THE PASSAGE AMONG THE SUBCATEGORIES OF WEAKLY
APPROXIMABLE TRIANGULATED CATEGORIES

ALBERTO CANONACO, AMNON NEEMAN, AND PAOLO STELLARI,
WITH AN APPENDIX BY CHRISTIAN HAESEMEYER

ABSTRACT. In this article we prove that all the inclusions between the ‘classical’ and naturally
defined full triangulated subcategories of a weakly approximable triangulated category are intrinsic
(in one case under a technical condition). This extends all the existing results about subcategories
of weakly approximable triangulated categories.

Together with a forthcoming paper about uniqueness of enhancements, our result allows us to
generalize a celebrated theorem by Rickard which asserts that if R and S are left coherent rings,
then a derived equivalence of R and S is “independent of the decorations”. That is, if D?(Rfm)
and D?(SfEI) are equivalent as triangulated categories for some choice of decorations ? and [J,
then they are equivalent for every choice of decorations. But our theorem is much more general,
and applies also to quasi-compact and quasi-separated schemes—even to the relative version, in
which the derived categories consist of complexes with cohomology supported on a given closed

subscheme with quasi-compact complement.

CONTENTS
[ntroduction
2. The basics of i—structures|
[3. The heart of a compactly generated t—structure|
[4. Weakly approximable triangulated categories and their subcategories|
[5. The subcategories of 7. and of T
6. The subcategories of 7—, and a recipe for T° as a subcategory of T
[7. Generalities about pseudocompact and strongly pseudocompact objects|
I8.  The subcategories of T
9. The case T¢ C T2: a procedure to recover T¢

(10.  Examples and applications|

[Appendix A. Appendix by Christian Haesemeyer|

[References|

2020 Mathematics Subject Classification. Primary 18G80, secondary 14F08, 18N40, 18N60.
Key words and phrases. Triangulated categories,enhancements.
A. C. is a member of GNSAGA (INdAM) and was partially supported by the research project PRIN 2022 “Moduli

1

10
19
29
34
41
45
51
55
61
63
64

spaces and special varieties”. A. N. was partly supported by Australian Research Council Grants DP200102537 and
DP210103397, and by ERC Advanced Grant 101095900-TriCatApp. P. S. was partially supported by the ERC
Consolidator Grant ERC-2017-CoG-771507-StabCondEn, by the research project PRIN 2022 “Moduli spaces and
special varieties”, and by the research project FARE 2018 HighCaSt (grant number R18YA3ESPJ).



2 ALBERTO CANONACO, AMNON NEEMAN, AND PAOLO STELLARI

INTRODUCTION

Derived categories are by now old and well-established, but it helps occasionally to remember
the difficulties that the people who first used them had to overcome. Let us therefore go back in
time to the 1960s and 70s, when the subject was still new.

The first printed introduction to them was in Hartshorne’s 1966 exposition of Grothendieck’s
duality theory [7], but the fuller and more thorough treatment in Verdier’s PhD thesis circulated
among the experts at the time—it was finally published in 1996 (see [33]). And the reader interested
in the historical perspective is encouraged to also look at Illusie’s exposés in SGA6 [12| 111 [10],
which all address foundational questions about derived categories. There was an enormous effort
in these early days to try to understand these objects, and figure out how best to work with them.

Recall that, associated to a scheme X, it is customary to attach three exact or abelian categories:
the category of quasi-coherent sheaves on X, denoted here Qcoh(X), the subcategory of vector
bundles on X, denoted here Vect(X), and (if X is noetherian) the category of coherent sheaves
on X, which we will denote Coh(X). Now when we pass from abelian (or exact) categories to
their derived categories, the objects of interest are cochain complexes of objects in the abelian (or
exact) category, and the natural question becomes which cochain complexes should be permitted.
And in the early days this was not clear—a great deal of thought and effort went into studying
the advantages and disadvantages of the various options.

After several decades, the consensus is as follows. Let X be a scheme, and assume Z C X is a
Zariski-closed subset. For the derived categories of (quasi-)coherent sheaves to work well, it is best
to impose finiteness hypotheses on the schemes that arise in the constructions we wish to make,
and the finiteness hypotheses that yield a useful theory postulate that the scheme X is quasi-
compact and quasi—separatedﬂ and that the open set X \ Z is quasi-compact. And the objects of
the seven useful (relative) derived categories, associated to the pair Z C X should all be cochain
complexes of sheaves of O y—modules, whose restriction to the open set X \ Z is acyclic. And then
we may wish to impose further restrictions, for example on the allowed cohomology sheaves. It so
happens that the most useful of the various derived categories one could consider turn out to be
the following seven:

(a) Dge,z(X). The only restriction is that all the cohomology sheaves must be quasi-coherent.

(b) Dye z(X) € Dge,z(X). This is the full subcategory of all complexes € with H"(€) = 0 for
n > 0.

c) DY (X) C Dge z(X). This is the full subcategory of all complexes € with H"(C) = 0 for

qc,Z qc,
n < 0.

(d) ngZ(X) C Dgqc,z(X). This is the full subcategory of all complexes € with H"(€) = 0 for
all but finitely many n € Z.

(e) D%erf(X) C Dyc,z(X). This is the full subcategory of all perfect complexes supported on Z.
A complex is perfect if it is locally isomorphic to a bounded complex of finite-rank vector

bundles.

IRecall that a scheme X is quasi-separated if the intersection of any two quasi-compact open subsets of X is

quasi-compact.
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(f) DZC,Z

ported on Z. A complex is pseudocoherent if it is locally isomorphic to a bounded-above

(X) € Dgc,z(X). This is the full subcategory of all pseudocoherent complexes sup-

complex of finite-rank vector bundles.
(2) DZ’CbZ(X) C Dy, z(X). This is the full subcategory of all objects € € Dy ,(X) such that
H"(C) = 0 for all but finitely many n € Z.

Note that the finiteness conditions on the complex, imposed in (e), (f) and (g), are all due to
Mlusie [10]. The definition of (f) in Ilusie is slightly more complicated than what we presented, but
the two definitions are equivalent—this can easily be seen by using [3, Theorem 5.1]. In fact, any of
the three finiteness conditions (e), (f) and (g) is local in the flat topology. And for an affine scheme
X = Spec (R), where by [3, Theorem 5.1] we know that the natural map D(R-Mod) — Dgc(X)
is an equivalence, the complex € € Dgc z(X) C Dgc(X) will belong to the subcategories (e),
(f) or (g) provided it is isomorphic in D(R-Mod) to a complex of finitely generated, projective
R-modules which is (respectively) bounded, bounded-above, or bounded-above with only finitely
many nonvanishing cohomology groups.

And one issue that concerned the early workers in the field was that the derived Hom involved in-
jective resolutions, while the derived tensor product involved flat resolutions. And in the early days
injective resolutions were only known to exist in D:l_Q 7(X), and flat resolutions only in D  ,(X).
To put things in historical perspective: it was not until Spaltenstein’s 1988 article [32] that any-
one came up with an adequate approach to forming derived tensor products and derived Homs
in Dgc,z(X) (although in some sense the homotopy theorists arrived at a different satisfactory
approach to a parallel problem earlier, as discussed in [3]). Now especially in the case of a subject
like Grothendieck’s duality theory, where derived tensor products and derived Homs both occur
and intermingle, this caused headaches.

To the early workers in the field it seemed crucial to find the right derived category for the
problem at hand. Using derived categories was viewed as an art, and a good artist displayed her
competence by choosing wisely the derived category to work with. In fact: to an extent this attitude
persists to the present day, in birational geometry. The people using derived category techniques
have been known to argue over the relative merits of the categories DP®f(X) and D%, (X).

Against this background one can imagine how surprising was the work of Rickard’s, which
appeared in 1989 and 1991 in the two articles [27, 28], and proves:

Theorem A (Rickard). Let R and S be two rings. Then, in the standard notation for the various

derived categories associated to the two rings, the following are equivalent:
(i
(il

(iii

There exists a triangulated equivalence D(R-Mod) = D(S-Mod).
There exists a triangulated equivalence D™ (R-Mod) = D~ (S-Mod).
There exists a triangulated equivalence DT (R-Mod) = D (S-Mod).

)
)
)
)
)
)

(iv) There exists a triangulated equivalence DY(R-Mod) = D?(S-Mod).
(v) There exists a triangulated equivalence D~ (R-proj) = D~ (S—proj).
(vi) There exists a triangulated equivalence D®(R-proj) = D’(S-proj).

If we assume further that the rings R and S are both left coherent, then the six equivalent conditions
above are also equivalent to:
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(vii) There exists a triangulated equivalence D®(R-mod) = Db(Sfmod)H

If R and S are commutative this says that a triangulated equivalence D?D7W(X ) = DE‘, 2(Y), in the
case where W = X = Spec (R) and Z =Y = Spec (S) and O and ? are any of Illusie’s decorations
in the list (a)—(g) above, implies the equivalence of all other pairs.

It should be explained that Rickard’s theory works by studying what an equivalence might look
like. An equivalence D’(R-0) = D?(S-0) must take the object R € D’(R-O) to some cochain
complex, an object in D?(S-0). And the basic idea of the theory is that this complex must be
very special—it has come to be known as a tilting complex. And roughly the idea is that the tilting

complexes are the same, independent of the decoration 7 and O.

The result. In this article and its sequel we give a vast improvement and a vast generalization of
Rickard’s remarkable result. First of all the improvement: we show that each of the seven derived
categories on Rickard’s list determines all the others. We mean this in the precise sense that, for
each ordered pair A, B of the derived categories, on Rickard’s list of seven, there is an explicit
recipe that takes the triangulated category A as input and outputs the triangulated category B.
Thus the seven derived categories are interchangeable, each of them knows all about the other six.

So much for the improvement, now the time has come for the generalization. Our result is not
only about derived categories of rings, it is about weakly approximable triangulated categories
with unique enhancements. And now it is time to remind the reader of the terminology.

We begin by recalling some work by the second author. In a series of recent articles he developed
the notion of “approximable” and “weakly approximable” triangulated categories—there will be
a brief review in And for the purposes of this article, the important features are that
every weakly approximable triangulated category T comes with intrinsically defined

(1) A preferred equivalence class of ¢-structures, see [Remark 4.1.4] for more detail.
(2) Thick subcategories 7=, T+, T, T, 7¢, T% = T- N T°, and T4 = TN TL. We will recall the
definition of each of these subcategories in

And the relevance of all of this to Rickard’s old theorem comes from two facts.

(3) If R is any ring, then the category T = D(R-Mod) is (weakly) approximable. Also, if X
is a quasi-compact and quasi-separated scheme and Z C X is a Zariski-closed subset with
quasi-compact complement, then the category T = Dgc z(X) is weakly approximable. We
will give references in [Example 4.1.3

(4) The general intrinsic subcategories of (2), of any weakly approximable triangulated category
T, can be computed when T is one the two special cases given in (3). They turn out to be

2Rickard’s paper claims that it suffices for just ome of the two rings R,S to be left coherent—with suitable
adjustments made to the definition of D*(R-mod) for the non-left coherent ring. But the authors couldn’t follow

the argument given in the old, published paper, and neither could Rickard.
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Z C X asin (a)—(g) R a ring
J QC Z(X) D(RfMOd)
T- qc — LX) D~ (R-Mod)
T+ qc LX) D+ (R-Mod)
Tb D!, 7(X) D’(R-Mod)
e DY (X) K®(R-proj)
T DoY) K~ (R-proj)
T DI (X) | K!(R-proj)
Jeb Dperf(X) Dperf(R)

In other words, in the case T = Dgc,z(X) we recover Illusie’s old list (a)-(g), and in the case
T = D(R-Mod) we recover the list of categories in Rickard’s old

An immediate consequence, of the existence of a recipe that produces these subcategories out of
T, is that, in [Theorem A} (i) implies all of (ii), (iii), (iv), (v), (vi) and (vii).

In summary, if 7 is a weakly approximable triangulated category, then the subcategories listed
in (2) sit in the following commutative diagram:

v / \
J j

T 7
A

e <—)rfé,b.
The main aim of this paper is to show that all the solid inclusions A < B in are intrinsic, in
the sense that there is a recipe, depending only on the triangulated structure on B, that describes

which objects in B belong to the full subcategory A. Since we found the notion of “recipe” difficult
to formulate precisely, we state our main theorem as follows.

Theorem B. All the inclusions in diagram , represented by the solid arrows A — B, are
invariant under triangulated equivalences. By this we mean: given a pair of weakly approzimable
triangulated categories T,T’, as well as matching inclusions A — B — T and A’ — B' — T from
diagram , then any triangulated equivalence B — B’ must restrict to a triangulated equivalence
A— A

Furthermore, the same is true for the (unique) inclusion in diagram represented by a dotted
arrow, provided we further assume that one of the two conditions below holds.

(i) 7,9 are coherent, as in|Definition 10.1.1), or

(ii) T¢ C T2, 7 C 7% and L(TO) N T = {0} = LT N T .

Note that does not mention enhancements, this entire article is enhancement-free and
uses only triangulated category techniques.

The uniqueness of enhancements enters in the sequel, when we want to go back. This means
that, when in the inclusion A < B we want a recipe that constructs B out of A, then to the
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best of the authors’ knowledge such a recipe needs enhancements. And when the enhancements
are unique, then so is the triangulated output. This will be discussed much more thoroughly and
carefully in the sequel to the current article. Here we just observe that, for inclusions A — B and
A’ < B’ as above, we can prove that the existence of a triangulated equivalence A — A’ implies
the existence of a triangulated equivalence B — B’. But we do not know if every triangulated
equivalence A — A’ extends to a triangulated equivalence B — B’, or if such extensions (when they
exist) are unique. This problem is deeply related to the issue of comparing the autoequivalence
groups of the various intrinsic subcategories which play a role in We will investigate

this in future work.

Structure of the paper. We should finish the introduction by giving an outline of the structure
of the article.

is a brief reminder of the notation used to set up the theory of approximable triangu-
lated categories. is a less-brief reminder of compactly generated t—structures. The reason
that the section on t-structures is less terse is that the results we refer to are scattered over an
extensive literature, whose focus is applications irrelevant to us here. Therefore the portion of this
vast literature that the reader needs, for the current manuscript, is tiny. reproves Saorin
and Sfovicek [30, Theorem 8.31], asserting that the heart of a compactly generated ¢-structure is
always a locally finitely presented Grothendieck abelian category. The reason we go to the trouble
of providing this new proof is that not only will we be using the result, but the lemmas in our proof
will turn out to come up again in the course of later arguments. And the preliminaries of the paper
end with which outlines the parts of the theory of weakly approximable triangulated
categories relevant to this manuscript.

And now we finally begin giving the recipes promised in We even go overboard:
given any category B in the hierarchy of diagram in , we occasionally give explicit recipes for
one of the subcategories not immediately below it in the hierarchy. This will happen for example
in the case of T7~. We have inclusions 7¢ C T, C T, but it so happens that we will first give a
recipe for computing ¢ C T, and then use it to concoct a recipe for T, C T~.

We note also that, when there are multiple paths in the hierarchy connecting a pair A C B, the
recipes they yield are not necessarily equally complicated. We have inclusions

],

J

T <270

and they combine to give two recipes for 78 C T~. As it happens the path 7% C 77 C T~ is much
less involved than the path ‘J'g cTbCcT.

Back to the structure of the paper, studies the category T, and its subcategories.
The recipe for obtaining the subcategory 7¢ C T is by a trick contained in and the
recipe for T¢ C T is not difficult once we know T¢, see the proof of [Proposition 5.2.2(ii). The

same formula also works to give a recipe for T as a subcategory of T¢, see [Proposition 5.2.2(iii).

This provides all the solid arrows in the bottom-left square of the hierarchy in the diagram .
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Now for the category T~. In [Proposition 6.1.3| we give a recipe for the preferred equivalence
class of t—structures on T, and [Lemma 6.2.1| gives a recipe for 7¢ C T~ [Corollary 6.2.2| combines
this information to give recipes for 7° C 7~ and T, C T~, completing our task with T~.

In the case of TT, the recipe for the preferred equivalence class of t-structures can be found in
[Proposition 6.1.7, and the recipe for 7% C T that follows from it is in [Corollary 6.2.2|
And now we come to the hardest part of the article, providing recipes for the subcategories of T?.

In order to study this we introduce the notion of strongly pseudocompact objects in a triangulated

category, the reader can see the subject developed in [Section 7 And [Corollary 8.1.6| tells us that,

in the categories T? and T+, the strongly pseudocompact objects are precisely ‘J'f:’. This delivers
the promised recipe for T% as a subcategory of T° (and as it happens also as a subcategory of TF).
And the recipe giving T7%° as a subcategory of J? is to be found in Once again, this
recipe also works to give T as a subcategory of T+.

And now for the dotted arrow in the hierarchy of the diagram . We have already said that
we do not have a general recipe, we only know recipes that work in special cases. In this article
we study the special case in which T¢ is assumed to be contained in T%, and we find a recipe that

works as long as +(7%) N T, = {0}. See|Proposition 9.2.3| for the precise recipe for T¢.

In we treat examples to which [Proposition 9.2.3] applies. Any coherent, weakly

approximable triangulated category satisfies +(T%) N T = {0}, in particular if R is a left coherent

ring then D(R-Mod) satisfies the hypothesis. Applying [Proposition 9.2.3| to the situation of
Rickard’s this provides a new proof that, as long as the rings R, S are left coherent,
then a triangulated equivalence as in (Vii) implies a triangulated equivalence as in
Theorem A|vi). And this is one of the rare cases where going in the reverse direction does not
require enhancements, see [16, Example 4.2 and Proposition 4.8].

But perhaps more remarkable is that +(T7%) N T, = {0} holds for Dgc z(X) unconditionally,
for any quasi-compact, quasi-separated X and any closed subset Z C X with quasi-compact

complement. Therefore in the category T = Dgc z(X) all the arrows of the diagram are solid.
For the proof see [Proposition 10.2.1] which depends crucially on Haesemeyer’s
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1. REMINDER OF SOME BASIC NOTATION

In this short section we briefly summarize some basic constructions involving various notions of

generation.

1.1. Notation and constructions. We start by recalling that, if T is a triangulated category,
then Y : T — T denotes the shift functor.

Notation 1.1.1. Let T be a triangulated category, and let A, B be full subcategories of T. The
following conventions will be used throughout:

(i) A+ B C T is the full subcategory of all objects = € T for which there exists a distinguished
triangle a — © — b with ¢ € A and b € B.
(ii) add(A) C T is the full subcategory whose objects are all finite direct sums of objects of A.
(iii) Assume T has coproducts. Then Add(A) C T is the full subcategory whose objects are all
the small coproducts of objects of A.
(iv) smd(A) C T is the full subcategory with objects all direct summands of objects of A.

With this notation, we will furthermore adopt the conventions:

(v) coprod(A) is the smallest full subcategory 8 C T satisfying
A CS, Sx8CS§, add(8) C 8.
(vi) (A) is given by the formula
(A) := smd (coprod(A)).
(vii) Assume T has coproducts. Then Coprod(A) is the smallest full subcategory 8 C T satisfying
A CS, §x8§CS§, Add(8) C 8.
(viii) Still assuming T has coproducts, then (A) is given by the formula
(A) := smd (Coprod(A)).
The following special case will interest us later in the article.

Notation 1.1.2. Let T be a triangulated category, and let G € T be an object.

(i) If m < n are integers, possibly infinite, then G[m,n] is defined to be the full subcategory of
T whose objects are given by

Glm,n] := {¥'G | i € Z and m < —i < n}.

In the rest of the paper when m = —oo (resp. n = 4+00) we use the notation G(—oo, n] (resp.
G[m, +00)) instead of the above one.
(i) The subcategory (G)™™ is defined by the formula

(G)lmnl = smd(coprod(G[m,n])> .



SUBCATEGORIES OF WEAKLY APPROXIMABLE CATEGORIES 9

(iii) Assuming T has coproducts, the subcategory @[m’n} is defined by the formula
@[m’n] = smd(Coprod(G[m,n])) .

The elementary properties of these constructions are discussed in [22] Section 1]. We will
freely use the results proved there when needed—the reader may wish to have a quick look before
proceeding with the rest of the current article.

1.2. Basic properties. We end the section with reminders of facts well-known to the experts.
Since all of these facts are easy enough, we include the (short) proofs for the reader’s convenience.
Recall that a subcategory C of a category D is strictly full if it is full and, given an object x € €
and an isomorphism x — y in D, then y is in C.
As a matter of notation, if T is a triangulated category and A is a full subcategory of T,
we will denote by A+ (resp. +A) the full subcategory of T consisting of all objects = such that
Hom(a,z) = 0 (resp. Hom(z, a) = 0) for every a € A.

Lemma 1.2.1. If T is a triangulated category with coproducts, and if A C T is any full subcategory,
then

(i) The subcategory Coprod(A) C T is strictly full.
(ii) The subcategory Coprod(A)*t C T is also strictly full, and moreover A+ = Coprod(A)*L.

Proof. We start with (i). By [Notation 1.1.1j(vii) the full subcategory 8§ = Coprod(A) is closed

in 7 under all small coproducts, and coproducts are only defined up to isomorphism. Thus any
isomorph B of an object A € § is a coproduct of objects of 8, in this case B is the coproduct of
all objects in the (singleton) set {A}.

Now for (ii), the fact that Bt is strictly full, for any full subcategory B of 7, is obvious
by definition. Furthermore, [Notation 1.1.1j(vii) guarantees that A C Coprod(A), and hence
Coprod(A)*+ C A+. We need to prove the reverse inclusion.

Clearly Hom(A, AL) = 0, giving the inclusion A C L(AL). But for any full subcategory B of
T, the subcategory 8 = +B is closed under coproducts and satisfies $ * § C 8. Applying this to
B = AL we obtain, with § = +B = J-(/lj-),

ACS, 8x8CS,  Add(S)CS.

Hence L(Al) contains the minimal subcategory satisfying the conditions, that is Coprod(A) C
+(A*). And this inclusion rewrites as Hom(Coprod(A), A*) = 0, that is A+ C Coprod(A)*+. O

Lemma 1.2.2. Let T be a triangulated category with coproducts, let A C T be a full subcategory,
and assume XA C A. Then

(i) XCoprod(A) C Coprod(A).

(ii) ¥~'Coprod(A)* C Coprod(A)*+.

(iii) The subcategory Coprod(A) contains the homotopy colimit of any countable sequence of its

morphisms.

Proof. To see (i), observe that ¥Coprod(A) = Coprod(XA) C Coprod(A), where the equality is
because ¥ is an autoequivalence of the category T preserving extensions and (of course) coproducts,
and the containment is by applying Coprod(—) to the inclusion YA C A.
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We deduce (ii) from (i) formally, in the following easy way. By combining (i) with the fact that
Hom (Coprod(A), Coprod(A)*t) = 0, we get

Hom (X Coprod(A), Coprod(A)~*) = Hom(Coprod(A), £ ™' Coprod(A)*) = 0.

This proves the inclusion in (ii).
For (iii) recall that the homotopy colimit of a sequence of composable morphisms in T

X, fi X, f2 X f3 X, fa

is defined (up to noncanonical isomorphism) by the distinguished triangle

o2 1—shift > >

IT x» 11 x» Hocolim X, 5 (]_[ Xi>
n=1 n=1 n=1
where 1: [[02, X, — [[>2; X, is the identity map and shift: [[ - X, — [[o2; X, is the map
whose only nonzero components are f,: X;, — Xp41.

Since X, is assumed to belong to Coprod(A) for all n > 0, we deduce that [, X, belongs to
Coprod(A). By (i) we have that ©Coprod(A) C Coprod(A), and therefore X ([02 | X,,) belongs
to Coprod(A). And now the fact that Hocolim X,, belongs to Coprod(A) is from its triangle of
definition and because Coprod(A) * Coprod(A) C Coprod(A). O

2. THE BASICS OF t—STRUCTURES

This section introduces the notion of t—structure and some of its basic properties. The pre-

sentation in [Section 2.1 is somewhat non-traditional and we devote [Section 2.2| to a comparison

with the ‘standard’ presentation of the subject going back to Beilinson, Bernstein and Deligne
[2]. Finally, in [Section 2.3 we introduce the main example of interest in this paper: compactly

generated t—structures.

2.1. Definitions and basic properties. We begin with the following.

Definition 2.1.1. Let T be a triangulated category. A strictly full subcategory & C T is called a
pre-aisle if

Y8§CS§ and Sx8§CS.

The pre-aisle 8 C T is called an aisle if the inclusion |: § — T has a right adjoint 1,: T — 8.

Remark 2.1.2. Let T be a triangulated category. A strictly full subcategory 8 C T is a co-pre-aisle
if 8°P C T°P is a pre-aisle. And 8 C T is a co-aisle if §°° C T°P is an aisle.

Lemma 2.1.3. Let T be a triangulated category, let 8 C T be an aisle, let 1: & — T be the

inclusion, let |,: T — 8 be its right adjoint and let €: 1ol, — id be the counit of the adjunction.
Let B € T be any object and complete the morphism eg: 1o l,(B) — B to a distinguished

triangle 1 o 1,(B) B Yo yolo |,(B). Then C must belong to the subcategory 8+ C T.
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Proof. Consider the morphism ec: 1ol,(C) — C. It allows us first to build up a diagram

lol,(C) — 7 s olol,(B)
aci
lol,(B) — 2~ B J C h Solol,(B)

where the square is commutative, and then extend to a morphism of distinguished triangles

2) lol,(B) — 2 B 1ol,(C) — " S olol,(B)
€B 6i g acl h
lol,(B) B C Yolol,(B).

From the triangle on the top row, coupled with the facts that both | o l,(B) and | o1,(C) belong
to 8§ and that § * 8 C 8, we learn that E must belong to §. Therefore the morphism 5: £ — B
must factor (uniquely) as E — 1o 1,(B) =5, B. But then the equality 8o a = e becomes
€p oo oa =ep, that is the two composites

ooq B

lol,(B) lol,(B) B

id

must be equal. But any morphism S — B, where S € &, has a unique factorization as S —
lol,(B) =B, B, and applying this uniqueness to S = l o I,(B), we deduce that o o &« = id. That is
the map a: lol,(B) — E must be a split monomorphism, and then from the fact that the top
row in is a distinguished triangle we deduce h o ec = 0. Since also the bottom row in is
a distinguished triangle, ec must factor (in some way) as o 1,(C) 1B % C. Butaslo 1,(C)
belongs to 8 the map f: 101,(C) — B must factor (uniquely) as 1o1,(C) —— 1o1,(B) =2 B.
Combining these factorizations we have that ec: lol,(C') — C factors as

€B g

|o|p(B) B C,

T

01,(C)

and, as g o ep = 0, this composite must vanish.

Finally, every morphism S — C, where S € § is any object, factors (uniquely) as S —
lo1,(C) =% C. And now that we know the vanishing of ez 101,(C') — C, it follows that any
map S — C must vanish. That is C belongs to the subcategory 8+ C 7. O

And now we give the older, more symmetric version of the same.

Definition 2.1.4. Let T be a triangulated category. A t-structure on T is a pair of strictly full
subcategories (8,8') satisfying:
(i) X8 C 8 and 718 C §'.
(ii) Hom(8,8") = 0.
(iii) For any object B € T there exists a distinguished triangle A — B — C — Y A, with
Ae8 and C e §.

Remark 2.1.5. We note that the definition is self-dual: the pair (8,8’) is a ¢-structure on T if
and only if the pair ((5’ )P, SOP) is a t-structure on T°P,
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Example 2.1.6. If T is a triangulated category and 8§ C T is an aisle, then the pair (8,81) is a
t-structure on 7.

Indeed, because 8 is an aisle, we are given that 8 C T is a strictly full subcategory. The fact
that 8& C T is strictly full is by its definition. Because 8 C T is an aisle, we are also given the

inclusion X8 C 8. The other inclusion in |[Definition 2.1.4(i) follows from the same formal argument

as in the proof of [Lemma 1.2.2(ii). The fact that Hom(8,8*) = 0 is obvious, giving that the pair
(8,81) satisfies [Definition 2.1.4(ii). The fact that the pair (8,8") satisfies [Definition 2.1.4iii) was

proved in

The next proposition shows, among other things, that all t—structures are as in
This justifies the assertion we made, just before |Definition 2.1.4] that t—structures are just a more

symmetric presentation of the information contained in giving an aisle.

Proposition 2.1.7. Let T be a triangulated category, and let (8,8") be a t-structure on T. Then
the following assertions are all true:

(i) 8 C T is an aisle and 8' C T is a co-aisle.

(ii) 8 = 8+ and § = +§'.

Furthermore, let 1: 8 — T and J: 8' — T be the inclusion functors, let 1,: T — 8 be the
right adjoint of 1, let Jy: T — 8’ be the left adjoint of J, let e: 101, — id be the counit of the
adjunction | 41,, and let n: id — J o Jy be the unit of the adjunction Jy - J. Then we have:

(ili) For each object B € T, there exists a unique morphism pp: Jo Jy(B) — Y olol,(B) such
that

€B B ¥B

lol,(B) B Jo JA(B)

Yolol,(B)

s a distinguished triangle.
(iv) The assignment taking an object B € T, to the unique morphism pp satisfying the condition
in (iii), delivers a natural transformation p: Jo Jy — X olol,.

Proof. Let us begin by proving (ii), and note that it suffices to prove one of the equalities in (ii)
as the other is its dual. Hence, we are reduced to proving the equality +8’ = 8.

In [Definition 2.1.4(ii) we are given that Hom(8,8’) = 0, that is the inclusion 8§ C +8' is given.
What needs proof is the reverse inclusion—we need to show that +8' C 8.

Choose therefore any object B € +8'. [Definition 2.1.4iii) gives the existence of a distinguished
triangle A % B — C' — YA with A € 8 and C € §'. Note that

YAexs§CsCts,

where the first inclusion is by [Definition 2.1.4(i) and the second by [Definition 2.1.4(ii). The part

B — C — Y A of the triangle, coupled with the fact that we now know that both B and XA

belong to +8’, tells us that C' must belong to (+8') * (+8’) C +8'. Thus C must belong to +8' N §/,

and hence must be isomorphic to zero. Thus the map « must be an isomorphism. Since A € §

and the subcategory 8 C T is strictly full, we have that B € 8. This completes the proof of (ii).
Next we prove (i), and note that by duality it suffices to prove that 8’ C T is a co-aisle.

The inclusion X718 C §' is part of [Definition 2.1.4{i). By part (ii) of the current proposition we

know that 8’ = 8+, and the inclusion 8'%8’ C 8’ follows immediately. Thus the information we have
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so far easily shows that 8’ C T is a co-pre-aisle. What needs proof is that the inclusion J: 8§ — T
has a left adjoint. We have to show that, for every object B € T, the functor Homg (B , J(—)) is a
representable functor 8’ — Ab. Choose therefore an object B € 7.

|Deﬁnition 2.1.4|(iii) allows us to find some distinguished triangle A — B — J(C) — 2 A
with A € 8 and C € 8. Now choose any object X € 8, and apply HomT(—, J(X)) to this triangle.
This gives us a long exact sequence, but as Hom(—, J(X )) kills 8 € T and A and ¥ A both belong
to 8, this long exact sequence simplifies to the second isomorphism in

Hom (n,J(X))
(3) Homs/(c, _X)

Homg (J(C), J(X

Homg (B, J(X))

The first isomorphism is by the full faithfulness of J.

So far we have produced a natural isomorphism Homg, (C, —) = Homg (B, J(—)). The functor
Homg(B,J(—)) is therefore representable for every B € T, allowing us to form the left adjoint
Jy: T — 8’ to the natural inclusion. In fact, for B € T we can choose J)(B) € 8’ to be J5\(B) = C,
and the extension of this to a functor is unique. This completes the proof of (i).

But while we are at it let us also compute the counit of adjunction. By definition, given
any object B € 7, the counit of adjunction (evaluated at the object B) is the image of 1 €
Homg, (JA(B), Jx(B)) under the natural isomorphism

Homg, (Jx(B),Jx(B)) Homg (B, J o J\(B))

By our choice we have that Jy(B) = C, and the isomorphism above comes down to the composite
in with X = C. To put it concretely, given an object B € T, we choose an object C' € 8 and
a distinguished triangle A —s B — J(C) — ¥ A with A € 8. The existence of such a triangle
comes from [Definition 2.1.4(iii). And, when we choose J)(B) to be J)(B) = C' as above, the image

of 1 € Homg, (C, C) under the natural composite computes to be n: B — J(C).

Now we proceed with the proof of (iii) and (iv). We begin by reminding the reader that the right
adjoint |, of | is only defined up to canonical isomorphism, as is the left adjoint J) of J. That is, given
an object B € T, the objects |,(B) and J\(B) are defined up to canonical isomorphism. If Tp(B)
and ]A(B ) are a different pair of choices, then there are canonical isomorphisms a: 1,(B) — TP(B )
and B: Jy(B) —» Jx(B), rendering commutative the diagram

€B nc

o1,(B) B JoA(B)

I(a) J(B)
’J] €B nc ~l

10T,(B) B Jo3A(B)

where ¢,¢ are the counits and 7,7 the units of the respective adjunctions. But the existence
assertion in (iii) is clearly independent of the choices.

Let B be any object of T; [Definition 2.1.4{iii) allows us to choose objects A € § and C € 8’
and in T a distinguished triangle I(4) = B — J(C) % X o I(A). We saw above that the left
adjoint Jy: T — &' of the inclusion J: 8’ — T can be chosen so that Jy(B) = C, and with this
choice the unit of adjunction np: B — J o Jx\(B) becomes the map n: B — J(C). Dually, the
right adjoint |,: T — 8 to the inclusion I: 8 — T can be chosen so that |,(B) = A, and with
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that choice the counit of adjunction eg: lol,(B) — B becomes the map e: |(A) — B. Thus
the triangle I(A) = B — J(C) % ¥ o I(A) rewrites as

€B nB

lol,(B) B Joly(B) —=

Yolol,(B),

proving the existence assertion of (iii).
It remains to prove the uniqueness in (iii), and to prove (iv). Choose therefore any morphism
f: B — B in J. By the existence part of (iii) we can choose morphisms ppg: J o J5(B) —

Yololy(B) and pg: Jo Jy\(B) — Y olol,(B) so that in the diagram

€B nB ¥B

lol,(B) B Jo J\(B) Yolol,(B)
lolp(f)l lf
loly(B) — 2 =B "% Jos(B)—F ~¥Nolol,(B)

the rows are distinguished triangles. The square commutes by the naturality of : l ol, — id.
The axioms of triangulated categories allow us to extend this to some morphism of triangles

€B B ¥YB

lol,(B) B Jo J\(B) Yolol,(B)
Iolp(f)l lf \LT" lzololp(f)
B ~ Uz ~ Y5
lol,(B) B JoJx(B) Yolol,(B)
Next observe that both of the squares in the diagram below
B "B Jo JA(B)
lf Wl iJOJA(f)
B ' Jo Jy(B)

commute; the one involving 7 by the above, and the one involving Jo Jy(f) by the naturality of 7.
This gives two factorizations of the composite B NN JoJy(B) through np: B — JoJ5(B),
which must agree. Thus 7 = Jo Jy(f), and we deduce the commutativity of the square

JoJy(B) — 2~ %olol,(B)
JOJA(f)l lEoIolp(f)
JoJy(B) Solol,(B).

If we consider the special case where f: B — B is the identity map id: B — B, the commuta-
tivity of the square above tells us that any two choices ¢, 5 for the map JoJy(B) — olol,(B)
must agree—that is we have proved the uniqueness part of (iii). And now that we know both the
existence and the uniqueness assertions in (iii), the commutativity of the square above, for any
morphism f: B — B, completes the proof of (iv). O

Corollary 2.1.8. Let T be a triangulated category, and let S C T be an aisle. Then S is closed in
T under direct summands and coproducts. Dually, any co-aisle 8' C T is closed in T under direct
summands and products.
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Just to clarify the statement above, let us stress that it says that any direct summand in T of
an object of § must belong to 8, and given any collection of objects in § whose coproduct exists
in T, that coproduct must belong to 8.

Proof. 1t clearly suffices to prove the assertion about aisles. Let 8 C T be an aisle; by [Example 2.1.6
there exists a subcategory 8’ C T such that the pair (8,8') is a ¢structure on T; more explicitly

Example 2.1.6[tells us that 8’ = 8 works. But what is important for us here is[Proposition 2.1.7(ii);

it gives us the equality 8 = 18’. The corollary now follows because +8' is always closed in T under
direct summands and coproducts. O

2.2. The more traditional notation for #—structures. The notion of ¢tstructure originated
with Beilinson, Bernstein and Deligne [2, Section 1.3]. The original motivation came from appli-
cations irrelevant to this manuscript, and hence in [2, Section 1.3] the subject is pursued from a
perspective different from our our treatment is much closer in spirit to Keller and
Vossieck [I3]. The very least we owe the reader is a glossary, explaining how to pass back and
forth between our notation and the traditional one.

Notation 2.2.1. Let T be a triangulated category, and let (8,8’) be a t-structure on T as in
[Definition 2.1.4. One sets
(i) TS :=¥7"8.
(ii) T2" ;= p—ntlg.
(iii) The triangle lol,(B) <2 B 2 JoJ\(B) £% Solol,(B), of [Proposition 2.1.7, is traditionally
written

Y B0

B< B B>!

In other words, the functor which we have written as lol,: T — T is normally written (—)sO,

and the functor which we have written as Jo Jy: T — T is normally written (—)>!.

(iv) More generally, for any integer n € Z we define the functors (—)S" and (—)>" by the formulas

(=)= Y "olol,oX", (=) =" oJoyoxn Tl

(v) As a pure matter of notation, in [Definition 2.1.4| a t-structure was defined to be a pair

of subcategories (8,8’) satisfying some conditions. In the comparison with the standard
notation, we let § = TS0 and 8’ = T2!. In reading the literature the reader should just
note that it is traditional to give a t-structure as a pair of subcategories (T<°, 720). To

be consistent with [Definition 2.1.4] in the rest of the paper, a t-structure will be denoted
(70,721,

As the reader can easily check, with the definitions as above, we have, for any integer n € Z and
any object B € T, a distinguished triangle

psn . g™, pentl P yip<n

with BS" € TS" C T and with B®"*1 € 7271 C T, and this triangle is functorial in B. This is
just the appropriate translation of the triangle of (iii).

Next, we recall the following definition. The reader can find a more complete treatment in
Beilinson, Bernstein and Deligne [2], Section 1.2].
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Definition 2.2.2. Let T be a triangulated category. A strictly full subcategory A C T is called an
admissible abelian subcategory of T if the following conditions hold:
(i) Hom(A,X"A) =0 for all n < 0.
(ii) The category A is abelian, and the short exact sequences in A are precisely the pairs of
morphisms A i) B % C for which there exists a morphism h: C — XA rendering
AL 4, - yaq distinguished triangle in T.

Next we want to refer the reader to known facts we will use, without providing our own proofs.
In the case of these particular known facts, the results and proofs are available in a short section

of a single manuscript, and we deemed that giving a reference was the way to go.

Reminder 2.2.3. Let T be a triangulated category, and let (T<0,721) be a t-structure on T,
where the notation is as in [Notation 2.2.1(v). Then the following is true:
(i) Let m < n be integers. Then the functors (—)S™ and (—)”™ commute with each other up to

natural isomorphism. Hence the composite functor

RGN

can be viewed as a functor 7™ T — TEm A JSn

(ii) The category T% := 720N T<Y is an admissible abelian subcategory of T called the heart of
the t—structure (Tgo’ ‘3'21), and the functor 7100 T — T9 ig homological. It will be often
denoted H%: T — T9. As usual, we write H" = H o ", for every integer n.

We refer to [2, Proposition 1.3.5] for (i) and to [2], Théoreme 1.3.6] for (ii).
2.3. Compactly generated t—structures. As in [29], we introduce the following:

Definition 2.3.1. Let T be a triangulated category. An object ¢ € T is declared to be compact if
Hom(c, —) respects those coproducts that exist in 7.

When T has coproducts this goes back to [19, Definition 0.1], and there are powerful techniques
allowing us to work out what the compact objects are. But we will care about the more general

situation.

Remark 2.3.2. Let T be a triangulated category. Then the full subcateory T7¢ C T is defined to
have for objects all the compacts in T. Clearly T¢ is strictly full, and one easily checks that
(i) Tex T C T
(il) XT° = T-.
(iii) smd(T¢) = T¢
Or, to summarize the above properties more densely, T¢ is a thick, triangulated subcategory of 7.

But we also remind the reader of

(iv) For any compact object ¢ € T and any sequence of objects and composable morphisms in T

X, fi X, f2 X f3 X, fa

the natural map

cﬂn Hom(¢, X,,) —— Hom(c, Hocolim X,)
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is an isomorphism.

As we already said: (i), (ii) and (iii) are easy and left to the reader. To prove (iv) apply the ho-
mological functor Hom(c, —) to the triangle defining Hocolim X, (see the proof of (iii)
for a reminder of this triangle), and then use the fact that the compactness of ¢ allows us to compute
what Hom(c, —) does to the coproduct terms in this triangle.

The next result is the combination of [I, Theorem A.1 and Proposition A.2].

Theorem 2.3.3. Let T be a triangulated category with coproducts, let A C T¢ be an essentially
small full subcategory, and assume XA C A. Then the pair T4 := (Coprod(ﬂ), Coprod(A)L) is a
t—structure on T, and the subcategory Coprod(fl)L 1s closed in T under coproducts.

Proof. The fact that Coprod(A) and Coprod(A)* are strictly full was proved in
the fact that Y Coprod(A) C Coprod(A) and Y ~!'Coprod(A)+ C Coprod(A)*+ was proved in
Lemma 1.2.2} and the fact that Hom(Coprod(A), Coprod(A)*) = 0 is obvious.

To show that 74 is a t—structure on 7, it remains to check [Definition 2.1.4{iii): for every X € T
we must produce a distinguished triangle A — X — C — ¥ A, with A € Coprod(A) and

Ce Coprod(A)J-. We propose to do it as follows: starting with X € T we will produce a sequence

X, f1 Xy f2 X5 fa X, fa

of objects and morphisms in Coprod(A), all mapping to X, and we will then let A — X be any
compatible choice of the map Hocolim X;, — X.

Let us start. Because the subcategory A is essentially small, there is (up to isomorphism) only
a set A of morphisms fy: Ay — X with A, € A. We begin with

(i) Let X1 = [[ycp A, and let the morphism hy: X; — X be the obvious map. We observe
that, for every object A € A, the functor Hom(A, —) takes the map h; to an epimorphism.

Now suppose we are given a morphism h,,: X,, — X, with X,, € Coprod(A). Complete this to a
distinguished triangle Y;, =% X, NS , and let A, be a set containing isomorphism classes of all

possible maps k: B — Y,, with B € X1 A. Next we define
(ii) The object Z, € ¥ 'Coprod(A) is given by the formula Z, := [yc, B, and the map
Bn: Zn — Yy, is the obvious. By construction Hom(B, —) takes the map f3,: Z, — Y,, to

an epimorphism whenever B € X7 1A.

Now we have composable morphisms Z, & Y, =% X,; then we can complete the morphism

Yn = Qp © Bn: Zp — X, to a distinguished triangle 7, I X, n, Xni1 — X Z,. As both X,
and X Z, lie in Coprod(A), the triangle gives that X, 1 € Coprod(A). And now the composite

Yn
Zn, 5 Y, - X, . X

n hn,
vanishes because h,, oa,, = 0, allowing us to factor the map h,,: X,, — X as X, f—> Xn+1 - X,
And the notable features of the construction are
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(iii) We have factored the map h,: X,, — X as X, ﬁ) X1 h"—+>1 X, with X,,4+1 € Coprod(A),
and in such a way that, for every B € X1A, the kernel of Hom(B, h,,): Hom(B, X,,) —
Hom(B, X) is annihilated by the morphism Hom(B, f,,): Hom(B, X,,) — Hom(B, X,,+1).

To put it more succinctly: for every B € £¥71A, the sequence

Hom(B, X) h Hom(B, X3) L Hom(B, X3) L Hom(B, X4) SELT

is Ind-isomorphic to the sequence of monomorphisms

I fi I f2 Iy f3 I fa

where I, is the image of the map Hom(B, hy,): Hom(B, X,,) — Hom(B,X). If B belongs to
A C ¥71A, this is actually a sequence of isomorphisms; after all by (i) the map I; — Hom(B, X)
is epi, and hence so are all the maps I,, — Hom(B, X). But being both epi and mono they
must all be isomorphisms. Now let A := Hocolim X,,. By |Lemma 1.2.2(iii) the object A belongs
to Coprod(A) and, with any choice of the morphism h: A — X compatible with all the h,,
the computation above (taking into account also [Remark 2.3.2{iv)) tells us that Hom(B, h) is a
monomorphism for all B € X' A and an isomorphism if B € A. Now complete to a distinguished
triangle A Iy X —5 0 —5 DA Take any object G € A and apply the homological functor
Hom(G, —) to this triangle. We deduce an exact sequence

Hom(G, A) —— Hom(G, X) — Hom(G, C) — Hom(G, X A) 2 Hom(G, X X)

where, by the above, « is an isomorphism and § is a monomorphism. Hence Hom(G,C) = 0,
and as this is true for all G € A we deduce that C € AL, which is equal to Coprod(A)* by
[Lemma 1.2.1ii). This completes the proof that 74 is a t-structure on T.

And now the equality Coprod(A)+ = At of [Lemma 1.2.1{(ii), coupled with the fact that A C T,
immediately tells us that Coprod(A)~ is closed in T under coproducts. O

Remark 2.3.4. As we have already said, is the union of [I, Theorem A.1 and
Proposition A.2]. The reason we have gone to the trouble of giving a self-contained, complete
proof is the following.

In the proof of [I, Theorem A.1], the triangle A — X — C — ¥ A with A € Coprod(A)
and C' € Coprod(A)* is produced as a homotopy colimit of distinguished triangles X, LN QN
C, — XX, where as it happens the maps h,: X,, — X are the same as those of our proof of
But without enhancements it is not known that this homotopy limit can always
be assumed to be a distinguished triangle, and hence the argument of [I, Theorem A.1] has a gap.

Our argument fixes the problem by letting h: A — X be any choice of the homotopy colimit
of the maps hy,: X,, — X, computing what the functor Hom(B, —) does to h for any B € ¥~ 1A,
and then, after completing h: A — X to a distinguished triangle A — X — C' — ¥ A, using
the information to show that C' € Coprod(A)=.

Of course, in the presence of enhancements the proof of [I, Theorem A.1] works just fine. But
in this article the results are all enhancement-free, and hence we deemed it worthwhile going to a

little trouble to give a proof of [Iheorem 2.3.3| that is evidently enhancement-free.
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While still on the subject of enhancement-free proofs of an alternative approach
goes as follows. Still starting with the above sequence of triangles X, LN QLN C, — X X,, we
can focus instead on the map k. Let C' := Hocolim C,,, and as in the proof of [I, Theorem A.1]
it is easy to see that C € Coprod(A)*. The challenge becomes to show that the homotopy
colimit map k: X — C can be so chosen that, when we complete to a distinguished triangle
A—X o Y A, the object A belongs to Coprod(A). This can be done, but we have not
included it here. One complete, enhancement-free proof of was deemed enough.

Remark 2.3.5. We should also mention that [Theorem 2.3.3]is only a baby case of a whole genre
of results. There are several results in the literature giving other A, with A C A, for which it is
known that (Coprod(A), Coprod(A)*) is a t-structure on J. The basic idea is that, by the results

ofSection 2.1} this is equivalent to showing that the inclusion Coprod(A) — T has a right adjoint,
and representability theorems can be used to produce the right adjoint.

The t-structures constructed in deserve a special name.

Definition 2.3.6. Let T be a triangulated category with coproducts. The t—structure of the form
Ty = (Coprod(A)7 Coprod(A)L), where A C T is an essentially small full subcategory satisfying
YA C A, will be called the t-structure on J compactly generated by A.

Remark 2.3.7. Following [Notation 2.2.1(iv), we will denote by (—)fln the functors associated to
such a t-structure. Note that, since Coprod(A)~ is closed under coproducts by [Theorem 2.3.3

such a functor commutes with coproducts. Furthermore we denote by 72 its heart and by J{% the

corresponding homological functor, in accordance with [Reminder 2.2.3((ii).

Furthermore, one can consider the following subcategories:
<0 . _ <0 Q. _ 40 (<0 V)
The = T°NTy The = %A(TAC) cTy.
Then [22], Proposition 1.9(ii)] gives us the final equality in the string
‘Tig =7T°N ‘J'flo = J°N Coprod(A) = smd(coprod(A)).
This clearly implies that ‘J'joc is essentially small, hence the same is true for ‘J'z = TH?Q (‘J’joc).

As the reader will see, the existence and basic properties of these #—structures will play an

important role in the rest of the article.

3. THE HEART OF A COMPACTLY GENERATED {-STRUCTURE

This section is devoted to proving important properties of hearts of ¢—structures generated by

sets of compact objects as in [Definition 2.3.6, The main theorem of this section can be found

in Saorfn and Stovicek [30, Theorem 8.31]. The proof there is different—we present here a self-
contained argument. The main reason is that the technical lemmas in our proof will be needed

later in the paper.

Theorem 3.0.1. Let T be a triangulated category with coproducts, and let A C T¢ be an es-
sentially small full subcategory satisfying XA C A. Then the heart ‘TZ of the t—structure 74 =
(Coprod(.A), Coprod(A)J-) is a locally finitely presented Grothendieck abelian category. Moreover:
‘J’X . < ‘TX 1s precisely the full subcategory of finitely presented objects in ‘J’X.
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Recall that an abelian category B is a Grothendieck category if it satisfies axiom [AB5] (meaning
that B has small coproducts and filtered colimits of exact sequences are exact in B), and it has
a set of generators. An object b € B is finitely presented if the functor Homgp (b, —) commutes
with filtered colimits, and B is locally finitely presented if the full subcategory of finitely presented
objects in B is essentially small and all objects of B are filtered colimits of finitely presented

objects.

3.1. Some technical results. In this section, the standing assumption is that 7T is a triangulated
category with coproducts and A C T is an essentially small full subcategory satisfying ¥A C A.
The following little lemma may also be found in Saorin and Stovicek [30, part 2b of Proposi-
tion 8.27]. The interested reader is encouraged to compare the approaches—the short summary is
that in [30] the ideas are explored much more fully, including a converse to the lemma below.

Lemma 3.1.1. If f: ¢ — X is a morphism in T with ¢ € T and X € ‘J'io, then there is a
factorization of f asc—t — X witht € Ti(l.

Proof. By construction, f is a morphism from ¢ € T7¢ to X € Coprod(A). By [22, Lemma 1.8(ii)]
this map must factor through an object t € coprod(A) C T¢N ‘J’io = ‘J’floc. a

Lemma 3.1.2. Let f: ¢ — X=2° be a morphism in T, where ¢ € T¢ and the truncation X=° of
X € T is with respect to the t—structure (‘J’jo,‘Til). Then there are morphisms p: b — ¢ and
g:b— X, with b € T¢, such that

2>0. bZO >0

(i) The map ¢ — @Y is an isomorphism;

(ii) The triangle below commutes

Proof. Consider the distinguished triangle X<! — X — X>0 Oy X< The composite
c i> X>0 2 nx<-liga morphism from ¢ € T¢ to the object YXS7! ¢ ‘J'fl_Q, and [Lemma 3.1.1
permits us to factor it as ¢ — d — LXS7! with d € 22‘3'5106. And now form the distinguished

triangle ¥~'d — b 5 ¢ —» d. Since ¢ and d are both compact so is b, and as d and X~ 'd both
belong to ‘J'j_l the functor (—)>° must take ¢: b — ¢ to an isomorphism.
Next consider the commutative diagram where the rows are distinguished triangles

h— ¢ d b
/| !
X x>0 2 mx< YX.

We may complete it to a morphism of triangles, and in particular this allows us to produce a

|

X

commutative square
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We have now constructed the object b € T¢ and the morphisms ¢: b — cand g: b — X. The
last paragraph showed that ¢=° is an isomorphism, proving (i). And (ii) follows from applying the
functor (—)?° to the commutative square above. O

Lemma 3.1.3. In the abelian category ‘Jif, the full subcategory ‘J'flc satisfies the following

(i) ‘J';fc is closed in Tz under extensions.
(ii) ‘J';?C is closed in ‘J'fl under cokernels.

(iii) For any object X € ‘J'ch, the functors HomTj (X,—) and Ext,‘sz(X, —) commute with coprod-
ucts in ‘Tif.

Proof. We begin with (i): let X, Z € ‘J'ic and suppose we are given in ‘J'X a short exact sequence
0 — X — Y — Z — 0. This means that in T there must be a morphism Z — ¥ X such
that X — Y — Z — ¥ X is a distinguished triangle (see [Reminder 2.2.3)).

Now because X and Z belong to T®7C, there must exist objects a,c in Ti?c with X = ¢®° and

Z = ¢?Y. In particular the t-structure truncation provides us with a morphism ¢ — ¢ = Z, and
composing with the morphism Z — XX produces a map ¢ — ¢Z° — Ya”% = (£a)?~! which
we will denote f: ¢ — (Xa)>~!. Our construction so far has produced a commutative diagram

C 0271 020 _ Z
>_1
S | |
(80)> ! ——— (Sa)>! ——— ¥ X.

To the morphism f we now apply and conclude that there exists a compact object
¢ € T¢ and morphisms ¢: ¢ — c and g: ¢ — Xa, satisfying

(iv) The map @ 1: @71 — =71
HY (¢): HY(€) — HY(c) is an isomorphism.

(v) The triangle below commutes

is an isomorphism, and hence ¢ must belong to ‘Tioc and

QAN
\%
L
\G
\\
-~

1
(La)zt

In view of this we deduce the following commutative diagram

te—m——— !l A N—7
| e |
Sa —— (3a)>"! —— (Ya)>~! ——— IX.

Now complete the commutative square
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to a morphism of distinguished triangles

L

As a and ¢ both belong to ‘Tj?c so does b. And, by construction, the morphism ¢g=—1': ¢~ 1 —
(Xa)?~! factors as ¢! — @Y — (Za)>~ !, forcing the composite ¢! — ¢ — (Za)” ! to
vanish. Hence the morphism 3" (g): 3;'(¢) — 3,;'(Za) = HY(a) vanishes. Thus the functor
9{94 takes the morphism of triangles to a commutative diagram in ‘J'Ez with exact rows

0 9 (a) 3 (0) 3@ 0
| l |
0 X Y Z 0

and the fact that the outside maps are isomorphisms forces the map J{%(b) — Y to be an
isomorphism. Hence Y is isomorphic to HY (b) € ‘J'X o broving (i).

Now for (ii). Take a morphism X — Y in ‘J’XC. There exist objects a,b € ‘\Tj’oc with X = a>°
and Y = 2. The map a — ¢®° = X can be composed with the morphism X — Y to produce
amap a — a? — b7 which we denote f: a — b°. And now allows us to find
an object a € T¢ and morphisms ¢: @ —> a and g: a — b such that

(vi) The map ¢=Y: @*0 — @29

is an isomorphism, and hence @ must belong to '.Tioc and
HY(p): HY (@) — HY(a) is an isomorphism.

(vii) The triangle below commutes

620 J(f>0

Completing g: @ — b to a distinguished triangle a — b — ¢ — Xa produces for us an object
¢ which is compact, and as b and Ya both lie in ‘J’flo we have that so does ¢. Thus ¢ € ‘J'fLOC, and
in cohomology we have an exact sequence HY (@) — HY(b) — HY(c) — HY(a) = 0. This
identifies with X — Y — J{%(C) — 0, proving that the cokernel in ‘J'X of the map X — Y is
isomorphic to HY(c) € ‘J’i .» establishing (ii).

It remains to prove (iii). Let ¢ be an object in Tftgz and let {X, A € A} be any set of objects in
T>~1. Suppose we are given a map

C>O ! H X)\ .
AEA

The composite

f
c o H X
AEA
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is a morphism from the compact object ¢ to a coproduct, and must factor through a finite subco-
product. Therefore there is a subset A’ C A, with A\ A’ finite and such that the longer composite

c Y ! IT x» - IT x»

AEA AeN

o
>0 7

vanishes, where 7 is the projection to the direct summand. But the vanishing of ¢ — ¢
[T5ear X coupled with the distinguished triangle ¢ — c® — YS! allows us to produce a

commutative square

> ! H X
AEA
lw
NSl 4 IT x>
AEN/

Now because ‘.Tifl is closed under coproducts (see [Theorem 2.3.3), the object [, X belongs

to ‘J'j_l, while X¢S™1 clearly belongs to ‘.Tj_2. Hence the map ¢ must vanish, and thus so does
the composite from top left to bottom right. This forces the map f to factor through [],. A\ X

The assertions in (iii) are the special cases where either all the X belong to T/? C ‘J'i_l or they
all belong to ©T;, C 777" O

Corollary 3.1.4. The subcategory ‘J’gc 1s closed in T under direct summands.

Proof. Let X be a direct summand of an object Y € ‘J'i .- Then there must exist an idempotent
e: Y — Y and an exact sequence in the abelian category ‘TX of the form Y =Y — X — 0.

But then [Lemma 3.1.3(ii) tells us that X must belong to ‘J’gc. g

Lemma 3.1.5. Suppose we are given in the abelian category ‘J'Z a diagram

C

|

X Y VA 0

wn which the row is exact and c belongs to the subcategory ‘J';fc C ‘J';?. Then we may extend it in

‘.Tz to a commutative diagram with exact rows

L

with a,b € ‘J'flc.

Proof. Complete the morphism X — Y to a distinguished triangle X — Y — M — %X in 7.
Then M is an object of ‘J'jo and HY (M) = Z. The vertical morphism in the given diagram therefore
produces a map ¢ — Z = M=°. Since c is assumed to belong to ‘TXC there must exist an object
z € ‘Ti?c with ¢ = HY(2) = 22°. Thus we can form the composite z — 27 = ¢ — Z = M0,
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Call this map f: z — M>Y, and note that f>° identifies with the given map ¢ — Z. [Lemma 3.1.2
now applies: there exist morphisms ¢: z — 2z and g: 2 — M with z € T¢ such that

(i) The map ¢=9: 220 — 220
220>,

is an isomorphism. This implies that z € ‘J'joc and that z

(ii) The triangle below commutes

Next apply |[Lemma 3.1.1| to the composite z — M — Y X: since z € T¢ and XX € ‘Ij_l,
there is a commutative square

z———— 2

N

M XX

with Xz a compact object in ‘J'fl_l. Now we complete the commutative square to a morphism of
distinguished triangles

A

Since x and z both belong to ‘J'joc so does y. Therefore applying the functor 9{?4 we deduce a

commutative diagram in ‘J’Ef with exact rows

H () Ha(v) I 0
X Y A 0
with HY (z) and HY (y) both in ‘J’XC. O

3.2. The proof of [Theorem 3.0.1l We are now ready to combine the technical results of the
previous section and prove our first main theorem. We keep the assumptions in that
is T is a triangulated category with coproducts and A C T is an essentially small full subcategory
satisfying YA C A.

We first prove the existence of generators in the abelian category ‘Tg.

Lemma 3.2.1. The subcategory ‘J'jzc 1s essentially small and it generates the abelian category Tg.

Proof. The fact that 752 . 1s essentially small was observed [Remark 2.3.7, The next step in the

proof is to note

(i) Every nonzero object X in the abelian category ‘J'z admits a nonzero map * — X with
x e A
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Assume X € A+. Now use the equalities

At = Coprod(A)t =731,

where the first equality is by [Lemma 1.2.1{(ii) and the second is by combining [Definition 2.3.6[ with

Notation 2.2.1{ii). We deduce that X € T7', but as X is assumed to also belong to ‘J'fj - ‘J'jo this
forces X = 0, completing the proof of (i).

Our next easy observation is

(ii) Every nonzero object X in the abelian category ‘J’f admits a nonzero map a — X with

a € ‘J'XC.
Take a nonzero object X &€ ‘J’z. By (i) we have a nonzero morphism * — X with z € A C
TN ‘J'io = Ti(l. This morphism admits a factorization as z — 2 — X, and as HY(z) = 2>°

20 X, proving (ii).

belongs to ‘Iz . we have produced our nonzero map x
And now for the proof of the Lemma. Let Y be an arbitrary object of the category ‘J’X. Because
the subcategory ‘.Tz e '.TZ is essentially small, there is only a set A of maps y — Y with y € ‘.Tz o

We need to prove that the morphism

X:=]]w i Y
AEA

is an epimorphism. In the abelian category ‘TZ we can complete the morphism ¢: X — Y to an
exact sequence X —»Y — Z — 0. We will assume Z # 0 and prove a contradiction. By (ii)
there must exist a nonzero morphism ¢ — Z with c € ‘J’;? .» and we have a diagram

C

|

X Y Z 0
to which we can apply It produces for us a commutative diagram with exact rows

a b c 0
X Y Z 0,

with a,b € ‘J’;i .- Now the morphism b — Y is a morphism from b € ‘J’X . to Y, and by construction
it must factor through X. Therefore the composite b — Y — Z must vanish. Hence so does
the equal composite b — ¢ — Z, but as b — ¢ is an epimorphism we deduce that ¢ — Z must
vanish. This is a contradication. g

The next lemma is known. From Positselski and Stovicek [25, Corollary 9.6 and Remark 9.7] the
reader will learn that, if A is an abelian category with coproducts, if G C A is a set of generators,
and if for all objects g € G the functor Hom(g, —) respects coproducts, then A satisfies [AB5].

In below we include the short proof—we present it in the special case where
A= ‘J'z, but the argument is easy to modify to cover the more general statement. The proof we
give is included both for the reader’s convenience, and because the technique will be useful. We
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will use it again in the proof of and it will play a key role in culminating
in the proof of [Proposition 7.2.6|

Lemma 3.2.2. The abelian category ‘J'g is a Grothendieck abelian category.

Proof. tells us that the abelian category ‘.T;? has a set of generators ‘.TX .- Axiom
[AB4] is easy: the categories ‘Tflo and ‘J'flo are both closed in T under coproducts, and hence so is
their intersection ‘J’g. And as coproducts of distinguished triangles are distinguished triangles, if
we have a set of distinguished triangles X, — Y, — Z), — XX, with X,Y), 2, € ‘.T@, then
the coproduct is a triangle with the same property. That is the coproduct in ‘J';f of short exact
sequences 0 — X, — Y, — Z), — 0 is a short exact sequence in ‘.T;f.

Now let us prove [AB5]. Let I be a small filtered category and let F: I — ‘J';f be a functor;
we need to prove that left derived functors cﬂ)mj F vanish when j > 0. Because the category ‘I;Q
satisfies [AB4] these left derived functors are computed as the cohomology of the complex obtained

from realizing the nerve of the category I; there is a standard cochain complex F of the form

g3 g2 F-1 F0 0

th

whose (—j)™ cohomology is c@)nj F, and where =" is the coproduct over sequences of composable

morphisms in [

i i e i,y
of F(iy). And the differentials of this complex are standard.

Now pick any object a € U'@’C, and apply the functor Hom(a, —) to F. [Lemma 3.1.3(iii) tells us
that Hom(a, —) respects coproducts, and therefore it takes the cochain complex F to the standard
cochain complex computing cﬂnj Hom(a, F(—)), for the functor Hom(a, F(=)): I — Ab. As the
category Ab satisfies [AB5], this filtered colimit has vanishing c%mj for j > 0. Therefore the only

nonvanishing cohomology of the complex Hom(a, F) is in degree 0.

Lemma 3.2.1| tells us that the subcategory ‘J’;f . generates ‘.Tg. Hence any nonzero cohomology

of the complex F would be detected by Hom(a,—) for some a € ‘J’A?c. Thus it certainly follows
that the cohomology of F is concentrated in degree 0, and the category ‘J'z satisfies [AB5]. O

The two lemmas above clearly prove the first part of the statement of [Theorem 3.0.1 ‘.T;l? is a

Grothendieck abelian category with a set of generators given by the objects of ‘J'EZC .
Lemma 3.2.3. Fvery object in ‘J'XC is finitely presented in the abelian category ‘J’g

One comment before proving the lemma above is in order here. Let I be a filtered category, let

F: 1 — 753 be a functor, and let a € ‘J'zc be an object. To establish [Lemma 3.2.3| we need to

prove two things.
(i) Every morphism a — ciignF factors through F'(i) for some i € I.
(ii) If @ — F'(4i) is a morphism such that the composite a — F(i) — c@}nF vanishes, then
there exists in I a morphism ¢ — j with a — F(i) — F'(j) already vanishing.
Using an argument similar to that in Positselski and Stovicek [26, proof of Lemma 9.2(ii)] it is

possible to unify the two parts. We leave this to the interested reader, observing that in the proof

given below the two halves are similar.



SUBCATEGORIES OF WEAKLY APPROXIMABLE CATEGORIES 27

Proof. Let I be a small filtered category and let F': I — ‘J';? be a functor. With the complex F
as in the proof of meaning it is the standard complex

g3 g2 F-1 F0 0

computing cﬂnj F, the fact that the category ‘TX is Grothendieck gives the exactness in the

category ‘.Ti of the sequence

F22 > g1 F0 colim F 0.
—

Now let ¢ be an object of ‘.Tg . and suppose we are given a morphism ¢ — cﬂn F. Applying

to the diagram

C

|

F-1 F0 colim F'
—

0

permits us to construct in ‘Tf a commutative diagram with exact rows

a b c 0
F-1 F0 colim F 0
—

with a,b € ‘.TZC. The maps a — F~! and b — F° are morphisms from a,b € ‘TXC to coproducts
of objects in T, and M(iii) tells us that both maps must factor through finite subco-
products. There is a finite subcategory I’ C I such that the maps from a, b only see coproducts
over I’, and as I is filtered we may assume that the category I’ has a terminal object t. Letting G

be the composite functor I’ « I £, TX, we deduce a factorization

a b c 0
g1 go ciir)nG 0
F-1 F colim F' 0

—

where G is the standard complex computing C%ﬂj G. But ciignG = G(t) = F(t), and we have
factored ¢ — colim F' as ¢ — F(t) — colim F.
— —

Next suppose we are given an object ¢ € Tv .» an object s € I, and a morphism ¢ — F(s)
such that the composite ¢ — F(s) — cﬂnF vanishes. As F(s) is a direct summand of F9,

the vanishing of the composite ¢ — F0 — cﬂnF allows us to factor the map ¢ — FV as
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c — K — F° where X = ker(F° — cﬂn F'). Combining this with the exact sequence

F2 gt g0 colim F' 0
—
produces for us a diagram
c
g2 gt KX 0

to which we can apply Thus we construct a commutative diagram with exact rows

a b c 0
F2 F-1 X 0

with a,b € ‘J'XC. The maps a — F~2 and b — F~! are morphisms from a,b € ‘J’XC to coproducts
of objects in T, and (iii) tells us that both maps must factor through finite subco-
products. There is a finite subcategory I’ C I such that the maps from a, b only see coproducts
over I’, and as I is filtered we may assume that the category I’ has a terminal object ¢ and that
s € I'. If G is the composite functor I’ < I N ‘J'X, then we obtain a factorization through

a b c 0
9—2 9—1 JC/ 0
F-2 F-1 X 0
where
G2 g1 go c%mG 0

is the standard cochain complex computing cognj for the functor G, and the sequence 0 —>

X — G0 — cﬂnG — 0 is exact. But cﬂnG = G(t) = F(t), and we deduce a commutative

diagram with exact rows

a b c 0 0
G2 ——>gt g0 G(t) —0
F2 F-1 F0 colim F' 0.

H

Thus we have found a morphism s — ¢ in I such that the composite ¢ — F'(s) — F(t) vanishes.
This completes the proof that every object in U’X . is finitely presented in ‘J';f. O

Next, we establish the following result.
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Lemma 3.2.4. Fvery object Z € ‘J'A? is the filtered colimit of the objects in ‘J’XC mapping to it.

Proof. Let I be the category whose objects are morphisms f: ¢ — Z with ¢ € T .» and whose

morphisms are commutative triangles

Using [Lemma 3.1.3| it is easy to show that the category [ is filtered. Let F: I — ‘J’gc be the

functor taking the object f: ¢ — Z in I to the object ¢ € ‘J’ZC, put Y = cﬂnF and let
p: Y — Z be the obvious map. guarantees that p is an epimorphism. We assert
that p is an isomorphism.

The proof is by contradiction. Let X be the kernel of p and assume X nonzero.
establishes that there must exist a nonzero map a — X with a € ‘J'X . Since X — Y is a
monomorphism the composite a — X — Y = CﬂnF is nonzero, but tells us
that Hom(a, —) commutes with filtered colimits. Therefore the map a — cﬂnF must factor
as a — F(i) — cii{nF for some i € I. If i € I is the object f: b — Z, then we deduce
in ‘J'ZC a morphism a — b, and the composite a — b — Z must vanish since it is equal to

the vanishing composite a — X — Y — Z. If we complete a — b to the exact sequence
a — b -2 ¢ —» 0, then [Lemma 3.1.3(ii) tells us that ¢ € ‘Tzc and by the above the map

f:b— Z must factor through ¢: b — c. We deduce in ‘J’X a commutative triangle

This can be viewed as a morphism in I from {f: b — Z} to {g: ¢ — Z}, whose image under the
functor F'is ¢: b — ¢. Thus we have produced in I a morphism ¢ — j such that the composite
a — F(i) — F(j) vanishes, proving the vanishing of the composite a — X — Y. This
completes our contradiction. O

The proof of [Theorem 3.0.1|is complete if we show that the objects of ‘J'Ez . are the only finitely

presented objects.

Assume therefore that P is a finitely presented object in ‘.TX. By [Lemma 3.2.4] we can find a
filtered category I, a functor F': [ — ‘.Tg -» and an isomorphism P = cﬂn F.

But P is finitely presented, and hence the identity map P dop= cﬂn F must factor through

some F(i) € ‘J'XC. Thus P is a direct summand of an object F(i) € ‘J’gc, and |C0rollary 3.14
establishes that P € ‘.Tz o

4. WEAKLY APPROXIMABLE TRIANGULATED CATEGORIES AND THEIR SUBCATEGORIES

In this section we introduce weakly approximable triangulated categories and some relevant full
triangulated subcategories. This is carried out in In the rest of the paper, we will
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need a general discussion about products and coproducts in weakly approximable triangulated

categories. This is the content of

4.1. Definitions, examples and the relevant subcategories. We recall the main object of
study in this paper, first introduced in [I8] Definition 0.21].

Definition 4.1.1. A triangulated category with coproducts T is weakly approximable if there exist
an integer A > 0, a compact generator G € T¢ and a t-structure (‘Igo,ﬂ'?l) on T, such that

(i) G € T4 and Hom(G,T<~4) = 0.

(i) For any object F € T<C there exists in T a distinguished triangle E — F — D — Y F

with E € @[_A’A] and with D € TS™1, where @[_A’A} is as in|Notation 1.1.9 (iii).

Axiom (i) tells us that the compact generator G must be bounded above (i.e. G € T7) for
the given t-structure, while axiom (ii) provides the reason for the name ‘weakly approximable
triangulated category’: given a bounded above object in 7, its top nontrivial cohomology can be
approximated by objects generated by G and its shifts in a prescribed interval.

Remark 4.1.2. Let F: T — 77 be an exact equivalence such that T is weakly approximable with
integer A, generator G and t-structure (T<07 ‘3'21). Then it is very easy to see from the definition
that 7’ is weakly approximable with integer A’ := A, generator G’ := F(G) and t¢structure
(@)=,(T)7") with (7)< = F(T<0) and (7')>! := F(T>1),

Example 4.1.3. The reader should keep in mind the following examples of weakly approximable
triangulated categories. In particular, those in (i) and (ii) will be discussed in [Section 10

(i) Let R be a ring. Then it is not difficult to prove that D(R-Mod) is weakly approximable
(see [18, Example 3.1] for a reference).

(ii) It is a deeper result that, if X is a quasi-compact and quasi-separated scheme and Z C X
is a closed subset such that X \ Z is quasi-compact, then Dgc z(X) is weakly approximable.
This can be found in [I5] Theorem 3.2(iv)].

(iii) If T is the homotopy category of spectra, then [I8, Example 3.2] shows that T is weakly
approximable. Actually more is known: this category, as well as any of the ones in (i), is not
only weakly approximable but approzimable. We will not deal with the stronger version of

approximability in this paper.

Remark 4.1.4. A weakly approximable triangulated category T comes with two t-structures.
The first (‘J-go, ‘3'21) is the one forming part of |Deﬁnition 4.1.1L The second is obtained from the
given compact generator G as follows: let A = G(—00,0] as in [Notation 1.1.2(i), that is take
the minimal A with G € A and such that YA C A. And then form the #-structure (‘J’éo,‘fél)
with ‘Téo = Coprod(A), using And [18, Proposition 2.4] shows that the given
t-structure (‘Igo’ ‘J'>1) is in the same equivalence class as (‘Igo’ ‘Tél), meaning that there exists a
positive integer N > 0 such that TS~V C ‘J'éo C TSN,

Note: in [I8 Remark 0.15] it is shown that, if G and H are both compact generators for a

triangulated category T with coproducts, then the t—structures (‘.Téo,‘Iél) and (‘.TEO,‘.T?) are
equivalent. Thus for any triangulated category T, with a single compact generator, we obtain a
preferred equivalence class of t—structures—it is the equivalence class that contains (‘J’go, ‘J'él) for
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every compact generator G. See [18] Definition 0.14]. And in the case of a weakly approximable

triangulated category T, the t—structure given in [Definition 4.1.1] for which [Definition 4.1.1| (i) and

(ii) both hold, must belong to the preferred equivalence class.

Remark 4.1.5. Let T be a weakly approximable triangulated category, and let (Tgo’ ‘.]'21) be a
t-structure in the preferred equivalence class. Then we can define the following full subcategories
of T, which are clearly independent of the choice of t-structure in the preferred equivalence class.
e Bounded above objects: T~ :=Joo_ TS™;
e Bounded below objects: T :=J>_, T>~™;
e Bounded objects: T := T~ NTT,
e Compact objects: T¢, as defined in |Definition 2.3.1| and [Remark 2.3.2}
where an object F' € T belongs to T, if, for any integer

e Pseudo-compact objects: T,

m > 0, there exists in T a distinguished triangle £ — F — D with F € T°¢ and with
D € TS™™. Thus

o0
To= ) (TOxT5™);

m=1

e Bounded pseudo-compact objects: T® := T N T,

e Bounded compact objects: T := TeN TP =Ten (.Tg.
The very definitions, listed above, tell us how to obtain out of T all of the subcatergories on the
list. In other words: the part of that says there are recipes for passing from T to its

various subcategories is by the very nature of their definition, as above.
The following easy result clarifies the relation between 7—, T¢ and T, .
Lemma 4.1.6. Let T be a weakly approximable triangulated category. Then T¢ C T, C T .

Proof. By definition of T it is clearly enough to show J¢ C T~. But this inclusion holds because
T¢ is classically generated by a compact generator G of T and G € ‘J'éo CTo=7". O

In general, it is not always true that compact objects are bounded below as well, as illustrated
by the example below. On the other hand, it is clear that T%* = 7¢ C T% whenever T¢ C T+,

Example 4.1.7. If T is either D(R-Mod) as in [Example 4.1.3(i) or Dgc z(X) as in
[ple 4.1.3[i), we have 7¢ C T2 Indeed, D(R-Mod)® = DP(R) and Dgez(X)® = DY (X),
and in both cases perfect complexes are (cohomologically) bounded.

But the inclusion T¢ C T° does not hold when T is the homotopy category of spectra as in
Example 4.1.3|(iii). In this case it is known that J¢ is the homotopy category of finite spectra,
and it is not difficult to compute the subcategory ‘J'g. It turns out that in this example we have
Tb £ {0} # T¢ but T%° = {0}. There are also many examples of algebraic triangulated categories
T such that T’ is a proper full subcategory of both T and T

Lemma 4.1.8. If T is a weakly approximable triangulated category, then all the subcategories listed

i |Remark 4.1.5 are thick.

Proof. By [I8, Observation 0.12], the subcategories T~, T+ and T are thick. It is straightforward
to prove that T¢ is thick using the definition. By [I8] Proposition 2.10], T, is thick. It then follows
that T2 and T are thick as well. 0
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The fact that each of these subcategories is thick will play a key role in passing between them.

Finally now, once all the terms have been explained, the reader might wish to glance back at
the table in the Introduction, which gives what the intrisic subcategories of turn out
to be when T = D(R-Mod) and when T = Dgc z(X).

4.2. Products and coproducts in weakly approximable triangulated categories. This
section collects some nice but technical properties of products and coproducts in weakly approx-
imable triangulated categories which will be used in the rest of the paper. This is the first instance

where axiom (ii) in [Definition 4.1.1| plays a crucial role.

Lemma 4.2.1. Let T be a compactly generated triangulated category, and let (T<0,721) be any
t=structure. If {t\ | X € A} is any set of objects in T>°, then the product [, tr belongs to T=°.

Now assume that T is a weakly approximable triangulated category, and that the t-—structure
(7@7721) belongs to the preferred equivalence class. There exists an integer B > 0 such that, if
{tx | X € A} is any set of objects in T<Y, then the product [Laca ty belongs to JSB,

Proof. First observe that products exists in T (see [14, Remark 5.1.2]). Now, for any ¢-structure
(‘T@, 721) we have that 720 is equal to (‘T<_1)L, and is therefore closed under whatever products
exist in T by [Corollary 2.1.8] Thus the first part of the statement follows.

Assume that the category T is weakly approximable, and that the t—structure (‘J’<0, ‘3'21) belongs

to the preferred equivalence class. Let G be a compact generator for . By [I8, Proposition 2.6]
we may choose an integer A > 0 such that Hom(X 4G, 7<%) = 0, and therefore Hom(X~G, —) is
zero on TSO, for every £ > A. In other words,

T C G[A, 0)*
where G[A, 00) is as in [Notation 1.1.2l On the other hand, [0, Lemma 3.9(iv)], which uses (ii) of

[Definition 4.1.1] allows us to choose an integer B > A such that

G[A,00)t C TS5,

Given any collection of objects {ty | A € A}, all belonging to T<°, they belong to the bigger
G[A, 00)*, which is closed under products. Hence [],c, ¢, belongs to G[A, co)*, and therefore to
the bigger T<B. O

Lemma 4.2.2. Let T be a weakly approrimable triangulated category, and let (Tgo,ﬂ'}l) be a t-
structure on T in the preferred equivalence class. Suppose {t;, | 1 < m < oo} is a countable sequence
of objects in T such that, for any integer n > 0, all but finitely many t,, lie in T UTS"". Then

the natural map

o0 o0
H ty —————— H tm
m=1 m=1

18 an isomorphism.

Proof. Let G € T be a compact generator, and let £ € Z be any integer. As 2@ is a compact gen-
erator for T and (Tgo’ ‘.]'21) is a t—structure in the preferred equivalence class, [I8, Proposition 2.6]
allows us to find an integer A > 0 such that ‘G € T4 and Hom(X!G, —) is zero on T<™4.
Combining these, we have that Hom(X!G, —) is trivial both on T<=4~1 and on 724+, And, by
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assumption, this means that Hom(X‘G, —) is zero on all but finitely many of the t,,. So we may
choose an integer N > 0 such that Hom(X‘G,t,,) = 0 for all m > N. But then Hom(X!G, —) is
trivial both on J[X_ . tm and on [[77_ . tm. And since the map

N N
I tm II tm
m=1 m=1
is an isomorphism, we discover that Hom(X‘G, —) must take the map

o [e.e]
I tm ——— It

m=1 m=1

to an isomorphism. Since G is a compact generator and the above is true for every ¢, the map ¢
must be an isomorphism. O

Lemma 4.2.3. Let T be a weakly approrimable triangulated category, and let (T<077>1) be a t-
structure in the preferred equivalence class. Suppose {ty, | 1 < m < 0o} is a countable sequence of
objects in T, . Assume further that, for any integer n > 0, all but finitely many t,, lie in TS™™.
Then the isomorphic objects

tm

Q: H tm
m=1

I
hem;

lie in T_ .

Proof. The fact that the natural map in an isomorphism, from the coproduct to the product, is

by [Lemma 4.2.2l What needs proof is that one of the objects belongs to T .

Pick any integer n > 0, and then choose an integer N > 0 such that, for all m > N, the object
tm belongs to T<~™. The finite coproduct Q,, = ]_[%;} tm belongs to T, , and hence there exists a
distinguished triangle E,, — @n — D, with E,, € 7¢ and with D,, € TS,

Since TS~ contains t,, for all m > N and is closed under coproducts, we have that Q, =

[To7_y tm must belong to TS~ But now form the direct sum of the two distinguished triangles

E, Qn D, YE,
0 Qn Qn 0

to obtain the distinguished triangle E,, — Q,, ® @, — D,, ® Q,, — X E,,. This does the trick;
we have that B, € T¢and D, ® Q € TS™", hence Q = Q,, ® Q,, € T¢ * TS™". And since n > 0 is
arbitrary this proves that Q € T, . O

Lemma 4.2.4. Let T be a weakly approximable triangulated category. Then the inclusion functors
T~ T, Tb s T, Tt T

respect both products and coproducts. More precisely, if {tx | X\ € A} is a set of objects in one
of the three subcategories T, T~ or T+, and if either the coproduct or the product exists in the
subcategory, then both the coproduct and the product exist in the subcategory and agree (respectively)
with the coproduct and product in T.
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Proof. We will treat the inclusion T% < 7, leaving to the reader the other two completely similar
cases. Recall that if T is a weakly approximable triangulated category, then, in the preferred
equivalence class of t-structures, we may choose a t-structure (‘J-go’ ‘3'21) such that 729 is closed
under coproducts (by . Furthermore, any t-structure (T<O,T>1), with 729 closed
under coproducts, is such that the truncation functors (—)S? and (—)>" both respect coproducts.
Thus, let us choose and fix a t-structure (Tgo’ T>1) in the preferred equivalence class, such that
729 is closed under coproducts.

Suppose {ty | A € A} is a set of objects in Tb and suppose P € T? is either the coproduct or the
product of the ¢y in the category T°. Then there must exist an integer n > 0 with P € TS"NT>~",
But every t, is a direct summand of P, and hence every ¢, must belong to TSN JE,

Because both TS and T2~ are closed under coproducts in 7, the coproduct ¢; = [ xen b In
T must belong to TS*NT>~" C T, Now T2~ = (‘T<_”)L is closed under products in 7T, while
produced an integer B > 0 such that the product in T of objects in T<" must lie in
T8 This gives us that the product t, = [T, ¢ in T must belong to TS"TBNg=—n C 70, O

5. THE SUBCATEGORIES OF J_ AND OF J°

In this section we give the recipes promised by the solid arrows of in the case of the
subcategories of T, and of T¢. We give these recipes in [Section 5.2l As a prelude we include the
short [Section 5.1, which clarifies the properties of J_ as a set of generators for 7.

5.1. Preliminaries to understanding the subcategory T. C 7. The results of this section
are not essential to the article, but do help form a better understanding of the subcategory T, C 7.

We begin with a technical observation.

Lemma 5.1.1. Let T be a triangulated category with countable coproducts, and let (‘T@, ‘.]'21) be a
t-structure on J. Suppose F' € T is an object, and assume we are given a sequence Fy — Fo —>
Es — -+ of objects of T, with compatible maps E,, — F', and such that

(i) Any choice of a factorization through the homotopy colimit gives an isomorphism
F = Hocolim F,, .

(i) If we complete E,, — F to a distinguished triangle E,, — F — Dy, then D,, € TS™™.

Then, in the distinguished triangle

> id—shift o 5 >
H E,, ]_[ E,, F H Y E,,

m=1 m=1 m=1

defining the homotopy colimit, we have that the morphism & must factor as

o0 o0
]_[ S(ESTHY) ——— ]_[ SE,,.

m=1 m=1

F
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Proof. Consider the commutative diagram

s o2 id— shift o2
F I 2En 11 2En
m=1

m=1
00 00 P 00
[T 5 = ] 5 [] 5
m=1 m=1 m=2

where the horizontal maps « and 3 are the obvious ones. This means that 5 is the projection to
the direct summand, where we discard the term corresponding to m = 1. And « is the map whose
components EZ ™2 — EZm+3 and E27m+2 — EZ7T? are the t-structure truncations of
the obvious maps. As (id — shift) od = 0 (being the composite of two morphisms in a distinguished
triangle), the composite from top left to bottom right in the diagram must vanish.

Now observe that the map o« is an isomorphism. Indeed, we first observe that our hypotheses
(i) and (ii) in the statement guarantee that the map £Z~"+2 — Ei?{”z must be an isomorphism,
as both map isomorphically to FZ~™%2. Call the coproduct over m of these isomorphisms —.
Then the map o « can be written as ¢ o (id — 7), where 7 is some map we do not care about
beyond the fact the infinite sum (id 4+ 7 4+ 72 + - - - ) exists, as the sum is finite on each summand
of the first coproduct. Therefore 3o a = ¢ o (id — 7) is an isomorphism as we claimed.

It then follows that the composite

o0 [o¢]
F—" ][ £En [ =Bz
m=1 m=1
must vanish. The conclusion of the lemma is then immediate. O

Lemma 5.1.2. Let T be a triangulated category with coproducts, and let (ggo, ‘3'91) be a t-structure
on T. Suppose F' € T is an object, and assume we are given a sequence By — Fo — E3 — - --
of objects of T as in[Lemma 5.1.1 Assume further that all the objects E,, are compact in T and
that we are given in T a set of objects { X\ | A € A} and a morphism

Jo— HX,\

AEA

such that, for each integer m, the composite E,, — F i) [Txca X vanishes.

Then there is a countable subset A C A and a factorization of f as

| ECE | PR | £
AEN’ AeN AEA

F

where the inclusion is of the countable subcoproduct, the maps induced by the truncation are the
obvious, and for any integer m > 0 there exist only finitely many A € A" with n, < m.
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Proof. The vanishing of each composite E,, — F i> [Ica X yields a vanishing composite

] f
I1 Ex F 1T x

m=1 AEA

which, in the notation of means that the morphism f must factor as

H X,.

AEA

5 o
F ]_[ v E,,
m=1

Since each F,, is compact, for each m the map from FE,, to the coproduct must factor through a
finite subcoproduct. Taking the union over m gives a countable subset A’ C A.

And the remainder of the current Lemma comes from combining the above with the conclusion

of which allows us to factor the above further as

]O_O[ S(ESTHY) ]O_O[ SEpn, IT xx
m=1 m=1 AEA

F

This concludes the proof. O

If we assume more about the t-structure on T, and about its relation with compact objects,
then the factorization obtained in can be made without restrictions on the map f.

Lemma 5.1.3. Let F and the sequence Fy — FEy — FE3 — --- mapping to it be as in
[Lemma 5.1.9. Assume further that

(i) The t-structure (TS0, T1) is such that T7° is closed under coproducts.
(ii) For every compact object C' € T there exists an integer m > 0 with Hom(C,TS™™) = 0.
(iii) Given a countable collection of objects {Y; € T | 1 < i < oo}, such that for every integer
n > 0 we have that all but finitely many of the Y; belong to TS™™, the natural map

00 00
[T I[v
=1 =1

s an isomorphism.

Suppose next that we are given in T a set of objects { X | A\ € A} and a morphism

Jo— HX,\.

AEA

Then there is a countable subset A’ C A and a factorization of f as

[ o
AN AEN’ AEA

F

where the inclusion is of the countable subcoproduct, the maps induced by the truncation are the
obvious, and for any integer m > 0 there exist only finitely many A € A" with n, < m.
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Proof. For every integer m > 0 we have a distinguished triangle E,, — F — D,, with E,, € T¢
and with D,,, € TS™™. Now consider the composite

E,, Jo— ]_[ X, H X7
AEA AEA

As FE,, is compact this composite factors through a finite subcoproduct, which we denote A,,, C A.
Without loss of generality we may assume A, C A,,41. It follows that composite

AEA AEA AEA\Ap,

vanishes. But then the map from F' to the term on the right must factor as

F Dy, T x".
AEA\A,

By hypothesis (i) in the statement, the category T2~™%1! is closed under coproducts, hence the
coproduct on the right is an object in 7~™*+!. But D,, belongs to 7S~ and the map D,, —
[Deaa,, Xffmﬂ must vanish. Hence, for each A € A\ A, the map F' — X, can be factored
as I — Xffm — X,.

Now for each of the finitely many elements A € A, +1 \ Ay, choose a factorization of the map
F — X, as F P, Xf_m — X). We declare that Ag = (), and when \ is in the finite set
Ar = A1\ Ag we set p,: FF — X to be untruncated. The morphisms ¢,, where A is in the
union U°_; (Ay, \ Ajp—1), combine to a single morphism to the product of these countably many
trucations. And by hypothesis (iii) in the statement this product agrees with the coproduct. We

have produced a countable subset A’ C A and a composite

7 x | E—
AEN AEN AEA

F

Call this composite g. The construction tells us that (f — ¢)> "' = 0 for every n > 0. Hence
f — g must factor through an object in TS~ for every integer n.
Now each E,, is compact, and hypothesis (ii) above says that there exists an integer n such that

Hom(E,,, TS™") = 0. Hence the composite E,, — F (fj) [Isca X vanishes. This puts us in the
situation of and the map f — ¢ must have a factorization of the required form. [

We are about to specialize to the case of weakly approximable triangulated categories. And for
this, the next little lemma will help.

Lemma 5.1.4. Let T be a weakly approximable triangulated category, and let (T<077>1) be a
compactly generated t—structure in the preferred equivalence class. Then any morphism F — X,
with F € T, and X € T<0, factors as F — F' — X with F' € T- N T<0.

Proof. Because F' belongs to T, there exists a distinguished triangle £ — F' — D with E € T¢
and D € TSY. And since F € T, and E € T¢ C T, the triangle tells us that D € T, N T<0.
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Now form the composite £ — F — X. It is a morphism from the compact object E to

X € 750 for the compactly generated t-structure (‘J'@, ‘.]'21). By [Lemma 3.1.1| we may factor the
map F — X as E — E' — X with B/ € 7¢ N TS0, This gives us a commutative square

F——F

L

E — X.

Now form the homotopy pushout of the maps E' +— E — F. By [2I], Lemma 1.4.4] we obtain a
morphism of distinguished triangles where the square on the left is homotopy cartesian

E F D YE
E’ F’ D YFE.

The fact that the bottom row is a distinguished triangle, with £/ € 7¢N T<0 C T N T<? and
with D € T N TS0 tells us that F' € T, N TSY. And since the square on the left is a homotopy
pushout, we may fill in the dotted arrow in the diagram

E——F

to give the required factorization F — F' — X. O

Following [21} Definitions 3.3.1 and 4.1.1], recall that if T is a triangulated category with small
coproducts, a set 8 of objects in T is an Ny —perfect class of N1 —small objects if 0 € § and, given an
object F' € 8, an arbitrary set of objects {X | A € A} in T, and any morphism

(4) F—L ] %

AEA

then there exists a factorization

(5) F HAQA/ f)\

II & [ X ——=II%
AEA AEN AEA
with A’ C A a countable set, where F are all objects of 8§ with maps fy: F\ — X,.

We are now ready to prove the main result of this section which clarifies the role of T as a set
of generators for 7.

Theorem 5.1.5. Let T be a weakly approximable triangulated category, and let (T<0,721) be a
t-structure in the preferred equivalence class. Then the full subcategory T is an Ny —perfect class of
N1 —small objects. Moreover, for every morphism as in , a factorization as in can be chosen
such that, for every integer n > 0, all but finitely many of the Fy lie in TS™™.
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Proof. Since T is weakly approximable, given F' € T_, the hypotheses of [Lemma 5.1.3[ are all
fulfilled. Indeed, the existence of a sequence £y — Ey — F3 — --- as in the assumptions of

Lemma 5.1.3| follows from [I8, Corollary 2.14]. Moreover, by [Theorem 2.3.3| the given ¢structure

on T can be replaced by a compactly generated equivalent one for which T2 is closed under

coproducts, achieving hypothesis (i) of [Lemma 5.1.3, Hypothesis (ii) of the same lemma follows

from [18, Lemma 2.8]. Finally hypothesis (iii) of [Lemma 5.1.3|is the content of |[Lemma 4.2.2| Thus
can be used and allows us to factor f as

F—" ] x5 I x— I x.
AEN AEN AEA

Now consider the composite below

® <—n <—n
X by X py
F [T x; [T x5 ™.
AN AEN

Hypothesis (iii) of [Lemma 5.1.3| tells us that the map from the coproduct to the product is an
isomorphism. Now for each A € A, [Lemma 5.1.4| permits us to factor the morphism F — Xf_”A

as F — F\ — XfwA with F\ € T, N TS™™. Since the coproduct and product agree for the

collection {F) | A € A}, this permits us to (uniquely) fill in the dotted arrow in the diagram

p

. /E;\ ]_[ Xf‘”A
AN AeEN
| |
H F\ H X5,

AeN AeN

The top row of the diagram provides the factorization ¢ which delivers the result. O

5.2. Intrinsic descriptions of the subcategories of T, and T°. We are ready to deal with
the main task of this section: the intrinsic description of the subcategories of T . Let us start with

a preliminary result.

Lemma 5.2.1. Let T be a weakly approzimable triangulated category. An object F' € T_ belongs
to the thick subcategory T¢ C T_ if and only if, for each object Q) € T_, there exists an integer
N = N(Q) > 0 such that Hom(F,X"Q) =0 for alln > N.

Proof. Choose an integer A > 0, a compact generator G € T, and a t-structure (Tgo,‘fﬂ) as
in [Definition 4.1.1f Recall that such a tstructure is in the preferred equivalence class (by
mark 4.1.4). If F' is compact then F' € (G) =551 for some integer B > 0 (see, for example, [I8|
Remark 0.15 and Lemma 0.9(ii)]). Combining this with the condition Hom (G, T<™4) = 0 of
(i), we have that Hom(F,TS™47B) = 0. Let Q € T, be arbitrary. As Q € T, C T,
there must exist an integer m > 0 with Q € T<™. Hence X"Q € T<S4=B for all n > A+ B + m,
and so Hom(F,¥"Q) = 0.
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Conversely, suppose we are given an object ' € T, such that, for each ) € T, there exists an
integer N = N(Q) > 0 with Hom(F, £"Q) = 0 for all n > N. We need to prove that F' is compact.
Because F' belongs to T, we may choose and fix, for any integer m > 0, a distinguished triangle
E, — F — D,, with E,, € T¢ and with D,, € 7S™™. Since in this triangle E,, and F' both
belong to T, also D,, € T, . Next form, in the category T, the object

oo
Q=[] = " Dom.
m=1

By the above we have that X~ D,,,, € TS™™N T, and allows us to conclude that Q
belongs to 7. . By the hypothesis on F' there must exist an integer M > 0 with Hom(F, X"Q) =0
for all n» > M. In particular Hom(F, Y™ Q) = 0. As Dyy; is a direct summand of 2MQ =
| SM=mD,,,., we have that Hom(F, Dops) = 0. But then in the distinguished triangle Eopy —
F — Dops the map F' — Dojps must vanish, making F' a direct summand of the compact object
Esys. Therefore F' must be compact. O

We are now ready to prove the main result of this section.

Proposition 5.2.2. Lat T be a weakly approximable triangulated category.

(i) The full subcategory T¢ C T has for objects all those F € T_. such that, for any object
Q € T, there exists an integer N > 0 with Hom(F,¥X"Q) = 0, for alln > N.
(ii) For any classical generator G € T¢, the full subcategory T8 C T is given by the formula

n=1

where the perpendicular is taken in T, .
(iii) For any classical generator G € T¢, the full subcategory T&* C T¢ is given by the same formula

70 = | J (G(~o00, —n])*
n=1
where this time the perpendicular is taken in TC.
Proof. The characterization in (i) of 7¢ C T, was proved in [Lemma 5.2.1 Thus we only need to
prove (ii) and (iii).
Recall that a classical generator G € § = T is the same as a compact generator for T. If
A = G(—00,0], then in the category T we have the equalities

At = Coprod(A)*t = ‘J'él ,

where the first equality is by [Lemma 1.2.1)(ii) and the second is by [Theorem 2.3.3] Thus, still in

the category T, we have
o0 o0
U @se—n)® = Uge™ = 7%
n=1 n=1

and intersecting with T gives (ii) while intersecting with T¢ yields (iii). O
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6. THE SUBCATEGORIES OF T~ , AND A RECIPE FOR T? AS A SUBCATEGORY OF T

This section is about the inclusions in the diagram of the subcategories of 77—, and about
describing T? intrinsically as a subcategory of T+. This will be elaborated in [Section 6.2l But first,

in [Section 6.1, we discuss the intrinsic ¢-structure in T°, for ? = —, +, b.

6.1. The preferred equivalence class of t-structure on 7=, 7t and J°. For the rest of this
section, we assume 7T to be a triangulated category with small coproducts and a single compact
generator G. We know that T is endowed with a preferred equivalence class of tstructures.
And, by the definition of the “preferred” 7=, T+ and T°, any ¢ structure on T, in the preferred
equivalence class, restricts to a t-structure on each of the three preferred subcategories 7=, 7T and
T, Furthermore, the restrictions of any two equivalent ¢-structures are equivalent. This defines for
us preferred equivalence classes of t—structures on each of full triangulated subcategories mentioned
above. But this definition is in terms of the embedding into 7.

The aim of this section will be to show that, the preferred equivalence class of t—structures, on
each of 7=, 7% and T?, has an intrinsic description—by which we mean a description which doesn’t
mention the embedding into 7.

We begin with the following.

Definition 6.1.1. Let 8 be a triangulated category, and consider the class P(8) of all full subcat-
egories P C T satisfying X P C P.

(i) Two elements P,Q € P(8) are equivalent if there exists an integer A > 0 with YAP C Q C
»-4p.

(ii) Given two equivalence classes [P] and [Q] of elements of P(8), we set [P] < [Q] if, for a
choice of representatives P € [P] and Q € [Q), there exists an integer A > 0 with 4P C Q.

In the sequel, we will use the shorthand P := P(8).

Remark 6.1.2. If we start with two #structure (8%0,8121) and (82@,8221) on a triangulated
category & and we set P := Sfo and @ := 82@, then P and @) are equivalent as in |Deﬁnition 6.1.1| if
and only if the two ¢structures are equivalent in the sense discussed in[Remark 4.1.4] That is, there
is a positive integer N > 0 such that SffN - 82<0 - SfN. The main point of |Deﬁnition 6.1.1| is
that we extend this equivalence relation beyond t-structures and, more importantly, we introduce

the partial order of [Definition 6.1.1{(ii).

Let us consider the bounded above case.

Proposition 6.1.3. Let T be a triangulated category with coproducts and a single compact gener-
ator, and put 8 = T, where T~ is understood to mean with respect to the preferred equivalence
class of t-structures on T. Then a t—structure (Sgo’ 321) belongs to the preferred equivalence class
if and only if the following two conditions below are both satisfied:
(i) 8 = Upm—1 8™
(ii) The equivalence class [S@] is the unique minimal one with respect to the partial ordering <
for aisles of t—structures satisfying (i).
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Proof. If (‘.T@, ‘.]'21) is a t-structure on 7 in the preferred equivalence class, then by definition
8§ =T =Up_, T

The restriction of (T<0,T>1) to a t-structure (5<0,821) on § is defined by the formulas <V =
8NT<Y and 82 = §NT>Y, which in the case of § = T~ yields §50 = TS0 and therefore §™ = J<™,
Thus 8§ = UX_,85™ holds, and the restricted ¢-structure on 8 satisfies (i) in the statement.
What needs proof is that any t-structure (8@,821) on 8, which satisfies (i), must have that
[Sgo] is bigger than [‘Igo] in the ordering < of |Deﬁnition 6.1.1|(ii). For this purpose, pick a compact
generator G € T. As G € ‘J'éo C T~ =38, and since 8 = | Jov_; 8™, we must have that G belongs
to 8™ for some integer m > 0. But then G(—o00,0] C 8™, and as the category §<™ is the aisle

of a t—structure it is closed under extensions and coproducts which exist in T, giving

8™ D Coprod(G(—oo,O]) = ‘J’éo.

This proves the inequality [‘J’éo] < [Sgo] and, as (‘J’éo,ﬂ'él) is a representative of the preferred
equivalence class of t-structures, the proof is complete. ]

Let T be a triangulated category with coproducts and a single compact generator G. Then
the functor Homq(G, —) is a homological functor Hom4(G, —): T — Ab respecting coproducts.
Because Q/Z is injective in Ab, the functor H: T°° — Ab given by the formula

H(—) := HomAb(Homtr(G’ - Q/Z)

is homological and takes coproducts in T to products in Ab. Hence, by [20, Theorem 3.1], the func-
tor H is representable, meaning that there exists an object be(G) € T and a natural isomorphism
H(—) = Homg(—, bc(G)). The reason for the notation is that, in honor of the paper [4] where the
construction was first used, the object be(G) is called the Brown-Comenetz dual of G.

Lemma 6.1.4. Let T be a triangulated category with coproducts and a single compact generator
G, and assume that Hom(G,X"G) = 0 for n > 0. Then the object bc(G) belongs to T, and
Hom (X, bc(G)) = 0 if and only if Hom(G, X) = 0.

Proof. For any X € T we have that Hom (X , bc(G)) is canonically isomorphic to
Hom, (Homg (G, X) , Q/Z).

As Q/Z is an injective cogenerator of the category of abelian groups, this vanishes if and only if
Homg (G, X)) = 0. This proves the second assertion of the lemma.

To prove the first one, we apply the second assertion to X := 3" G. By hypothesis there exists an
integer B > 0 such that Hom(G, X"G) vanishes for all n > B. Hence Hom(X"G, be(G)) vanishes
for all n > B, that is *bc(G) contains G(—oo, —B — 1]. But then

1be(G) 2 Coprod (G(—o0, —B —1]) = T5 P71,

From this we deduce that be(G) must lie in 757 C T+, O
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Notation 6.1.5. Let 8 be any triangulated category, and let P = P(8) be as in [Definition 6.1.1]

For any object I € 8 we can form I]0,00) C 8 as in [Notation 1.1.2(i), and then let P(I) € P(8) be

given by the formula P(I) = +1[0,00). Spelling this out, we obtain

P(I):="1I[0,00) = () H(=7™1) € 2.

ﬁjg

0

We adopt this notation for the rest of this section.

Example 6.1.6. Assume 7T is a weakly approximable triangulated category and G € T is a compact
generator. Let us work out what P(I) is, in the case 8 = T1 and I = be(G). The fact that I
belongs to § = T was proved in (note that Hom(G,X"G) = 0 for n > 0 by (i) of
IDefinition 4.1.1). On the other hand Hom(X,X~™I) = 0 if and only if Hom(X™X, ) = 0. By
the latter equality is equivalent to Hom(G,X™X) = 0. Thus with I = be(G) we get
the explicit description P(I) = G[0,00)*. By [6, Lemma 3.9(iv)] we deduce that there exists an
integer A > 0 with P(I) C § N T<A = §54,

This explicit description is useful in treating the bounded below case.

Proposition 6.1.7. Let T be a weakly approzimable triangulated category, and put § = T+. Then,

with P(I) as in the collection of equivalence classes in P(8) of the form [P(I)]

has a unique minimal member, in the partial order of |Definition 6.1.1. Moreover, a t—structure

(Sgo, 821) belongs to the preferred equivalence class if and only if [8<0] s in the equivalence class

of the minimal [P(I)].

Proof. Let (Sgo, 821) be the intersection with § of a t—structure (‘J’<0, ‘3'21) in the preferred equiv-
alence class. We need to show that [Sgo] < [P(J )] for every J € §, and that there exists an I € §
with [P(1)] < [$<.

For any J belonging to § we may assume, after shifting, that J € §1. Therefore J[0,00) C 821,
and P(J) = 1.J[0,00) D 8<0. Hence, in the partial order of [Definition 6.1.1} we have

for every J € 8.
It remains to observe that, if G is a compact generator for T, then I := be(G) € 8§ and

[P <[5
by the discussion in O
We are now ready to treat the bounded case.

Proposition 6.1.8. Suppose T is a weakly approzimable triangulated category and put 8§ = T°.
Then, with P(I) as in |Notation 6.1.5, the collection of equivalence classes in P(8) of the form

[P(I)] has a unique minimal member, in the partial order of |Deﬁnition 6.1.1|. Moreover, a t-

structure (8<07 891) belongs to the preferred equivalence class if and only if [Sgo] s in the equiva-
lence class of the minimal [P(I)].
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Proof. Let (8@, 821) be the intersection with 8 of a t—structure (‘J’go, 721) in the preferred equiv-
alence class. As in the previous proof, for any object J belonging to 8 we may assume, after
shifting, that J € §21. Therefore J[0,00) C 8!, hence 8§V C 1.J[0,00) = P(J), and this gives

[8=°) < [P(7)]

for every J. Again, to conclude the proof, we need to exhibit an object I € 8§ = T? with
[P(I)] < [$57] .

Here we take

I:=be(G)" & ﬁ »t (bc(G)<‘f) -
/=1

First we need to show that I € T°. As bc(G) belongs to T+ it follows that bc(G)SY must
belong to 7. And as all the other terms, in the product defining I, belong to TV = 7500 720,
Lemma 4.2.1 guarantees that the product is in 8§ = T°.

Finally we claim that, with A > 0 as in we have that P(I) C 854, Indeed,
suppose X € 8 = T? lies outside 8§54 = T2 N T<A. Then it also lies outside T+ N T4, and by
setting J = be(G) and applying[Example 6.1.6|we deduce that X cannot belong to P(.J). Therefore
there must exist in 7t a nonzero map X — X~™J for some m > 0. Since X belongs to T°, this
map must factor as X — X7 (Jge) — X7™J, for some ¢ > 0. As the composite is nonzero,
the map X — X7™ (Jge) cannot be trivial. Let us choose £ > 0 to be the smallest £ for which
such a factorization exists.

If £ = 0 this gives a nonzero map X — X~"J<0, But J< is a direct summand of I, and hence
we have a nonzero map X — X7 ™1

If ¢ > 0 consider the composite X — ¥7™ (Jg) — Z‘m((,]g) %). This composite cannot

vanish by the minimality of ¢. Hence, in this case, we get a nonzero map X — E_m((J <6)%).

As E%(Jgg) %) is a direct summand of I, this provides a nonzero map X — X~ I

Either way, X does not belong to P(I). Since X was an arbitrary object outside 854, we deduce
that P(I) C 854, O

6.2. The intrinsic inclusions. We are now ready to give recipes for the subcategories of T7~. Let
us start with the case of compact objects.

Lemma 6.2.1. Let T be a weakly approximable triangulated category. Then (T~)¢ = T¢.

Proof. Since T¢ is contained in T~ and since, by the inclusion T~ < T preserves
coproducts, we have the inclusion T7¢ C (T7)¢. We need to prove the reverse inclusion.

For this choose a t-structure (‘Igo,ﬂgl) in the preferred equivalence class, such that T2 is
closed under coproducts and hence the truncation functor (—)<Y commutes with coproducts. This
can be achieved due to the discussion in (see, in particular, .

Let c € (T7)¢ . Because ¢ belongs to 7~, we may (after shifting) assume ¢ € T<Y. And now let
{tx | A € A} be an arbitrary collection of objects in T and suppose we are given a map

c—w> Ht)\.
AEA



SUBCATEGORIES OF WEAKLY APPROXIMABLE CATEGORIES 45

As ¢ belongs to TS the map 1) factors through (HAGA t)\) <07 but as the functor (—)S? commutes
with coproducts we can write this factorization as

As ¢ € (T7)¢ the map ¢ must factor through a finite subcoproduct. But then the map 1 also
factors through a finite subcoproduct. O

We conclude the task of this section, proving the following, additional parts of

Corollary 6.2.2. If T is a weakly approrimable triangulated category, then the inclusions in the
diagram of the subcategories T C T~, T C T+ and T7 C T~ are intrinsic.

Proof. [Lemma 6.2.1|above provides a recipe for 7€ as a subcategory of 7, while in[Proposition 6.1.3|

we gave a recipe for the preferred equivalence class of t-structures on 7, and in [Proposition 6.1.7]

we gave a recipe for the preferred equivalence class of t-structures on 7. The proof of the current
corollary combines the information.

In terms of the preferred equivalence class of t-structures, we can describe T as a subcategory
of T~ by the recipe

T =7 nTt= @)

m=1

for any ¢-structure in the preferred equivalence class. The term on the far right has an intrinsic

description in T~ by [Proposition 6.1.3, hence 7% C T~ is intrinsic. The formula

oo
ch - T~ ﬂ(.T+ — U (j’+)<m

m=1

gives a recipe for T as a subcategory of T+, and in view of [Proposition 6.1.7 the term on the far

right is intrinsic in T7.
The subcategory T, C T~ is given by the formula

o e}
To=[)TxTS = (T ) (T )™,

m=1 m=1

where the second equality is by |[Lemma 6.2.1} where (T7)¢ is obviously intrinsic in 7~, and where
(T7)S™™ has (up to equivalence) an intrinsic description in T~ by [Proposition 6.1.3] Hence the

term on the far right gives an intrinsic recipe for 7, C T~ O

7. GENERALITIES ABOUT PSEUDOCOMPACT AND STRONGLY PSEUDOCOMPACT OBJECTS

Using the discussion in the previous sections, in this one we introduce and study two new classes
of objects: the pseudocompact and the strongly pseudocompact ones. Later in the paper, we will
specialize to the case of weakly approximable triangulated categories.
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7.1. Pseudocompact objects. Let us first introduce a slight generalization of the notion of
compact object. We always assume that 8 is a triangulated category and that P is an element of
P :=P(8), with P(8) as in [Definition 6.1.1}

Definition 7.1.1. (i) An object ¢ € § is P—pseudocompact if for any set {sy | A € A} of objects,

which all belong to P+ and whose coproduct exists in S, any morphism

c——> H Sy
AEA
must factor through a finite subcoproduct.

(ii) Given an equivalence class [P] of elements in P, an object is [P]-pseudocompact if it is
Q-pseudocompact for every Q € [P].

The full subcategory of all P-pseudocompact objects will be denoted 8%. And the full subcat-
egory of all [P]-pseudocompact objects will be written Sf Ii].
Example 7.1.2. There are some obvious examples of P-pseudocompact objects, for special Ps,
and here we discuss a particularly simple one. Let (Sgo’ 821) be a t-structure on 8§ such that 8¢
is closed in 8§ under coproducts. Then every object in 8SU is §S?-pseudocompact. To see this
let ¢ € (85°) be any object. Assume {s) | A € A} is a collection of objects, which all belong to
(8<9)L = 821 and whose coproduct exists in 8. By assumption 8§ is closed in 8§ under coproducts,
hence a morphism ¢ — H sy is a map from ¢ € 8<Y to an object in 2! and must vanish.

AEA

The first result is easy.

Lemma 7.1.3. Let S be a triangulated category, and let P € P be any element. Then the subcat-
egory 8% is closed under direct summands and extensions. To say it in symbols:

smd(8%) = 8i and 8« 8y =8I .

Proof. The assertion about direct summands is clear. To prove the equality 8% x 8% = 8% let
A — B — C be a distinguished triangle in 8, with A and C' both P-pseudocompact. Let
{s)x | A € A} be a set of objects in P+ C 8, whose coproduct exists in 8. Choose any morphism

B d Hs)\.

A€A

Because A is P-pseudocompact the composite

A B ‘ HS)\

A€A

must factor through a finite subcoproduct, which means that the natural projection to a subset

A’ C A with a finite complement gives a vanishing composite

%)
4 B | [ — ) GV
AEA AeN
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Hence there is a factorization

B C Y H Sy s
AeN

and the P-pseudocompactness of C' guarantees that ¢ factors through a finite subcoproduct,
meaning that by passing to a subset A” C A’ with finite complement we obtain the vanishing of

B C HS)\—>HS)\.

AEN AEN

Thus ¢ factors through the coproduct over A\ A”, which is a finite set. O

Corollary 7.1.4. Let 8 be a triangulated category, and let [P] C P be an equivalence class of

elements in P. Then SPS

(P is a thick subcategory of S.

Proof. The closure under direct summands and extensions follows from The closure
under suspension is because we have an equality of equivalence classes [P] = [XP]. O

Example 7.1.5. Let S8 be a triangulated category, and let (S<0,821) be a t-structure such that
82V is closed in 8 under coproducts. By every object of 80 is §S0—pseudocompact,
and clearly every object in 8¢ is also §S%—pseudocompact. By every object of 8§¢x8<?
is $SY-pseudocompact. It follows that every object in
oo
Sc_,[séo] = ﬂ 8¢ % §SM
m=0

is §S~™-pseudocompact for every m > 0, that is S;[S@] - 8’[’820] .

Now suppose that T is a weakly approximable triangulated category, and (T<0,7>1) is a t-

structure in the preferred equivalence class. Then we get the easy equality T

[T = J- . Hence

we get the inclusion
TS,

We will return to this in [Section .11

Lemma 7.1.6. Let 8 be a triangulated category, let (S<0,821) be a t-structure on 8, and assume

820 is closed in 8 under coproducts. If C is a 80 —pseudocompact object in 8 then so is CZ2.

Proof. We have a distinguished triangle CS! — ¢ — C2? — XCS!, with C in 8§, by

hypothesis. Now XCS! € 8§59 C Sgio, where the inclusion is by |[Example 7.1.2) and the result now
follows from [Cemma 7.1.3 ]

7.2. Strongly pseudocompact objects. In this section we introduce the slightly more restrictive
notion of strongly pseudocompact objects. The authors do not know whether all pseudocompact
objects are strongly pseudocompact as well.

Let us start from the definition and assume, as in the previous section, that 8 is a triangulated
category and that P = P(8) is as in |Definition 6.1.1{

Definition 7.2.1. Given P € P, an object ¢ € § is [P]-strongly pseudocompact if the following
two conditions are satisfied:
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(i) ¢ is [P]-pseudocompact.

(ii) Assume we are given any t-structure (8@,821) on the category 8, such that [8@] = [P].
Suppose that 82V is closed in 8 under coproducts and the heart 8% satisfies [AB5]. Then the
functor Hom(c, —) commutes with filtered colimits in 8.

The collection of all [P]-strongly pseudocompact objects will be written Sff,}c.

Let us discuss a slightly technical construction that will be used in a short while. Fix a ¢
structure (8@, 821) on 8§ and assume that we are given in 8V a complex

(6) Foo={-- F4 F-3 F-2 F-1 F }
which is exact.

Example 7.2.2. We have already encountered an example of such a complex. Indeed, let A be an
abelian category satisfying [AB4] and let I be a filtered category and let F: I — A be a functor.
Let F* be the standard cochain complex for computing cﬂnj F', which we introduced in the proof

of |Lemma 3.2.2, Let us briefly recall that F* has the form
F-3 F-2 g1 g0 0,

the (—j)™ cohomology is cﬂnj F, and F7" is the coproduct over sequences of composable mor-

phisms in [

1

L) 31 e -1 n

of F(iy). If A satisfies [AB5], then this cochain complex is a resolution of cﬂn F.

Now let K™ be the cokernel of the map F*~! — ™. Thus XV is the cokernel of F~! — F9.
The acyclicity of the complex tells that K~! is the kernel of 7% — X and, for all n < —1, the
object K™ is the kernel of the map F"t! — F"+2. For i € Ny, we inductively construct the
objects C; € § with natural maps C; — C;11 — Yitlg—i=l 55 follows:

e Define C; and the morphisms 3 — C; — XJ~! by completing F~! — F9 to a
distinguished triangle 71 — 30 — ¢} — 2F~ L.
By construction we have that C=' = K2 and C7 O — %0, Now let us continue our inductive

constructions as follows:

e Assume the object C,, has been defined, and satisfies C29 = X? and C$~! = ¥k "1,
Then we take the composite

P: yrg-n-l oyl —— os-1 5 0

n

And the morphisms C, — Cpp1 — "M F 71 are formed by completing the above
composite to a distinguished triangle

(7) En?—n—l ¥ Cn Cn+1 En—i—lgj—n—l

By completing the composable morphisms X"F "1 — S"K~"~! — (), to an octahedron the

reader can easily show that 05-21 = XY and C’f_:ll = yrtlg-n=2,
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Lemma 7.2.3. In the setting above, let F® be a complex as in @ and let X € § be such that, for
all i € Z, Hom(X'X, —) takes F® to an exact sequence. Then any morphism X — C,, must factor
through the morphism X"F "1 @ F0 — C,,, where the morphism F° — C,, is the composite

EFO Cl CQ "'Cn—lﬂc’n )

while the morphism X"F "1 — C,, is the composite

gl sl —= 5

Proof. We prove the result by induction on n > 0, starting with n = 1. Suppose we are given
a morphism f: X — Cy. The distinguished triangle C; — F 1 — X390 tells us that the
composite X — C; — ©F ! gives a morphism X — ¥F ! such that the composite X —»
Y F~! — ¥ FY vanishes.

The assumption in the statement implies that this morphism factors as X — 2F 2 — RF L,
This gives us a morphism X — XF 2, and we may now form the composite

g: X — ¥ K t=Ccr — 0.

The construction guarantees that (f —g): X — O is annihilated by the morphism C; — LF 71,
and, by the distinguished triangle 3 — C; — XF ! we get that (f — g) must factor as
X — 39 — (. This proves the case n = 1.

Now assume the claim has been proved for n > 0, and let f: X — C},4+1 be a morphism. The
distinguished triangle C,,;; — LM F"1 5 B0, in gives the vanishing of the composite

x 1. Cpy1 — I*HIF "l . 3C,

and hence certainly also the vanishing of the longer composite

X~ Gy ——= Sl B0, e S

where the morphism C),, — X"F~" comes from the distinguished triangle defining C),. Thus we
have a vanishing composite X — LnH1F——1 5 ¥n+1F=" and the assumption in the statement
allows us to factor the morphism X — X" H1F -1 a5 X — Sntlg—n=2 __, yintlg—n—1 Byt

the morphism X — X"t1F~"=2 may now be used to form the composite

g: X — XrHgTnm2 g2 = O Oy,

The construction is such that the map (f — g): X — Cp41 composes to zero with the morphism
Cpy1 — X"H1F=n=1 This vanishing, in combination with the distinguished triangle in ,
permits us to factor the morphism (f —¢g): X — Chy1 as X — C;, — Cy41. By induction,
the morphism X — C,, must factor as X — E"F "1 ¢ F0 — C,. Now we observe that the
composite X"F "1 — C, — C,41 vanishes by the distinguished triangle , and hence the
morphism f: X — C,;1 does indeed factor as X — " F1F 72530 — C, ;. 0

Lemma 7.2.4. In the setting above, let F® be a complex as in @ and let X € § be such that, for
all i € Z, Hom(X'X, —) takes F* to an exact sequence. Assume further that Hom(X,8S™™) = 0
for n > 0. Then the sequence

Hom(X,F ') —— Hom(X,J’) —— Hom(X,X") ——= 0.
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18 exact.

Proof. Choose an integer n > 0 with Hom(X,8S7") = 0, and consider the object C,, constructed
above. Note that it is easy to see that the distinguished triangle Cs~! — C,, — 020 — $CS™1
identifies with C,, — K0 — ¥rHig—n=1,

For any morphism X — X? we have that the composite X — X0 — 3" TLK =1 must
vanish, and hence the morphism must factor as X — C,, — XK. permits us
to further factor it through X — ¥"F "1 ¢ 3% — (,. But by assumption any morphism
X — ¥"F "1 vanishes, giving us the factorization of X — X° through X — F° — KO,
Thus the morphism Hom(X, %) — Hom(X,X?) is surjective.

Now in 8% we have a short exact sequence 0 — K1 — F9 — K9 — 0, which means that
in § there is a distinguished triangle X=! — F° — X9 — 2K, If we are given a morphism
X — 39 such that the composite X — F9 — K0 vanishes, then it must factor through K—1.
But now we can apply the paragraph above to the complex

?—4 3:—3 3:—2 F- 1

to deduce the surjectivity of Hom(X,F 1) — Hom(X,X~!). Assembling this together gives the
required exact sequence

Hom(X,F!) —— Hom(X,J") —— Hom(X,X") —— 0.
O

The next result shows that, under mild assumptions, all compact objects in 8§ are strongly

pseudocompact.

Lemma 7.2.5. Let 8§ be a triangulated category, and let P € P. Assume that, for every compact

object ¢ € 8, there exists an integer n > 0 such that Hom(c, X" P) = 0. Then 8¢ C SFIQ]C.

Proof. 1t is obvious from [Definition 7.1.1| that every compact object is [P]-pesudocompact. What

needs proof is part (ii) of [Definition 7.2.1}

Assume therefore that we are given a t-structure (8@7821) on the category §, as in
This means that 8S° must belong to [P], the subcategory 82 is closed in § under
coproducts, the heart 8 satisfies [AB5], and the inclusion 8 — 8 respects coproducts.

Take any filtered category I and any functor F: I — 8% and form the cochain complex F* as

in [Example 7.2.2] In the category 8% the cohomology of the complex F* is concentrated in degree
0. If ¢ € 8 is any compact object and i € Z is an integer, then the functor Hom (X%, —) takes the

complex F* to a complex computing cﬂnj for the functor Hom(Xic, F(—)): I — Ab. As the

category of abelian groups satisfies [AB5] these ciir)nj vanish for every j < 0, and for j = 0 we

obtain Ciir)n Hom(Zic, F(—)). The part about j = 0 gives us the exact sequence
Hom(c,F~!) —— Hom(c, F0) —— cﬂnHom(c, F(-)) —=0,

while the assertion about j < 0 tells us that, for every integer i € Z, the functor Hom(X’c, —) takes

g3 F?2—sgtl g
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to an exact sequence. Because §S° € [P] and Hom(c,X"P) = 0 for n > 0, we have that

Hom(c, 857™) = 0 for n > 0. Thus by [Lemma 7.2.4| the sequence

Hom(c, 5~!) — Hom(e, F°) — Hom(c, ciir}n F) —0.

is exact. Combining the above we deduce that the natural map

Ciir)n Hom (¢, F(—)) Hom(c, cﬂn F)

is an isomorphism. O

Proposition 7.2.6. Let 8 be a triangulated category, and let P € P be such that § admits a t-

structure as in part (ii) of|Definition 7.2.1. Assume moreover that, for every compact object c € 8,

there exists an integer n.> 0 such that Hom(c, X"P) = 0. Then 8 p) € S[S}Z;(]:.

Proof. In |[Example 7.1.5 we noted that SC_[ P S 87[9;], thus we need to verify [Definition 7.2.1|(ii).

Assume therefore that we are given a t-structure (S<0,821) on the category 8, satisfying the

hypotheses of [Definition 7.2.1{ii). Take any filtered category I and any functor F: I — 8. If

T € 8;[13], then there exists a distinguished triangle b — ¢ — x — b in § with ¢ € &8¢ and
b € 851, But then, for every object H € 8¥ C 82°, we have that the map ¢ — = induces
an isomorphism Hom(z, H) — Hom(c, H). tells us that Hom(¢, —) commutes with
filtered colimits in 8%, and hence so does Hom(z, —). O

8. THE SUBCATEGORIES OF T?

This section starts with a discussion of strongly pseudocompact objects in weakly approximable
triangulated categories, see This will be crucial in where we prove that
the subcategories of T? in the diagram are intrinsic. And, as the reader will see, the recipe that
works for these subcategories in T° also describes them in the larger T+.

8.1. Strongly pseudocompactness in weakly approximable triangulated categories. Let
T be a weakly approximable triangulated category. In we observed that the subcate-
gories T~, 71 and T all have preferred equivalence classes of t-structures with intrinsic descrip-
tions. Thus for 8§ being any of T°, 7%, T~ and 7T, it becomes interesting to study the compact,
[Sgo]fpseudocompact and [Sgo]fs‘crongly pseudocompact objects in 8, where (S<0,8>1) is a t—
structure in the preferred equivalence class.

To simplify the notation, when 8 is a above, we say that an object is pseudocompact, without
specifying with respect to which class of objects in P(8), if it is [S@]fpseudocompact, where
(8@,821) is a t-structure in the preferred equivalence class. Similarly, an object is strongly
pseudocompact if it is [Sgo]fstrongly pseudocompact. The full subcategories of all pseudocompact
(resp. strongly pseudocompact) objects in 8 will be denoted 8¢ (resp. 8°P¢).

Lemma 8.1.1. Let T be a weakly approzimable triangulated category. Then we have the equalities

(T = (TP =T NET )P =Tt N (TP and  (TH) = (THP¢ =TT nare.
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Proof. First observe that, when 8§ = 77, where ? = b, +, —, (), a set {X | A € A} of objects of 8 is
contained in Pt for some P € [Sgo] if and only if it is contained in 82~ for some integer n > 0.
On the other hand, when 8§ = 97, where ? = b, +, by if the coproduct of a set
{X | A € A} of objects of § exists in 8, then again the set must be contained in 8" for some
integer n > 0.
All the assertions in the statement follow easily from the two facts above. O

Not quite so trivial is the next Lemma.
Lemma 8.1.2. Let T be a weakly approrimable triangulated category. Then we have the equalities
TJPe = (T )pe and (TH)e = (T0)¢ = (TH)Pe = (TO)Pe = T+ N JgPe

Proof. First of all, without loss of generality, we choose, in the preferred equivalence class, a
t-structure ((.T@,U'Zl) such that 729 is closed under coproducts. Suppose t € T is pseudocom-

assemble to a single map ¢ — [[2,¢>", but

>n

pact. Then the truncation morphisms ¢t — ¢

tells us that the natural morphism

e} o0
| (R—

is an isomorphism. Thus the map ¢t — [[-, ™ factors uniquely as

[es) )
%)
: IR
n=0 n=0

and as t is pseudocompact the map ¢ must factor through a finite subcoproduct. Hence the

truncation morphisms t — t*" must vanish for n > 0, forcing t to belong to T~. That is
Jpe = JPenN T~ C (T)Pe.

Now let ¢ be an object in (T7)P¢, let m be an integer, let {ty | A € A} be a set of objects in
(T<m) = 7>+ and let

c —¢> H ty
AEA

be any morphism. Because ¢ belongs to T~ we may choose an integer n > 0 with ¢ € TS, and
the morphism 1 will have to factor through (H AEeA t/\)gn = [Ixea tf", where the equality follows

from the fact that, as we explained in [Section 2.3| (see, in particular, [Remark 2.3.7)), the truncation

functors preserves coproducts. Hence 1 must factor as

c p e — 11t

AEA AEA

and the [‘.T@]fpseudocompactness of ¢ in the category T~ forces p to factor through a finite
subcoproduct. Hence 9 factors through a finite subcoproduct, and we deduce that (T~ )P¢ C TPC.

We have therefore proved that (T77)P¢ = JP¢. The remaining equalities in the statement come
from intersecting (T7)?¢ = JP¢ with % and combining with the equalities of H

For this article the important lemma will be the following.
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Lemma 8.1.3. Let T be a weakly approzimable triangulated category. Then we have the equalities
TP = (T )¢ and ~ (TH)Pe = (T =Tt T

Proof. For an object ¢ € § the extra restriction imposed by strong pseudocompactness, in addition
to the requirements of ordinary pseudocompactness, is an assertion about the way Hom(c, —) be-
haves on filtered colimits of objects in the hearts of certain t-structures in the preferred equivalence
class. The point here is that the collection of such hearts is the same, independent of which 8§ we
choose in the collection 8§ € {‘.Tb,‘J’_, J*,T}. Thus the equalities of the current statement follow
from the equalities

TP = (T7)P¢ and (TH)Pe = (TO)Pe = T+ N gPe
of by just adding the “strongly” restriction in each case. O

In addition, we can prove the following.

Lemma 8.1.4. Let T be a weakly approrimable triangulated category. Then T*P¢ is a thick subcat-
egory of T.

Proof. In[Corollary 7.1.4]we saw that 77¢ C T is a thick subcategory. The extra restriction, required
of objects in T°P¢ C JP¢ is clearly stable under shifts and direct summands, and it remains to show
that it is stable under extensions.

Assume therefore that a — b — ¢ — Xa is a distinguished triangle in T, with a,c € T*P°.
We need to prove that b € TP¢. Let (‘Igo’ ‘3'21) be a t—structure in the preferred equivalence class,
with 720 closed under coproducts and T% an abelian category satisfying [AB5]. We need to show
that the functor Hom(b, —) commutes with filtered colimits in T¥. Choose therefore a filtered

category I and a functor F: I — T%. Now the functor Hom(—, c@}n F) is a homological functor

on 7, as is the functor Cﬂn Hom(—, F(¢)). The natural transformation

colim Hom(—, F(7)) Hom|(—, colim F)

is an isomorphism when evaluated on all suspensions of ¢ and ¢, and the 5-Lemma, tells us that it

must also be an isomorphism on b. O

We are now ready to prove the main result of this section.

Proposition 8.1.5. Let T be a weakly approximable triangulated category. Then TP¢ =T .

Proof. [Proposition 7.2.6| proved the inclusion T, C T%P¢| in generality greater than we need. It

remains to prove the inclusion T°¢ C T .
Without loss of generality, we may choose and fix a compactly generated t-structure (‘J’jo, ‘J’il)

in the preferred equivalence class. [Lemma 3.2.2| tells us that the heart ‘J'X of this t-structure is an
abelian category satisfying [AB5]. The key will be to prove the following:

Claim. With the notation as above, let ¢ be an object in TP¢ N ‘J’flo. Then there exists a distin-
guished triangle b — ¢ — d — $b with b € T¢ and with d € TP° N T3

Assume that the claim holds and choose an object ¢ € TP¢ = (T7)*P¢, where the equality is by
Lemma 8.1.3l We wish to show that ¢ € T_. Because ¢ belongs to (T77)P¢ C T~, we have that
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c € ‘.Tj" for some n > 0. Shifting if necessary we may assume that ¢ € ‘J'jo. Now we apply the
claim iteratively. Setting ¢ = dyp we produce a sequence of morphisms dgy — d; — do — ---
in the category T°P¢, with d,, € ‘J'i_". And by the claim this can be done in such a way that in
the distinguished triangles b, — d,, — d,,+1 — Xb,, the object b,, is compact. The octahedral
axiom implies that the distinguished triangle b — ¢ — d,, — b has b € T¢ and d,, € ‘J’ifn,
showing that c € T .

Thus it remains to prove the claim. tells us that ¢0 € ‘J'EZ must be the filtered
colimit of the finitely presented objects mapping to it. So there exists a filtered category I, and a

functor F: I — ‘J’g .» such that 0 = cﬂn F. But because c is strongly pseudocompact the map

c— 20 = cﬂn F must factor through some F(7) € U’gc. But the map ¢ — F(i) is a morphism

from ¢ to F(i) € ‘.T;? . C ‘J’io, and must therefore factor uniquely through ¢°. We deduce that

=0

the identity map on ¢ factors through F(7), meaning that ¢° is a direct summand of the object

F(i) € ‘J‘g o |Corollary 3.1.4| tells us that the category ‘J'z . 1s closed under retracts, and we deduce
that =0 ‘J’;fc. Hence there exists a compact object b € ‘J'floc with 520 = 20,
Now consider the composite f: b — b2 =2 ¢20. By construction fZ%: 520 — ¢20 is an

isomorphism. |[Lemma 3.1.2| yields a compact object E, and morphisms ¢: b — b and g¢: b—sc
such that

e The map ¢=%: b*0 — b2 is an isomorphism.

e The triangle below commutes

The commutativity of the triangle, coupled with the fact that both ©=? and fZ° are isomorphisms,
forces g?° to be an isomorphism. Completing g to a distinguished triangle b—c—d— Sbwe
deduce that d must belong to TS~1. Now b € T¢ C TPs¢ where the inclusion is by [Lemma 7.2.5l And
the fact that in the distinguished triangle both band ¢ belong to T°P¢, coupled with |Lemma 8.1.4|,
tells us that d € T°P¢. This completes the proof of the claim and hence of the Proposition. [l

Corollary 8.1.6. Let T be a weakly approrimable triangulated category. Then
TP =(T)P =T,  and (TP =(T)P=7T0.

Proof. 1t follows directly from [Proposition 8.1.5| and [Lemma 8.1.3] O

8.2. The intrinsic subcategories of 7% and T+. The discussion in the previous section allows
us to prove the following.

Lemma 8.2.1. Let T be a weakly approxzimable triangulated category and let 8 = T, with ? = +,b.

Then T8 is an intrinsic subcategory of 8

Proof. |Corollary 8.1.6yields the equalities T8 = (T°)*P¢ = (T+)*P¢, The claim is then obvious. [

The following result shows that also T is an intrinsic subcategory both of T% and T.
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Lemma 8.2.2. Let T be a weakly approzimable triangulated category and let 8 = T, with 7 = +, b.
Let (8@, 821) be a t-structure in the preferred equivalence class. An object ¢ € T8 C 8 belongs to
T if and only if there exists an integer n > 0 with Hom(c, §S) = 0.

Proof. If ¢ belongs to T¢N ‘J’g C T¢ then there exists an integer n > 0 with Hom(c, TS™") = 0,
whence Hom(c, §S7) = 0.

Now assume that we have an object ¢ € T% C 8, and that we are given an integer n > 0 with
Hom(c,857™) = 0. If t € TS ! is any object, then for each £ > n + 1 the object *~¢ belongs to
8<7 =1 whether § = J% or § = T+. Then, for all £ > n + 1,

Hom(c,t>_e> = 0 = Hom(c,Z_l(P_e)).

By [17, Proposition 3.2] the weakly approximable triangulated category T is left-complete, meaning
that ¢ is isomorphic to Holim ¢*~*. Hence there exists in T a distinguished triangle

o0 o0 o0
H Il (E t H =t H (t=75).
l=n-+2 (=n-+2 l=n-+2

Since Hom(c, —) is trivial when evaluated on the product terms in the triangle, we must have
Hom(c,t) = 0. As t € TS~ is arbitrary we conclude that Hom(c, TS~ 1) = 0.

But now ¢ belongs to 7% C T, and together with the vanishing of Hom(c, TS™"71)
implies that ¢ € T¢. O

9. THE CASE T¢ C J%: A PROCEDURE TO RECOVER T°

Let T be a weakly approximable triangulated category. As we said in the introduction, we do not
in general understand how to recognise in T2 which objects belong to the subcategory T¢* = T¢NJ?.
There are, however, two special cases in which we can say something useful:

(a) If T is coherent.
(b) If 7¢ € T° and furthermore +(72) N T = {0}.
For an exposition of the algorithm in (a), in full generality, the reader is referred to [16].

In [Section 9.2f we will concern ourselves with the precise statement and proof of (b). The recipe
for 7¢* = T¢ is in [Proposition 9.2.3 An example of a T, to which (b) applies, is T = Dgc, z(X),
with X a quasi-compact, quasi-separated scheme and with Z C X a closed subset with quasi-

compact complement (see [Proposition 10.2.1). Furthermore, the hypothesis ~(7%) N T, = {0} also

holds for any coherent weakly approximable triangulated category. Therefore, if we specialize to
the case where T¢ C T, then (b) gives an approach to (a) different from [16, Propositions 5.6 and

6.5]. See|Section 10.1| for further discussion.

9.1. Classical generators and special equivalence classes. In this section we develop general
results which will help to recognize the subcategory T¢° of T2, We start from a definition which is

very similar, in spirit, to [Definition 6.1.1]

Definition 9.1.1. Let 8 be a triangulated category, and consider the class Q = Q(8) of all full
subcategories P C 8 satisfying P C X P.
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(i) Two elements P,Q € Q are equivalent if there exists an integer A > 0 with L™4P C Q C
AP,

(ii) Given two equivalence classes [P] and [Q] of elements of Q, then [P] < [Q] if, for a choice of
representatives P € [P] and Q € [Q)], there exists an integer A > 0 with X~4P C Q.

The difference between the P(8) of [Definition 6.1.1) and the Q(8) of [Definition 9.1.1]is that the
P € P(8) are assumed to satisfy ¥ P C P, while the P € Q(8) must have P C ¥ P. Next we focus
on the P € P(8) and @ € Q(8) that will interest us in this section.

Given H € §, we define the following two subcategories of §:

(8) Py (8) := H[0,00)Y  Qp(8):= H(—00,0]".

When there is no confusion about the triangulated category 8, we use the shorthands Py = Py (8)
and Qg = Qu(8).
Remark 9.1.2. For any object H € 8§ we have the inclusions and equalities
YPy C Py, Py#*Pyg=Py, add(Py)= Py, smd(Py)= Py
as well as

Qu C¥XQu, Qu+*Qp=Qu, add(Qu)=Qy, smd(Qu)=QH.

If X is an object of Py, it follows from the first set of inclusions that (X >(7°°’O} C Py. If X is an
object of Qp, the second set of inclusions gives that (X )[O’OO) CQpy.

For an object H of a triangulated category 8 we may ask the following hypothesis to be satisfied:

Hypothesis 9.1.3. There exists an integer A > 0 such that:
(i) For every object X € § there exists an integer B > 0, with X € S~ BPy N LBQy.
(ii) Hom(ZAPy,Qg) = 0.
(iii) For every object F' € Py and every integer m > 0, there exists a distinguished triangle
E—sF — D in 8 with E € (H)'"™" 44 and with D € ™ Py.

Remark 9.1.4. We take a bit of time to elaborate on [Hypothesis 9.1.3(iii). As stated, this item
starts with an object F' € Py and an integer m > 0. We claim that, in fact, the general case can

be deduced from the special case where m = 1, as follows:

e Take F' € Py. By the case m = 1 of [Hypothesis 9.1.3(iii), we may construct a distinguished
triangle £y — F' — D with Fq € <H>[_A’A} and with Dy € X Py.
e Now we proceed by induction. Suppose we have constructed the sequence

F == Dy D, Dy Dy—1 — Dy,

with D; € ¥ Py and such that, in the distinguished triangle E, — Dy — D;41, we have
E; € (H) [=i=4=+A] Then the previous step allows us to continue this a step further.

It is easy to see that, if we complete the composite FF — D,, to a distinguished triangle F,, —
F — D,,, then E,, € (H)UfmfA’A}. Moreover, for any i in the interval 0 < ¢ < m, we have that

the E,, we constructed satisfies

Em e <H>[1—i—A,A] % <H>[1—m—A,—i+A}.
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More precisely, in the distinguished triangle E; — E,, — D we have E; € (H ) 1=i=4.4] and
5 c <H>[1—m—A,—i+A}.

The hypothesis above looks technical at first sight. The first aim of this section is to study
which objects do satisfy it.

Lemma 9.1.5. Let T be a weakly approximable triangulated category, and let (T<073~>1) be a
t—structure on T in the preferred equivalence class and assume that T¢ C ‘J'f:’.
If G € T¢ C T is such that T¢ = (G), then

[Pa(T)] = [T0nT°]  and  [Qa(T)] = [T0NT] .

Let us remind that an object G € T¢ such that T¢ = (G) is called a classical generator for T¢. And
it is automatic that a classical generator G € T¢ compactly generates the larger category 7.

Proof. Since we only want to compute the equivalence classes of Pg = Pg(T%) and Qg = Qa(T?),
we are free to replace the t—structure (Tgo’ 721) by the equivalent t—structure (Téo, ‘Tél). In this
case ‘J'éo = Coprod (G (—o0, 0]), providing the second equality in
1
I = <‘J’éo> = Coprod(G(—oo,O])L = G(—o0,0]%,

where the orthogonals are taken in T and the last equality is due to [Lemma 1.2.1(ii). Hence the
equality Qg = T2 N ‘J'él comes by intersecting with T°.

Now we turn to computing the equivalence class of Pg. By [Definition 4.1.1)(i) there exists an
integer A > 0 such that G € L7574, Hence G[0,00) C +T<4, or equivalently

70 C G[A, 00)*

where the orthogonals are taken in J. The inclusion T2 N T<0 C =4 P; comes from intersecting
with 8. On the other hand, [6, Lemma 3.9(iv)] permits us to choose an integer B > 0 such that

G[_B7 OO>L - Tgoa
and intersecting with % gives the inclusion $8Pg C 72N T<0. g

Corollary 9.1.6. Let T be a weakly approzvimable triangulated category and assume that T¢ C T°.
If G € T¢ C T is such that T¢ = (G, then Hom(X4Pg, Qg) = 0 for A>> 0.

Proof. Let (‘J'go,‘J?l) be a t-structure on T in the preferred equivalence class. By [Lemma 9.1.5

there exists an integer B > 0 such that
»Bpg; c7bngst and Y BQq Cc TP nT>0,
But as Hom (X"(7<0),72%) = 0 for n > 0, we deduce that Hom(X4Ps,Qg) =0 for A >2B. O

Putting all these results together, we get that classical generators of T¢ satisfy our technical

assumption.

Proposition 9.1.7. Let T be a weakly approzimable triangulated category and assume that T¢ C T°.
If G € T¢ C T is such that T¢ = (G), then G satisfies |Hypothesis 9.1.9 (with § = T°).
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Proof. We begin with (i) in [Hypothesis 9.1.3] Let (T<0,721) be a t-structure in the preferred
equivalence class, and let X € T be an object. Because T is contained in J%, the object X € T?
must lie in TS* N T~ for some n > 0. By [Lemma 9.1.5| there exists an integer B > 0 with

Jbngse cu T Bpy, and TbnT= T C 2B

and hence

XeTnrsnngz o Bp,netBQg.

Item (ii) of [Hypothesis 9.1.3| directly follows from [Corollary 9.1.6| So let us deal with item (iii)
in the hypothesis. Replacing the t-structure (‘J’go, T> 1) by an equivalent one if necessary, we may
choose an integer A such that 78N T<=4 C Py € 72N T<0. And now [I8, Corollary 2.14] allows
us to choose an integer A’ > 0 such that, for any integer m > 0, any object F' € Pg C T2 N T<0
admits a distinguished triangle E — F — D, with D € T2 N J<™4=™ C Y™ Pg and with
E € (@)imm=A-anA], 0

9.2. The general criterion. Let us put ourselves in the following context. Let T be a weakly
approximable triangulated category, assume that J¢ is contained in ‘J'é’, and let H € § = ‘.Tg be an

object satisfying |Hypothesis 9.1.3l Choose a compactly generated t—structure (‘J’go,‘.]?l) in the

preferred equivalence class, and let H: T — T% be the induced homological functor.
Let F' € Py be any object and, for m > 0, let

(9) E,—F— D, — XE,

be the distinguished triangles in [Hypothesis 9.1.3(iii). We assume we constructed them according
to In particular, they form sequences which allow us to define

FE := Hocolim F,, and D := Hocolim D,,.

Again, for each m > 0, we are given the natural morphisms F,, — FE and D,, — D which we
can complete in T to the distinguished triangles

E, —E—FE, and D,, — D — D,,.

Lemma 9.2.1. In the setting above, the following hold:

(i) There exists an integer B > 0 such that, for all m > 0, both Ev, and Dy, lie in T<—m+B.
(ii) The objects E and D belong to T .
(iii) There is in T_ a distinguished triangle E — F — D — Y F.

Proof. We are assuming that H belongs to 7% C 7~, and hence we may assume, up to shift, that
H e T Let F € Py.

Take the triangle @ constructed in T2 in By the same remark, for any pair
of integers m < n, the morphism F,, — FE, may be completed to a distinguished triangle
E, — E, — ﬁmn with 5mn IS <H>[17"7A’7m+’4} C TS+ Fix the integer m > 0; the long
exact sequence in cohomology associated to such a triangle tells us that 3¢(E,,) — H'(E,) is an
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isomorphism for all i > —m + A + 1. Now form the morphism of triangles

Epn F D Y E,,
E, F Dy, Y E,

and, by applying 3 to it, we learn that the induced morphism 3*(D,,) — H(D,,) is also an
isomorphism in the range ¢ > —m + A 4+ 1. Taking the colimit as n — oo and combining with
[18, Lemma 1.4(iv)] we deduce that, for i > —m + A + 1, the functor H’ takes the natural maps
E,, — FE and D,, — D to isomorphisms. The long exact sequence in cohomology, applied to
the distinguished triangles F,, — E — Em and D,, — D — ﬁm, tells us that Em and 5m
both belong to TS~ A+ proving (i).

By construction, the objects E,, and D,, both belong to 7% C T, and from the distinguished
triangles F£,, — F —» Em and D,, — D — lN)m we now deduce that £ and D belong to
T, * TS~mHA+L 0 On the other hand T, = 02, (T¢* T<"), and hence E and D both belong to

(J'C—*(J'g—m-i-A-f—l g (r‘TC*(‘T<—m+A+1) *(‘Tg—m-&-A-&-l — {_TC* (Tg—m+A+1*rJ~<—m+A+1) — :‘Tc*:‘Tg—m—f—A—s-l'

As m > 0 is arbitrary, we deduce that D, E € T_, proving (ii).
Now consider the commutative square

°C 1—shift >
[1Dn [1Dn
n=1 n=1

| i

o o
H 2 En 1—shift H xEn
n=1 n=1

and complete to a morphism of triangles

o 1—shift i
]_[ D, ]_[ D, D
n=1 n=1
| | ‘
o0 o0
]_[ SE, e ]_[ Y E, YE.
n=1 n=1

Next we may complete ¢ to a distinguished triangle £ — F— D -2 SE. For every integer

m > 0, we have the commutative diagram

En, F Dy, YEn,

| |

E F D Y E
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which we can complete to a morphism of triangles

l ] |
~ ®
E F D YE.

Applying the functor 3 gives a map of long exact sequences, and as H’ takes E,, — FE and
D,, — D to isomorphisms for all i > —m + A + 1, we deduce that 3* takes the map \,, to an
isomorphism whenever i > —m + A + 2. Since F is assumed to belong to T% C T?, there exists
an integer B > 0 with H*(F) = 0, for all i < —B. For any integer i < —B, choose an integer
m > 0 with —m + A + 2 < i, and the isomorphism H(\y,): H'(F) — Hi(F) establishes that
Hi(F) = H(F) = 0. Thus H*(F) also vanishes for all i < —B.

Therefore for any integer m > B + A 4 2 we have that, for every i € Z, the functor H’ takes
the map A\, : FF — F to an isomorphism. For ¢ > —B this is because m is chosen big enough,
and for i < —B it is because H!(F) = 0 = H'(F). By [6, Lemma 3.6] the t-structure (T<0,721)
is non-degenerate (meaning that the intersections of all the T<™ and of all the 72" are trivial),
and hence the morphism A,,: F — F must be an isomorphism in T (see [2, Proposition 1.3.7]).
Replacing the triangle £ — F—D-2Y%FE by an isomorphic triangle E —s F — D -2+ $E
completes the proof of (iii). O

In conclusion, for every F' € ‘J'f:’, we obtain a distinguished triangle ¥ — FF — D — ¥ F in

J. . Since we need to remember the dependence on H and on F, we will write E(r iy and D(p p)
for the objects £ and D.

Lemma 9.2.2. In the setting at the beginning of this section, if F € Py, then T8 C (D(F H))l.

Proof. Let X € ‘J'é’ be any object, and we need to prove the vanishing of Hom(D, X), where

D = D(p ). Because X belongs to T% and H satisfies |Hyp0thesis 9.1.3|(i), there exists an integer
B > 0 with X € ¥8Qpy. Because [Hypothesis 9.1.3(ii) holds for H, we may (after increasing the
integer B > 0) assume that Hom(3” Py, X) = 0. The construction of the triangle (9) is such that
D,, € ¥ Py, and hence for all m > B we have Hom(D,,, X) = 0.

Complete the morphism D,, — D to a distinguished triangle

(10) Dy — D — Dy, — D,

By [Lemma 9.2.1(i) we may, after increasing the integer B, assume that 5m € JSmHB But X
belongs to 72 C T+, and hence X € 7>~V for some N > 0. Hence, for all m > B + N, we have

Dy, € T<B-N+B — 7<-N and so Hom(Dj,, X) = 0.
Choose therefore any m > B 4+ N. In the distinguished triangle (10) we have Hom(D,,, X) =
0 = Hom(D,,, X ). Hence Hom(D, X)) = 0. O

We can now prove the main result of this section which gives an intrinsic description of T¢ in T

under a technical assumption.

Proposition 9.2.3. Let T be a weakly approzimable triangulated category such that T¢ C T°.
Suppose that +(T0) NT- = {0}. Assume G € TP belongs to the subcategory T¢ and classically
generates it. Then, in the category & = ‘J’é’, the equivalence class [Pg] is the unique mazimal
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one with respect to the partial order <, among the classes [Py| with H € 8§ = ‘.Tg satisfying
[Hypothesis 9.1.5.

Furthermore, an object X € T belongs to the subcategory T¢ C T if and only if, for some object
H € % satisfying [Hypothesis 9.1.5 and with [Py] maximal, we have Hom(X, Pg) = 0.

Proof. Let H € T be an object satisfying [Hypothesis 9.1.3, Up to shift, we can assume G € Pp,
thanks to [Hypothesis 9.1.3(i). So we can form in T the distinguished triangle

of [Lemma 9.2.1{(iii). By [Lemma 9.2.2| we have that Dy € Tc s an object with (D(Gﬂ))l

containing T2. By hypothesis ~(72) N T. = {0}, and hence D, iy = 0. Therefore the map from
E = E,m — G is an isomorphism. Thus we can factor the identity of G as the composite
G— FE—G.

On the other hand, by assumption, we have that E' = Hocolim E,,, with each E,, in some
<H>[1_m_A’A]. The map from the compact object G to E' = Hocolim F,, factors through some
E,, — E, allowing us to write the identity on G as a composite G — E,,, — G. Therefore G
is a direct summand of an object E,,, and hence belongs to (H >[_B’B] for some integer B > 0. We
deduce that G[0,00) C (H >[_B’°°). Taking orthogonals in T2 now gives the inclusion

1
$BPy = H[-B, )" = <<H>[’B’°°)) C G0, 00)t = Py

This shows [Py| < [Pg]. The first part of the statement is then proven as [Proposition 9.1.7| shows
that G satisfies [Hypothesis 9.1.3]

To prove the second part of the statement, suppose that X € ‘J’? is such that Hom (X, Py) =0
for some H with [Py] maximal. Combining the first part of the statement with we
have that X1 contains 7% N T<~8 for some B > 0. Since G € T¢ is a classical generator, [I8]

Corollary 2.14] gives the existence of a distinguished triangle

(11) E—X-—D—3XYE,

with E € (G) and D € TS5, As we are assuming that T¢ C T2 we have that E € T¢ must belong
to ‘J'g, and the distinguished triangle , coupled with the fact that both £ and X belong to ‘J'g ,
tells us that D € T2 as well. Hence D belongs to 7N T<~5B and so the map X — D in (T
must vanish. Thus X is a direct summand of the object £ € T7¢ and X must belong to T°.

To complete the proof note that, if X € T¢ and G € T¢ C ‘3'2 is a classical generator, then
X € <G>[_B’B] for some B > 0. Now, by definition, +Psps contains <G)[_B’B], and hence X+
contains Py, with [Pyeg] = [Pg] maximal by the first part. O

10. EXAMPLES AND APPLICATIONS

The first part of this section is about two geometric examples where the assumption +(T2)NT =
{0} is automatically verified: T = D(R-Mod) for R a coherent ring or, more generally, T a coherent
weakly approximable triangulated category, and T = Dgc z(X), with X quasi-compact and quasi-
separated with Z C X a closed subset with quasi-compact complement. This is done in[Section 10.]]

and [Section 10.2] respectively.
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10.1. The coherent case. The first situation where |Proposition 9.2.3| applies is provided by

weakly approximable triangulated categories of the following special type.

Definition 10.1.1. A weakly approximable triangulated category T is coherent if, for any t—
structure (‘J’go,ﬂgl) in the preferred equivalence class, there exists an integer N > 0 such that
every object Y € T admits a distinguished triangle X — Y — Z with X € T. N TN and with
Z € TbnT>0,

Example 10.1.2. Let T be a weakly approximable triangulated category. Suppose there exists,
in the preferred equivalence class, a t-structure (T<077>1) such that (‘J’C_ NT<0 TN 720) is a
t-structure on T, . Then it is automatic that T is coherent. After all: for every object Y € T, the
truncation triangles Y0 — Y — Y21 will satisfy Y<° € 7,NT<Y and Y>! € T7NT>! = T2NT>1

Concrete examples abound. If there exists a left coherent ring R and a triangulated equivalence of
categories T = D(R-Mod), then T is weakly approximable, the standard ¢-structure on D(R-Mod)
is in the preferred equivalence class, and it restricts to a t-structure on 7, = D~ (R-mod). Sim-
ilarly: if there exists a coherent and quasi-separated scheme X, with Z C X a closed subscheme
such that X \ Z is quasi-compact, and a triangulated equivalence of categories T = Dgc, z(X), then
T is a weakly approximable, the standard ¢-structure on Dgc z(X) is in the preferred equivalence
class, and it restricts to a t-structure on the subcategory 7o =D 2(X).

Proposition 10.1.3. If T is a weakly approximable and coherent triangulated category such that
T¢ C T8, then the condition +(T2) NT. = {0} of |Proposition 9.2.9 is satisfied.

Proof. Let (Tgo’ ‘3'21) be a t-structure in the preferred equivalence class and assume that D € T,

is an object with D+ D J%. By the coherence assumption, we get distinguished triangles
Xp —3X"D — 7, — XX,

with X, € T2 N TSN and Z,, € 97 N T2Y C T° But then the morphisms ™D — Z,
vanish, for all m € Z and ™D is a direct summand of X,, € TSN, Therefore D must belong to
Noe_y TS™™ = {0}, where the vanishing is by [6, Lemma 3.6]. Thus D = 0 and we are done. [

10.2. The case of Dgc z(X). Let X be a quasi-compact, quasi-separated scheme, and let Z C X
be a closed subset with quasi-compact complement. The category Dgc z(X) is weakly approx-
imable by [Example 4.1.3|ii). On the other hand, [I5, Theorem 3.2(i)] says that the compact
objects in Dgc z(X) are all perfect complexes. In particular they have bounded cohomology. Thus
we are in the situation where J¢ C ‘.Tf:’

We can now prove the following key result.

Proposition 10.2.1. The assumption ~(T%) N T, = {0} holds for T = Dge.z(X).

Proof. Let D € T_ be an object such that D' contains ‘J'lc’, and hence T¢. In order to prove that
D =0, it is enough to show that, for all open immersions i: W — X with W C X an affine open
subset, we have i*D = 0.

Fori: W — X as above, [I5, Lemma 7.5(i)] shows that, for any compact object F' € Dgc zaw (W)

MM
and any compact generator G € Dqc,z(X), there exists an integer M > 0 with i, F € <G>[ M

But then any morphism D — i, F is a map from D € T_ to i, F € (7G>[_M’M], and [17, Lemma 2.7]
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tells us that it must factor as D — E — i, F for some object E € (G) =MM] " On the other
hand, the map D —» FE must vanish because D+ contains <G>[_M’M] C T°¢. Hence, for every
compact object F' € Dgc znw (W), we have

Hom(i*D, F') = Hom(D, i, F) = 0.

The output is that we can reduce to the case where X is an affine scheme.

Let j: X \ Z — X = Spec(R) be the open immersion, and complete the unit of adjunction
Ox — J+J" O to a distinguished triangle
(12) L' — Oy — 5305y — L.
Choose any compact generator H € Dgc z(X). By [15, Lemma 7.4] there exists an integer r > 0
such that L' € @[_M]
morphism from an object in T to an object in (H) , [17, Lemma 2.7] allows us to factor
it through an object F € (H)FT*"’T*"] C T¢. As Dt contains T¢, the map D — F and therefore

the composite D — F' — 3™ L' must vanish. As a consequence, the functor Hom(D, —) applied
to XL/ is trivial, for all n € Z. On the other hand,

C Dgc,z(X). Suppose D — X"L' is some morphism. Since it is a

[—r—n,r—n]

Hom(D, £"j,7*0x) = Hom(j*D, %"j*Ox) = 0

because D € Dgc z(X) and hence j*D € j*Dgcz(X) = {0}. From (12), we deduce that
Hom(D, —) applied to X"Ox is trivial, for all n € Z. Under the equivalence T C Dgc(X) = D(R),
the complex D € T is a bounded above cochain complex of finitely generated projective R-
modules and we have just proved that Hom(D,¥"R) = 0 for all n € Z. Applying to
the complex P* := Hom(D, R), we deduce that D = 0. O

APPENDIX A. APPENDIX BY CHRISTIAN HAESEMEYER
In this appendix, we prove the following:

Theorem A.1. Let R be a commutative Ting, and P® a bounded below cochain complex of finitely

generated projective R-modules. If P® is acyclic, then it is chain contractible.

Remark A.2. The statement also holds for (not mecessarily commutative) rings with bounded
finitistic dimension. (Noetherian local commutative rings fall into this class, by the Auslander -
Buchsbaum formula.) For more on this, see [31]. However, the statement is false, in general, over

non-commutative rings (see [24]).

In order to prove the theorem, it suffices to show that the cocycle modules Z™(P*®) are projective
for all n. Since they are finitely presented by hypothesis, we can and will assume that R is local
and we are dealing with a complex of free modules. We employ the following definition, due to
Hochster [§]; we will use the version of the definition given by Northcott in [23, Section 5.5]. We
remind the reader that the term “grade” is often called “depth” in recent literature; we will stick

with grade to align with the references we use.

Definition A.3. Let I be an ideal in R, and M an R-module. The true or polynomial grade of I
on M, denoted Gr(I; M), is the limit (possibly co) of the increasing sequence

gr(IR[z1,...,xn]; Rx1, ..., 2p]) @ M),



64 ALBERTO CANONACO, AMNON NEEMAN, AND PAOLO STELLARI

where gr(IR[z1,...,x,); R[x1, ..., 20 ®r M) denotes the (classical) grade, that is the upper bound
on the length of R[x1,...,x,] @p M-reqular sequences in IR[x1,...,x,]| (again, possibly infinite).
Following usual practice, we write Gr(I) for Gr(I; R).

Northcott proves (see [23, Chapter 5, Theorems 9 and 13]):
Lemma A.4. Let I C R be a proper ideal that can be generated by n elements. Then Gr(I) < n.

Given an R-homomorphism ¢: E — F of finite rank free R-modules, write 2, (¢) for the deter-
minantal ideal of R generated by the v x v-minors of ¢ (this ideal does not depend on a choice of
basis of the modules E and F'). The rank of ¢ is defined as the maximal v such that 2, (¢) # 0

(see [23, Equation (3.2.1)]); we denote the determinantal ideal with v the rank of ¢ by 2(¢).

dp— .
Now suppose we are given a (chain) complex 0 — F), n, Fo_1 =% .. LN Fy of finite rank

free R-modules which is exact except, possibly, at Fj. Northcott proves the following result (see
[23, Chapter 6, Theorem 14]); the noetherian version of this theorem is due to Buchsbaum and
Eisenbud [5].

Theorem A.5. For 0 < i < n, we have the inequality Gr((d;)) > 1.

With this in hand, we are ready to prove

Proof. (of [Theorem A.l)) As discussed above, we may assume that R is local, and the complex
P* is a complex of free modules of finite rank; it then suffices to show show that Z*(P*) is free

for all integers k. Consider the differential d*=2: P¥=2 — P*=1. Tts determinantal ideal 2A(d*~?)

is finitely generated, say, by s generators. Applying to the complex P*, brutally
truncated in degree k 4 s, we conclude that 2(d*~2) must have true grade greater than s, and

hence, cannot be a proper ideal by By [23 Chapter 6, Exercise 11], the cokernel of
d"=2, that is, the cocycle module Z*(P*), is free. O
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