o p(F) and ¢(E’) o ®¢(v) satisfy this property, they must be equal.

4.5. Extending the isomorphism. Now we choose an a-twisted locally free sheaf E and a
very ample line bundle L on X (defining an embedding X < PV) and we denote by C the full
subcategory of Coh(X, ) with objects {F ® L®*},cz. Now, by Lemma this set of objects
is an ample sequence in Coh(X, «), hence by Proposition in order to prove that F' = ®¢ it
is enough to show that F|c = ®¢|c. To this purpose, we proceed as in [I1, Lemma 6.4] and we
define isomorphisms ¢y, : F(E ®@ L&) = &¢(E @ LE*) (for k € Z) such that

(4.4) Pe(y) 0 pry = Pry 0 F()

for every morphism v : E® L®*1 — E® L®*2 of C and for every ki, ks € Z. By definition of ample
sequence there exists kg € Z such that £ ® L®* € K for k > kq. Then, setting oy, := o(E® L&*)~!
for k > kg, the equation is satisfied for k1, ko > kg. Now we proceed by descending induction:
assuming ¢y, is defined for k£ > n and is satisfied for k1, ko > n, we define ¢, as follows. As
in ([2.1), Beilinson’s resolution gives an exact sequence in Coh(X)

0—0x 2N Loy 25 ... 2 18N gy 24 [ON+L gy 0

(n) ._

(where each Vj is a finite dimensional vector space), hence, setting p; ' := idggren ® p;, the

complex

(n) (n)
E®L®n+1®VN pL) p1_>E®L®n+N+l®‘/O

in DP(X, ) has a unique up to isomorphism left convolution P%L EQLE" —» E® LE"H @ Vy.
The inductive hypothesis implies that

F(pi)) F(p{™)

F(E® L®") @ Vy F(E® L®" N+ o 1,

i‘?n-&-N-&-l@id

q’S(E ® L®n+N+1) ®V

i‘ﬂ'nﬂ»l@id
E(pN ) e(py )

Pe(E @ L") @ Vy

is an isomorphism of complexes in DP(Y, 3) which satisfies the assumptions of Lemma hence
there is a unique isomorphism ¢,, such that the diagram

(e
F(E® L®) F(E® L") @ Vy
\L‘Pn \Lg@n+1®id
Qs(pg\ﬂrl)

de(E @ LE™) Pe(E® L") @ Vy
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commutes. Moreover, for every morphism v : £ ® L% — E ® L®*2 of C and for every ki, ko > n

k
F(peV) F(pi™)

F(E® L®MHh) @ Vy F(E ® LEM+N+) o 1,
l%@id

(I)g(E ® L®k2+N+1) ® VO

\LﬁN@id
Be(pk2) Be(plk2)
CI)g(E®L®k2+1)®VN elpn™) eler ™)

(where 4; 1= QrytN+1—i © F(y ® idpent1-) = Pe(y @ idpen+1-i) © g, +N+1—i) IS a morphism of
complexes in DP(Y, ) which again satisfies the assumptions of Lemma Therefore, there is a
unique morphism F(E ® L®*1) — &g(E ® L®*2) such that the diagram

F( (k1) )

F(E®L®k1) PN+ F(E®L®k1+1) ® Vy
l (k2) l’ym@id
Pe(pnin)
De(BE @ L) N g (BEe LPR ) @ Vy

commutes, and, since both ®¢(v) o g, and g, o F(y) satisfy this property, we conclude that (4.4)
holds.

Remark 4.1. Theorem 1.1 in [I1] concerns fully faithful functors. This requirement is essential
in Kawamata’s proof only in [II, Lemma 6.5] (which depends on [14, Prop. 2.16]). Kawamata’s
argument can now be reconsidered using Proposition instead of [I1, Lemma 6.5]. Hence we
immediately get the following generalization of Kawamata’s result. Let X and Y be normal
projective varieties with only quotient singularities and let X and Y be the smooth stacks naturally
associated to them. Let F': D’(Coh(X)) — D"(Coh())) be an exact functor with a left adjoint
and such that, for any F,G € Coh(X),

Hompps (con(yy) (F(F), F(G)[j]) =0

if 7 < 0. Then there exists a unique up to isomorphism £ € DP(Coh(X x )))) and an isomorphism
of functors F' = &g,

Observe moreover that, in Kawamata’s proof, the results in [I1, Sect. 3] can be replaced by our
shorter argument in Section

5. EXACT FUNCTORS BETWEEN THE ABELIAN CATEGORIES OF TWISTED SHEAVES
Theorem can be used to classify exact functors from Coh(X, a) to Coh(Y, ).

Proposition 5.1. Let (X, ) and (Y, 3) be twisted varieties. If £ is in Coh(X xY,a X 3), then
the additive functor
Ve :=p.(E ®q¢*(—)) : Coh(X, o) — Coh(Y, )

is ezact if and only if € is flat over X and plsupp(e) : Supp(€) — Y is a finite morphism.
Moreover, for every exact functor G : Coh(X,a) — Coh(Y,3) there exists unique up to iso-
morphism € € Coh(X x Y,a ' X B) (flat over X and with Plsupp(e) finite) such that G = Ve

Proof. Clearly & is flat over X if and only if the functor £ ® ¢*(—) is exact, and in this case ¥g is
left exact and RWUg = Rp. (€ ® ¢*(—)). Notice also that £ ® ¢*(—) is exact if ¢ is exact. Indeed,
given an injective morphism F < G in Coh(X, «) and setting

K:=ker(E®q¢F = E®qG),
for every E € Coh(X) locally free there is an exact sequence in Coh(Y, f3)
0= pKRGE) =2 p(EQG(FRE)) =Veg(FOFE) = p(ERG(GRE)) =Ve(GRE),



14 ALBERTO CANONACO AND PAOLO STELLARI

from which we see that, if Ug is exact, p.(K ® ¢*FE) = 0; therefore K = 0, and this proves
that £ ® ¢*(—) is exact. It follows that, in order to conclude the proof of the first statement,
it is enough to show that p|gupp(e) is finite if and only if Rip.(E® ¢*F) = 0 for j > 0 and for
every F € Coh(X,«a). To this purpose, up to replacing £ with £ ® p*F' for some locally free
sheaf F' € Coh(Y,371), we can assume that §3 is trivial (because Supp(£) = Supp(€ ® p*F) and
Rip.(E@p'FRq¢*F) =2 F @ RIp.(E®q*F)).

If plgupp(e) is finite, we can find a cover by open affine subsets {Vi}ic; of Y and U; C X open
affine such that Supp(€|xxv;,) C U; x V; for every i € I. Then, denoting by p; : X x V; — V; and
p; : Ui x V; = V; the projections, for j > 0 and for every F € Coh(X, ) we have

R7p.(€ @ ¢* F)lv, 2 R7pi, (€ © ¢ F)|xxv;) = RIp,(ER ¢ F)|u,xv;) =0

because p, is an affine morphism, hence R/p,(€ @ ¢*F) = 0. On the other hand, if Plsupp(e) 18
not finite, there exist a closed point y € Y and a closed irreducible subset X’ C X such that
d := dim(X’) > 0 and X' C Supp(E,), where £, € Coh(X,a™!) corresponds to €|y, under
the natural isomorphism X = X x {y}. We claim that there exists 7y € Coh(X,«) such that
Supp(Fy) = X’ and H4(X, &y ® Fo) # 0. For instance, denoting by E a locally free a-twisted
sheaf on X and by Ox/(1) a very ample line bundle on X’ (regarded as a subscheme of X with
the reduced induced structure), we can take Fop = E ® Ox/(—n) for n > 0. Indeed, by definition
of the dualizing sheaf w$, (see [7, p. 241]), we have

HYX,E,® E® Oxi(—n))" =2 HY(X', (£, ® E)|x/(—n))"
= Homy/ ((&, @ E)|x1,w%:(n)) = HY(Homx (€, ® E)|xr,w%:)(n)),

and the last term is not 0 for n > 0, since Homx/((€y ® E)|x/,w%/) # 0 due to the fact that
Supp((&y ® E)|x) = X" and w$, = wxs on the non-empty open subset where X' is smooth.

Then let V' C Y be an open affine subset containing y and denote by ¢ : X x V — X the
projection. Applying the right exact functor ¢.(—) ® Fyp to the natural surjective morphism
Elxxv = €|xx{y}, we get a surjective morphism in QCoh(X)

¢ G(Elxxv) ® Fo = €€l xxyy) ® Fo =& @ Fo.

As Supp(ker(p)) C X', we have H¥ (X, ker(p)) = 0, hence the assumption H4(X, &, ® Fy) # 0
implies that

0# HYX,d.(E|lxxv) ® Fo) = HYX x V, (£ @ ¢"Fo)|xxv),

and this proves that R, (£ ® ¢*Fy) # 0.

Assume now that G : Coh(X,a) — Coh(Y, ) is an exact functor. By Theorem there
exists (unique up to isomorphism) £& € DP(X x Y,a™' X ) such that DP(G) = &g, and £ €
Coh(X x Y,a !X ) by Lemma [2.5| From the fact that ®¢(Coh(X,a)) C Coh(Y,f) it is easy
to deduce that

G = Pglcon(x,a) = Ve
The uniqueness of £ follows from Corollary [3.8| O

Remark 5.2. The above result implies that there are no non-zero exact functors from Coh(X, «)
to Coh(Y, B) if dim(X) > dim(Y): to prove this, just note that if 0 # £ € Coh(X x Y, a X j) is
flat over X then dim(Supp(£)) > dim(X), and that dim(Supp(&)) < dim(Y') if plsupp(e) is finite.

It was proved by Gabriel in [6] that if X and Y are noetherian schemes then there exists an
exact equivalence QCoh(X) = QCoh(Y) if and only if X and Y are isomorphic. For smooth
projective varieties, a short proof (relying on Orlov’s result) of an analogous statement involving
coherent sheaves was given in [8]. Following this last approach and using Proposition we prove
a Gabriel-type result for twisted varieties.
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Corollary 5.3. Let (X, a) and (Y, 3) be twisted varieties. Then the following three conditions are
equivalent:

(i) there is an exact equivalence between QCoh(X,a) and QCoh(Y, §);
(ii) there is an exact equivalence between Coh(X,a) and Coh(Y, 5);
(iii) there exists an isomorphism f: X Y such that f*(B8) = .

Proof. The implications (iii) = (i) and (iii) = (ii) are trivial. Suppose that an exact equivalence G :
QCoh(X,a) = QCoh(Y, B3) is assigned and consider the equivalence D(G) : D(QCoh(X, o)) =
D(QCoh(Y,3)) induced by G. Due to [I5, Thm. 18] and [3, Lemma 2.1.4, Prop. 2.1.8], D(G)
restricts to an equivalence F' : DP(X,a) =5 DP(Y,3) which yields an exact equivalence G’ :
Coh(X,a) = Coh(Y, ). This proves that (i) implies (ii).

The proof of the implication (ii) = (iii) proceeds now as in [8, Cor. 5.22, Cor. 5.23]. First of
all, recall that given an abelian category A, A € Ob(A) is minimal if any non-trivial surjective
morphism A — B in A is an isomorphism. Notice that an equivalence ' : A = B sends minimal
objects to minimal objects.

It is easy to see that the set of minimal objects of Coh(X, «) consists of all skyscraper sheaves
O, where z is a closed point of X. Let G : Coh(X,a) = Coh(Y,3) be an exact equivalence. By
Proposition G = Vg, for some £ € Coh(X x Y,a ! K ).

Since G maps skyscraper sheaves to skyscraper sheaves, £,y is isomorphic to a skyscraper
sheaf and we naturally get a morphism f: X — Y and L € Pic(X) such that

G=L® fu(-)

The morphism f is actually an isomorphism since G is an equivalence ([8, Cor. 5.23]) and, by
definition, f*(8) = «. O

This proves Conjecture 1.3.17 in [3] for quasi-coherent sheaves on smooth projective varieties.

Remark 5.4. Suppose that X and Y are smooth separated schemes of finite type over a field
K and that o € Br(X) while 8 € Br(Y). In [I5] it was proved that if there exists an exact
equivalence Coh(X,a) = Coh(Y, 3), then there is an isomorphism f : X = Y. On the other
hand the approach in [I5] does not allow to conclude that f*(8) = a.
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