
A FINITE GROUP ACTING ON THE MODULI SPACE OF K3 SURFACES

PAOLO STELLARI

Abstract. We consider the natural action of a finite group on the moduli space of polarized K3
surfaces which induces a duality defined by Mukai for surfaces of this type. We show that the group
permutes polarized Fourier-Mukai partners of polarized K3 surfaces and we study the divisors in
the fixed loci of the elements of this finite group.

1. Introduction

In [11], Mukai introduced a duality for polarized K3 surfaces with Picard number 1. More
precisely, given a K3 surface X of this type, Mukai constructs a fine moduli space Y of stable
sheaves on X whose Chern classes satisfy some restrictive conditions. Due to [10], Y is also a K3
surface and, by [11], if X has a polarization of degree 2d, then Y has a polarization of the same
degree. By analogy with the case of abelian varieties, Y is interpreted as a dual variety of X. The
universal family on X × Y yields an equivalence of the bounded derived categories of coherent
sheaves on X and Y . Using the results in [10] it is quite easy to show that the same duality can
be defined for K3 surfaces with arbitrary Picard group (Section 2.1).

The aim of this paper is to show that Mukai’s duality is given by the natural action of a finite
group G2d on the moduli space K2d of K3 surfaces with a polarization of degree 2d (d is any
positive integer). Indeed we prove that G2d acts by interchanging periods of polarized K3 surfaces
with equivalent bounded derived categories of coherent sheaves. Moreover such an action is free
and transitive on the set of points of K2d parametrizing polarized K3 surfaces with the same
derived category and with Picard number 1. As we will point out, this immediately leads to an
interpretation of Mukai’s duality as the action of G2d on K2d (see Theorem 2.2).

The action of G2d is not necessarily free on the set of periods of K3 surfaces with Picard number
greater than 1. In general, it seems difficult to determine explicitly the irreducible components
of the fixed loci and their dimension. Our results on the geometrical properties of the divisors in
the fixed loci of the non-trivial elements of G2d are summarized by Theorem 3.3. It essentially
says that the irreducible divisors contained in such fixed loci are Heegner divisors. As a first
approximation, a Heegner divisor can be thought of as the image in K2d of a hyperplane section of
the period domain of polarized K3 surfaces, and the K3 surfaces corresponding to its points have
Picard number greater than or equal to 2.

These divisors have recently appeared in other similar contexts. It is the case of [13] where the
author studies rank-2 lattices L such that all polarized K3 surfaces X whose Picard group contains
L as a primitive sublattice are isomorphic to the moduli space of stable sheaves on X determined
by the choice of specific Chern classes (see Remark 3.2 for more details).

The quotient G2d\K2d parametrizes primitive Hodge structures of K3 surfaces with polarizations
of degree 2d. Such a variety naturally appears when describing divisors of the moduli space of
cubic 4-folds. A dense subset ofG2d\K2d parametrizes all triangulated categories realized as derived
categories of coherent sheaves on K3 surfaces with Picard number 1 (see Section 2.4 for these two
remarks). As a consequence of Theorems 2.2 and 3.3, we describe the ramification divisor of the
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natural map K2d → G2d\K2d and we show that this dense subset does not meet the singular locus
of G2d\K2d (see Corollary 3.4).

2. Mukai’s duality and the action of G2d

Recall that a lattice is a free abelian group L of finite rank with a non-degenerate symmetric
bilinear form b : L × L → Z. We denote by O(L) the group of isometries of L. Given the dual
L∨ := Hom(L,Z) of a lattice L and the natural inclusion L ↪→ L∨, the discriminant group of L
is the quotient AL := L∨/L. Notice that AL inherits from L a bilinear form with values in Q/Z.
(For more details about lattices and discriminant groups, see [12].) If X is a K3 surface, the group
H2(X,Z) with the cup product is an even unimodular lattice which is isomorphic to the lattice
Λ := U⊕3 ⊕ E8(−1)⊕2 (for the meaning of U and E8, see [2]). Given two K3 surfaces X and Y ,
a Hodge isometry is an isometry ψ : H2(X,Z) → H2(Y,Z) such that ψ(H2,0(X)) = H2,0(Y ). We
will denote by NS(X), T (X) := NS(X)⊥ and ρ(X) := rk NS(X) respectively the Néron-Severi
group, the transcendental lattice and the Picard number of X.

The plan of this section is as follows. Mukai’s duality is introduced in Section 2.1. The moduli
space K2d of 2d-polarized K3 surfaces and the action of a finite group G2d on K2d are described in
Section 2.2. In that section we also discuss the interpretation of Mukai’s duality in terms of the
action of G2d. In Section 2.4 we provide a few geometrical interpretations of the quotient G2d\K2d,
which will be reconsidered in Section 3.

2.1. Mukai’s duality. There exists a well-known duality for abelian varieties. Indeed, given an

abelian variety A one can just consider the abelian variety Â := Pic0(A). The key aspects of this
duality are the following (see [9]):

(A.1) it is an involution, i.e.
̂̂
A = A;

(A.2) there exists an equivalence Db(A) ∼= Db(Â) induced by the Poincaré line bundle on A× Â
(for a smooth projective variety Y , Db(Y ) is the bounded derived category of coherent
sheaves on Y );

(A.3) A and Â have polarizations of the same degree.

In [11], Mukai proposed an analogous construction for K3 surfaces (i.e. 2-dimensional complex
projective smooth varieties with trivial canonical bundle and first Betti number b1 = 0). Recall
that, for a positive integer d, a polarized K3 surface of degree 2d (or a 2d-polarized K3 surface) is
a pair (X, `), where X is a K3 surface and ` is a primitive vector in the cone C(X)+ ⊂ Pic(X)⊗R
spanned by pseudo-ample (i.e. nef and big) divisors of X and `2 = 2d.

Mukai’s construction ([10, 11]) is as follows. Suppose that (X, `) is a 2d-polarized K3 surface
with `2 = 2d = 2rs and gcd(r, s) = 1. Consider the fine moduli space M(r, `, s) parametrizing
`-stable sheaves E on X such that rkE = r, c1(E) = ` and χ(E) = r + s. Deep results in [10]

ensure that M(r, `, s) is a K3 surface as well. A K3 surface dual to X is X̂ := M(r, `, s). In
complete analogy with the case of abelian varieties, the results in [10, 11] imply that

(B.1) Mukai’s duality is an involution, i.e.
̂̂
X = X (see Remark 2.1(iii) below);

(B.2) there exists an equivalence Db(X) ∼= Db(X̂) induced by the universal family on X × X̂;

(B.3) X̂ has a polarization `′ such that (`′)2 = 2d.

Remark 2.1. (i) Mukai defined this duality in [11] just for K3 surfaces X with Picard number 1.
On the other hand it can be easily extended to polarized K3 surfaces (X, `) with no restrictions
on ρ(X) using the explicit description in [10] of the lattice and Hodge structures of the second
cohomology group of the moduli space M(r, `, s), where r, ` and s satisfy the previous conditions.
Indeed, the only delicate part is (B.3). But due to [10], if v := (r, `, s), then there exists a Hodge
isometry ψ : H2(M(r, `, s),Z) → v⊥/Zv and ψ−1((0, `, 2s)) is a primitive vector in NS(M(r, `, s))
with self-intersection `2.
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(ii) Mukai’s construction depends very much on the chosen factorization 2d = 2rs. Indeed, [18,
Thm. 2.4] shows that there may be many non-isomorphic K3 surfaces dual (in the sense of Mukai)
to a K3 surface.

(iii) Condition (B.1) can be better explained as follows: There exists a vector v̂ := (r̂, ̂̀, ŝ) ∈
H∗(X̂,Z) with gcd(r̂, ŝ) = 1, ̂̀ ample and primitive, ̂̀2 = `2 = 2r̂ŝ and such that the fine moduli

space M(r̂, ̂̀, ŝ) of ̂̀-stable sheaves on X̂ (with the specified Chern classes) is isomorphic to X.

2.2. The moduli space of 2d-polarized K3 surfaces and the action of G2d. Let h be a
primitive vector of Λ with h2 = 2d. The orthogonal complement of h in Λ is isometric to the
lattice

L2d := 〈k〉 ⊕ U⊕2 ⊕ E8(−1)⊕2,

where k2 = −2d. The set D2d := {σ ∈ P(L2d ⊗C) : σ · σ = 0 and σ · σ > 0} is an open subset of a
quadric in P(L2d ⊗C). We put Γ(〈h〉) := {g ∈ O(Λ) : g(h) = h} and Γ2d := im(Γ(〈h〉)→ O(L2d)).
It is easy to verify that Γ2d is the kernel of the map Ψ : O(L2d)→ O(AL2d

). The quotient

K2d := D2d/Γ2d

is an irreducible quasi-projective variety of dimension 19 (see [1], Exposé XIII). By the Torelli
Theorem and the surjectivity of the period map, K2d is isomorphic to the moduli space of 2d-
polarized K3 surfaces (see [1, 5]). Notice that by [12, Thm. 1.14.4], the definition of K2d is
independent of the choice of the primitive vector h with self-intersection 2d.

According to Section 2.1, given two integers r and s such that

r, s positive 2d = 2rs gcd(r, s) = 1,(2.1)

Mukai’s duality is given by the involution

δr,s : K2d −→ K2d

sending the period [σX ] parametrizing a 2d-polarized K3 surface (X, `) to the period [σr,s] :=
δr,s([σX ]) parametrizing the 2d-polarized moduli space (M(r, `, s), `′). Therefore Mukai’s duality
is realized by the action on K2d of the group of automorphisms

∆2d := 〈δr,s : r, s satisfying (2.1)〉 ⊆ Aut(K2d)(2.2)

generated by Mukai’s involutions.
Consider the finite group

G2d := O(AL2d
)/{±id}.

The main result of this section is the following theorem, which will be proved in Section 2.3 and
which shows that Mukai’s duality can be described in terms of the natural action of G2d.

Theorem 2.2. The group G2d acts on K2d by sending the period of a 2d-polarized K3 surface
(X, `) to a period in the finite set of 2d-polarized Fourier-Mukai partners of (X, `). Moreover this
action is free and transitive on the set of periods corresponding to the Fourier-Mukai partners of
any 2d-polarized K3 surface with Picard number 1 and ∆2d = G2d.

Recall that two K3 surfaces X1 and X2 are Fourier-Mukai partners if there exists an exact
equivalence Db(X1) ∼= Db(X2). We write FM(X) for the set of isomorphism classes of Fourier-
Mukai partners of X.

Before passing to the proof of Theorem 2.2, we fix some notation which will be used for the
rest of this paper. By definition, there exists a (surjective) map O(L2d) → G2d. Hence given
f ∈ O(L2d), we write [f ] for the image of f in G2d. If σ is an element of D2d and π : D2d → K2d

is the natural projection, [σ] := π(σ). If σ ∈ D2d, then T (σ) is the minimal primitive sublattice of
Λ such that σ ∈ T (σ)⊗ C. We put

ρ([σ]) := 22− rkT (σ) and Oσ := {g ∈ O(T (σ)) : g(Cσ) = Cσ}.
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Observe that if [σ] = [σ̃], then Oσ is conjugate to Oσ̃. Moreover, we define (Xσ, `σ) to be the
2d-polarized K3 surface corresponding to [σ] (in particular T (Xσ) ∼= T (σ)). The points of K2d will
often be called periods.

2.3. Proof of Theorem 2.2. Let us start from the following easy lemma.

Lemma 2.3. The group G2d acts on K2d and G2d
∼= (Z/2Z)p(d)−1 where p(1) = 1 and p(d) is the

number of distinct primes dividing d, if d ≥ 2.

Proof. Obviously O(L2d) acts on D2d. The subgroup Γ2d is the kernel of the map Ψ : O(L2d) →
O(AL2d

). Hence it is normal in O(L2d) and O(L2d)/Γ2d acts on K2d = Γ2d\D2d. Since, under our
hypothesis, Ψ is onto (see [12, Thm. 1.14.2]), O(AL2d

) ∼= O(L2d)/Γ2d acts on K2d. As −id acts
trivially on D2d, G2d acts on K2d. The second part of the statement is [17, Lemma 3.6.1] (see also
[14]). �

The fact that G2d acts on K2d by sending the period of a 2d-polarized K3 surface (X, `) to
the period of a 2d-polarized Fourier-Mukai partner of (X, `) is easy. Indeed, given [σ] ∈ K2d

corresponding to (X, `) and an f ∈ O(L2d), then f(T (σ)) = T (f(σ)). If (X ′, `′) corresponds to
[f(σ)] ∈ K2d, then there is a Hodge isometry between T (X) and T (X ′). To conclude, observe
that Orlov proved in [15] (using results of Mukai) that, given two K3 surfaces X and Y , the
following three conditions are equivalent: (i) Db(X) ∼= Db(Y ); (ii) there exists a Hodge isometry
T (X) ∼= T (Y ); (iii) Y is isomorphic to a smooth compact 2-dimensional fine moduli space of stable
sheaves on X.

Definition 2.4. Let (X, `) be a 2d-polarized K3 surface. We define the set of isomorphism classes
of 2d-polarized Fourier-Mukai partners of (X, `):

FM2d(X, `) :=

{
(X ′, `′) :

(1) (X ′, `′) is a 2d-polarized K3 surface
(2) Db(X) ∼= Db(X ′)

}
/ ∼=,

where (X1, `1) ∼= (X2, `2) if and only if there exists an isomorphism ψ : X1 → X2 such that
ψ∗(`2) = `1.

Lemma 2.5. Let (X, `) be a 2d-polarized K3 surface. Then the set FM2d(X, `) is finite.

Proof. By [4, Prop. 5.3], the set FM(X) is finite. Let m := |FM(X)| and let Y1, · · · , Ym be
representatives of the isomorphism classes of the (unpolarized) Fourier-Mukai partners of X.

We first show that the number of non-isomorphic 2d-polarizations on Yj , for j ∈ {1, . . . ,m}, is
finite. Indeed, consider the set A := {c ∈ C(Yj)

+ : c2 = 2d}. Given c ∈ A, by Saint-Donat’s result
in [16] and Bertini’s Theorem, there exists an irreducible D in the linear system |3c| such that
D2 = 18d. If

B := {|D| : D ∈ Div(Yj) is irreducible and D2 = 18d},
item (b) of Theorem 0.1 in [19] asserts that B/Aut(Yj) is finite. Since there exists an injective map
A ↪→ B defined by c 7→ |3c|, Yj has only a finite number Pd(Yj) of non-isomorphic 2d-polarizations.
It is easy to see that

|FM2d(X, `)| =
m∑
j=1

Pd(Yj).

Hence FM2d(X, `) is finite. �

Consider the dense subset

Cgen ⊆ K2d

parametrizing 2d-polarized K3 surfaces with Picard number 1.
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Lemma 2.6. If (X, `) is a 2d-polarized K3 surface corresponding to [σ] ∈ Cgen, then the periods of
distinct isomorphism classes in FM2d(X, `) correspond to distinct points in the orbit G2d · [σ] and
|G2d · [σ]| = |FM2d(X, `)|.

Proof. Take (X, `) and [σ] ∈ K2d as in the statement. In particular, NS(X) ∼= 〈h〉 (here h is a
generator of the orthogonal complement of L2d in Λ). By [12, Thm. 1.14.4], 〈h〉 and NS(X) have
unique (up to isometries of Λ) primitive embeddings in Λ. Therefore,

FM2d(X, `) = {Xf(σ) : f ∈ O(L2d)}/isom.

Given f ∈ O(L2d), by the Torelli Theorem, Xf(σ)
∼= Xσ if and only if either f ∈ Oσ or f extends

to a Hodge isometry in O(Λ). Let

I1 := im(O(〈h〉)→ O(A〈h〉) ∼= O(AL2d
)) and I2 := im(Ψ : O(L2d)→ O(AL2d

)).

Obviously, I1 = {±id} and, by [12, Thm. 1.14.2], I2 = O(AL2d
). Now [14, Lemma 4.1] implies that

the image of the natural composition Oσ → O(L2d)→ O(AL2d
) is {±id}.

The results [12, Prop. 1.6.1, Cor. 1.5.2] state that g ∈ O(L2d) lifts to an isometry in O(Λ) if
and only if Ψ(g) ∈ {±id}. In particular, if g, h ∈ G2d and g 6= h, then g([σ]) 6= h([σ]). Hence
{g([σ]) : g ∈ G2d} is the set of periods of the non-isomorphic Fourier-Mukai partners of X. Thus
we have just shown that distinct isomorphism classes in FM2d(X, `) correspond to distinct points
in the orbit G2d · [ϕ(σX)] and that

|G2d · [ϕ(σX)]| = |FM2d(X, `)|.

(Compare this with the description of G2d and of its order given in Lemma 2.3.) �

This concludes the proof of the first part of Theorem 2.2. Now we just need to show that
∆2d = G2d.

Let (X, `) be a 2d-polarized K3 surface corresponding to [σ(X,`)] ∈ Cgen. Due to [18, Thm. 2.4],
for any Fourier-Mukai partner Y of X, there are two positive integers r and s satisfying (2.1) and
such that Y is isomorphic to the fine moduli space M(r, `, s) parametrizing stable sheaves E on X
with rkE = r, c1(E) = ` and χ(E)− rkE = s. Moreover, M(r, `, s) has a (unique) 2d-polarization
`′X . We denote by [σ(M(r,`,s),`′X)] ∈ Cgen the period corresponding to the 2d-polarized K3 surface

(M(r, `, s), `′X).
Since G2d acts by sending the period of a 2d-polarized K3 surface (X, `) to the period of a

2d-polarized Fourier-Mukai partner of (X, `), by [10, Thm. 1.4], given g ∈ G2d there exist two
integers r and s satisfying (2.1) and such that

g : [σ(X,`)] 7−→ [σ(M(r,`,s),`′X)],

for any [σ(X,`)] ∈ Cgen. In other words,

δr,s|Cgen = g|Cgen .

Conversely, given r and s as in (2.1) and [σ(X,`)] ∈ Cgen, by Lemma 2.6 there is a g ∈ G2d such that

g([σ(X,`)]) = [σ(M(r,`,s),`′X)].

Reasoning as before, this yields the equality δr,s|Cgen = g|Cgen .
To conclude the proof of Theorem 2.2, observe that since Cgen is dense in K2d, δr,s = g whenever

δr,s|Cgen = g|Cgen .
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2.4. A geometrical interpretation. Consider the quotient

P2d := G2d\K2d.

It is very easy to see that P2d = O(L2d)\D2d. Hence, due to the surjectivity of the period map
and the Torelli Theorem for K3 surfaces, each point of P2d naturally parametrizes all K3 surfaces
with Hodge-isometric primitive (with respect to a polarization of degree 2d) second cohomology
groups. Recall that for a 2d-polarized K3 surface (X, `), its primitive second cohomology group is
the orthogonal complement of ` in H2(X,Z). Such a sublattice naturally inherits form H2(X,Z)
a weight-two Hodge structure.

Very often the quotient P2d can be seen as a birational model of special divisors of the moduli
space C of cubic 4-folds (i.e. hypersurfaces of degree 3 in P5). This is the case if and only if 2d
is not divisible by 4, 9 or any odd prime p ≡ 2 (mod 3). Indeed, under these assumptions, one
considers, as in [6], the divisors C2d of C whose points parametrize cubic 4-folds X such that the
lattice

A(X) := H4(X,Z) ∩H2,2(X)

contains a primitive positive definite sublattice K2d with the properties:

• the class H2 (here H is the hyperplane section of X) belongs to K2d;
• rkK2d = 2 and 2d = |AK2d

|.
Interesting examples of divisors of this type are the ones whose generic points parametrize cubic
4-folds X whose Fano variety F (X) of lines contained in X is birational to the Hilbert scheme S[2],
where S is a K3 surface. Now [6, Thm. 1.0.2] allows us to conclude the existence of a birational

map C2d
∼
99K P2d.

Let us investigate a little bit more the geometry of P2d. In particular, consider the dense subset
Cgen ⊂ K2d whose points are the periods of K3 surfaces with Picard number 1. Due to Theorem
2.2, one can consider the dense subset

C̃gen := G2d\Cgen ⊂ P2d.

Applying once more Theorem 2.2 we see that C̃gen parametrizes all triangulated categories realized
as bounded derived categories of coherent sheaves on K3 surfaces with Picard number 1 and of
degree 2d.

3. Fixed loci of the action of G2d and divisors of K2d

By Theorem 2.2, Mukai’s duality has no fixed points contained in the dense subset Cgen. On
the other hand it may happen that some [σ] in the complement of Cgen is fixed by a non-trivial
δ ∈ ∆2d. In this section we study the divisors contained in the fixed loci of non-trivial elements of
∆2d or, equivalently, of G2d.

Proceeding in this direction we state a few definitions. Given a primitive sublattice L ↪→ L2d

with signature (2, 18), we put

DL := {σ ∈ P(L⊗ C) : σ2 = 0 and σ · σ > 0} = P(L⊗ C) ∩D2d.

Such a primitive sublattice defines a divisor HL := im(π : DL⊥ −→ K2d), where π is the restriction
to DL⊥ of the natural projection D2d → K2d. Obviously, if j ∈ Γ2d, then HL = Hj(L).

Definition 3.1. A divisor D of K2d is a Heegner divisor if there exists a primitive sublattice L of
L2d with signature (2, 18) such that D = HL.

Remark 3.2. Heegner divisors appear also in [13]. Indeed Nikulin studies primitive sublattices L
of Λ such that, given two positive integers r, s and l ∈ L (l2 > 0),

(1) for all polarized K3 surfaces (X, `) with a primitive embedding i : L ↪→ NS(X) and ` = i(l),
there is an isomorphism X ∼= M(r, `, s);
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(2) property (1) does not hold true if we substitute L with a primitive sublattice L′ ↪→ L with
rkL′ < rkL and l ∈ L′.

Following Nikulin’s terminology, such a lattice L is called a critical polarized K3 Picard lattice.
It is clear that a critical polarized K3 Picard lattice of rank 2 defines a Heegner divisor of the
moduli space Kl2 of l2-polarized K3 surfaces. Moreover, the generic points of these divisors (i.e.
the periods in Kl2 parametrizing K3 surfaces X with NS(X) ∼= L) are fixed points of Mukai’s
duality if gcd(r, s) = 1 (simply use Theorem 2.2).

For a Heegner divisor HL we denote by V (HL) the orthogonal complement of L in L2d. If
β ∈ L2d, we write

β = αβk +mβjβ ∈ L2d = 〈k〉 ⊕ U⊕2 ⊕ E8(−1)⊕2,

where jβ ∈ U⊕2 ⊕ E8(−1)⊕2 is primitive and αβ,mβ ∈ Z. Consider the set

< :=

{
〈β〉 ⊂ L2d :

(a) β ∈ L2d is primitive and β2 divides 2mβ and 2d
(b) β2 < 0, β2 6= −2 and β2 6= −2d

}
.(3.1)

In Sections 3.1 and 3.2 we will prove the following result:

Theorem 3.3. The irreducible divisors of K2d contained in the union of the fixed loci of the
non-trivial elements of G2d are the Heegner divisors HL such that V (HL) ∈ <.

As a consequence of Theorems 2.2 and 3.3 we can prove the following:

Corollary 3.4. The irreducible components of the ramification divisor of the natural map

p : K2d −→ P2d
are the Heegner divisors HL such that V (HL) ∈ <. Moreover C̃gen is contained in the smooth locus
of P2d.

Proof. The first part is just Theorem 3.3. For the second part observe that, due to Theorem 2.2,

Sing(P2d) ∩ C̃gen = Sing(K2d) ∩ Cgen, where Sing(P2d) and Sing(K2d) are the singular loci of P2d
and K2d respectively. But given [σ] ∈ K2d corresponding to a 2d-polarized K3 surface (Xσ, `σ)
with ρ(Xσ) = 1, Oσ = {±id} (see [14, Lemma 4.1]). Hence [σ] 6∈ Sing(K2d) and this concludes the
proof. �

3.1. Fixed loci and reflections. As a first step towards the proof of Theorem 3.3, we show that
a divisor in the fixed locus of a non-trivial g ∈ G2d is a union of Heegner divisors. Moreover, if
g ∈ G2d is non-trivial and fixes a divisor, then it is representable by a reflection.

Definition 3.5. (i) If g ∈ G2d, the set Fix(g) := {[σ] ∈ K2d : g([σ]) = [σ]} is the fixed locus of g.

(ii) Let β ∈ L2d be such that β2 6= 0 and 2x·β
β2 β ∈ L2d, for every x ∈ L2d. Then the isometry

rβ ∈ O(L2d) defined by

rβ(x) := x− 2
x · β
β2

β,

for any x ∈ L2d, is the reflection with respect to β.
(iii) The subset of G2d containing the non-trivial elements representable by reflections with

respect to vectors with negative self-intersection is denoted by

Ref(G2d) := {g ∈ G2d \ {id} : g = [rβ], with β2 < 0 and β ∈ L2d}.

Observe that, due to Theorem 2.2, if [σ] ∈ K2d is fixed by some non-trivial g ∈ G2d, then
ρ([σ]) ≥ 2. Under this additional requirement, we can prove the following:

Lemma 3.6. A point [σ] ∈ K2d with ρ([σ]) = 2 is fixed by at most one non-trivial g ∈ G2d.
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Proof. If |G2d| = 1 the result is trivial. So, we suppose |G2d| > 1.
It is very easy to observe that if [σ] ∈ K2d, then [σ] ∈ Fix(g) if and only if there exists an

f ∈ O(L2d) such that [f ] = g, f(T (σ)) ⊆ T (σ) and f |T (σ) ∈ Oσ. Thus the proposition is proved if,
given

Sσ :=

{
f ∈ O(L2d) :

(a) f(T (σ)) ⊆ T (σ)
(b) f |T (σ) ∈ Oσ

}
,

we show that |Ξ(Sσ)| ≤ 2, where Ξ is the composition of Ψ : O(L2d)→ O(AL2d
) with the natural

projection from O(AL2d
) onto G2d.

As ρ([σ]) = 2, there is a primitive β ∈ L2d (unique up to sign) such that (L2d)Q = 〈β〉Q⊕T (σ)Q,
where, for a lattice L, we write LQ := L⊗Z Q. This decomposition of (L2d)Q induces an injective
homomorphism

Sσ ↪→ O(〈β〉)×O(T (σ)).

From Proposition B.1 in [7] it follows that im(Sσ → O(T (σ))) is a cyclic group of order 2n.
Moreover, O(〈β〉) = {±id}. Hence Sσ can be generated by at most two elements and so |Ψ(Sσ)| ≤ 4
(indeed, due to Lemma 2.3, for any g ∈ G2d, g

2 = id). Since −idL2d
∈ O(L2d) lies in Sσ and it maps

to (−id,−id) in O(〈β〉)×O(T (σ)), Ξ(Sσ) can be generated by one element and thus |Ξ(Sσ)| ≤ 2. �

Remark 3.7. Assume that [σ] ∈ K2d is a zero-dimensional irreducible component of Fix(g), for
some non-trivial g ∈ G2d. Then ρ([σ]) is even. Indeed, generalizing the proof of [14, Lemma 4.1],
we see that for each period [σ] corresponding to a K3 surface with odd Picard number, Oσ = {±id}.
Thus if ρ([σ]) is odd and [σ] ∈ Fix(g), then HT (σ) := im(DT (σ) → K2d) is contained in Fix(g) and
it is a subvariety of codimension 0 < ρ([σ])− 1 < 19 in K2d. As [σ] ∈ HT (σ), it follows that [σ] is
not a zero-dimensional irreducible component of Fix(g).

Now we consider the irreducible divisors of K2d contained in the fixed loci.

Proposition 3.8. A divisor D of K2d is fixed by at most one non-trivial g ∈ G2d. In this case g ∈
Ref(G2d) and the irreducible components of D are Heegner divisors. Conversely, if g ∈ Ref(G2d),
then Fix(g) contains a Heegner divisor.

Proof. Obviously, [σ] ∈ D ⊆ Fix(g) for a non-trivial g ∈ G2d if and only if there exists an f ∈
O(L2d) such that [f ] = g and σ is an eigenvector of the C-linear extension fC of f for a certain
complex eigenvalue λ. More precisely, λ = ±1 otherwise the eigenspace of λ would have dimension
less than or equal to 10 (indeed, λ is also an eigenvalue of fC).

This and the fact that, due to Theorem 2.2, a point [σ] such that ρ([σ]) = 1 is not fixed, imply
that there exist a subset S ⊆ {f ∈ O(L2d) : [f ] = g} and, for every f ∈ S, a non-trivial βf ∈ L2d

such that either fC|β⊥
f

= id or fC|β⊥
f

= −id and

D = π

⋃
f∈S

P(β⊥f ⊗ C) ∩D2d

 ,(3.2)

where π : D2d → K2d is the usual projection. This means that D is the union of the Heegner
divisors {Hβ⊥

f
}f∈S .

A Heegner divisor HL of K2d, where L is a primitive sublattice of L2d whose signature is (2, 18),
is irreducible. Indeed, by [8, Cor. 2.5], there is a primitive embedding M := L⊥ ↪→ U ⊕ U
and hence a primitive embedding U ↪→ M⊥. Take DM⊥ and the groups Γ(M) := {g ∈ O(Λ) :
g(m) = m for any m ∈ M} and ΓM := im(Γ(M) → O(M⊥)). By [5, Prop. 5.6], the quotient
KM := DM⊥/ΓM is irreducible. Since Γ(M) ⊆ Γ(〈h〉), there exists a surjective map KM → HL
and thus HL is irreducible. From this we conclude that the irreducible components of D are
Heegner divisors.

A straightforward consequence of the previous remarks and of (3.2) is that, when f ∈ S, f = rβf
because f |β⊥

f
is ±id. Thus if a Heegner divisor HL is contained in Fix(g), for g ∈ G2d non-trivial,
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then g ∈ Ref(G2d). Now let us suppose that HL ⊂ Fix(g1) ∩ Fix(g2), for g1, g2 ∈ G2d non-trivial.
Lemma 3.6, applied to [σ] ∈ HL with ρ([σ]) = 2, shows that g1 = g2. Hence, any divisor D is fixed
by at most one non-trivial g ∈ G2d.

The last statement of the proposition is trivial. �

3.2. Non-empty fixed loci. In this section we conclude the proof of Theorem 3.3, describing the
Heegner divisors fixed by the non-trivial elements of G2d .

Lemma 3.9. If L is a primitive sublattice of L2d with signature (2, 18), then the Heegner divisor
HL is fixed by a non-trivial g ∈ G2d if and only if V (HL) ∈ <.

Proof. A Heegner divisor HL with V (HL) = 〈β〉, for some primitive β ∈ L2d is fixed by a non-
trivial g ∈ G2d if and only if β defines a reflection rβ such that [rβ] = g ∈ Ref(G2d) (see Proposition
3.8).

Suppose that β defines a reflection in O(L2d) which is non-trivial in G2d. As at the beginning of
Section 3, let us write β = αk+mj ∈ 〈k〉⊕U⊕2⊕E8(−1)⊕2, where j ∈ U⊕2⊕E8(−1)⊕2 is primitive
and α,m ∈ Z. Let −β2/2 = peb1, with (b1, p) = 1 and p prime. Since j ∈ U⊕2 ⊕ E8(−1)⊕2 and

j 6= 0 (otherwise [rβ] = id ∈ G2d) there exists an x ∈ L2d such that x · β = m. Since 2(x·β)
β2 β ∈ L2d,

for all x ∈ L2d and β is primitive, pe divides m but not α. Moreover pe divides d, because
β2 = −2dα2 +m2j2. Thus β satisfies (a) in (3.1).

Notice that a reflection rβ ∈ O(L2d) with β2 < 0 is such that [rβ] ∈ Ref(G2d) if and only

if (A) 2d
β2α

2 6≡ 0 (mod d) and (B) 1 + 2d
β2α

2 6≡ 0 (mod d). Indeed, by the very definitions of

the discriminant group AL2d
and of the natural map O(L2d) → O(AL2d

), rβ is trivial in G2d if
and only if either rβ(k) = (2dm1 + 1)k + l1 or rβ(k) = (2dm2 − 1)k + l2, for m1,m2 ∈ Z and
l1, l2 ∈ U⊕2 ⊕ E8(−1)⊕2 ↪→ L2d. This gives exactly (A) and (B).

Since β2/2 does not divide α2, it follows that (A) and (B) hold true if and only if (b) in (3.1)
holds. Hence V (HL) = 〈β〉 ∈ < and this proves the “if” direction. The converse is easy and left
to the reader. �

We discuss now two examples which show that the fixed loci of the non-trivial elements of G2d

may or may not contain a Heegner divisor.

Example 3.10. Suppose 2d = 4p, where p is an odd prime such that p is not a square modulo
4 and 2 is not a square modulo p. By Lemma 2.3, G2d = 〈g〉 ∼= Z/2Z. Let β1 := α1k + 2j1 =
(1, 2, p− 1, 0, . . . , 0) ∈ L2d = 〈k〉 ⊕ U⊕2 ⊕ E8(−1)⊕2. As 〈β1〉 ∈ <, by Lemma 3.9, Hβ⊥

1
⊆ Fix(g)

and β21 = −4. Moreover Fix(g) does not contain any other Heegner divisor. Indeed, suppose that
there exists a primitive β2 ∈ L2d such that Hβ⊥

2
⊆ Fix(g). Using Lemma 3.9, we have 〈β2〉 ∈ <

and β22 = −4.
Let β2 = α2k + 2j2, where j2 ∈ U⊕2 ⊕ E8(−1)⊕2 (j2 is not necessarily primitive). Since

−4 = β22 = −2dα2
2 + 4j22 , α2

2 ≡ 1 (mod 2) and there exists an integer w such that α2 = 1 + 2w.
Observe that 1

2j2 6∈ U
⊕2⊕E8(−1)⊕2. Indeed, if 1

2j2 ∈ U
⊕2⊕E8(−1)⊕2, then there would exist an

integer α such that pα2 ≡ 1 (mod 4). This is impossible since p is not a square modulo 4.
Let Li be the minimal primitive sublattice of Λ containing the lattice generated by h and βi.

An integral basis of Li is given by ei := h and fi := 2
β2 (αih− βi). We can now define an isometry

ψ : L2 → L1 such that e2 7→ e1 and f2 7→ −we1 + f1. Due to [12, Thm. 1.14.4], ψ extends to an
isometry ψ′ ∈ O(Λ). Hence Hβ⊥

1
= Hβ⊥

2
.

As a very special case, we have Example 1.3 in [11] where Mukai’s duality is studied for K3
surfaces with Picard number 1 and with a polarization of degree 12. It is quite easy to see that,
if HL is the unique Heegner divisor in the fixed locus of the non-trivial g ∈ G2d and [σ] ∈ HL is
such that ρ([σ]) = 2, then

NS(Xσ) ∼=
(
Z2,

(
2 4
4 2

))
.
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In particular NS(Xσ) is isometric to the Néron-Severi group of a generic K3 surface which is a
complete intersection of bi-degree (1, 1) and (2, 2) in P2 × P2. These surfaces were studied by
Wehler in [20].

Example 3.11. There are 2d-polarizations such that none of the non-trivial elements of G2d fixes
a Heegner divisor. An example is when d = 15. Indeed, in this case, G2d = {id, g} (see Lemma
2.3) and if there exists a Heegner divisor HL ⊆ Fix(g) with V (HL) = 〈β〉, then, by Lemma 3.9, β2

is either −6 or −10. If β2 = −6, then −15α2 + 32s = −dα2 + m2 j2

2 = β2

2 = −3 for some integer

s. In particular, 5 should be a square modulo 3 but this is not the case. Similarly, β2 cannot be
equal to −10. Hence Fix(g) does not contain a divisor.
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50, 20133 Milano, Italy

E-mail address: paolo.stellari@unimi.it

URL: https://sites.unimi.it/stellari


	1. Introduction
	2. Mukai's duality and the action of G2d
	2.1. Mukai's duality
	2.2. The moduli space of 2d-polarized K3 surfaces and the action of G2d
	2.3. Proof of Theorem 2.2
	2.4. A geometrical interpretation

	3. Fixed loci of the action of G2d and divisors of K2d
	3.1. Fixed loci and reflections
	3.2. Non-empty fixed loci

	References

